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Abstract. We propose an approximate algorithm for finding the maximum-weight inde-
pendent set of a given graph of n nodes with associated weights. It combines three different
heuristics, and its running time is O(n2) in the practice.

We also propose a set of random graphs for testing and comparing the maximum-
weight independent set algorithms. This graphs are easy to identically generate on any
computer capable performing only 32-bit integer arithmetic.
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1. Introduction

The maximum-weight independent set problem (MxWISP) is to find one of the
subsets of the n nodes of a given graph (with associated weights to the nodes), in which
subset no two nodes are adjacent and the sum of the weights of the nodes is the possible
maximum. It is known (see [9]) that this problem, even if all the weights are all equal
to 1 is NP-complete. It means that there is no hope to find an exact algorithm to solve
it in time less than a polynomyal of n. The best known exact algorithm (see [10]) uses
O(2n/3) time, what is too long if n is larger than a few dozens.

In [11] a set of approximate algorithms is published for the case of unity weights,
running in time O(nk) with all constants k > 1. However, if n is really large (more than
a few hundreds), we can not usually afford a running time larger than O(n2). Therefore
we modified the above algorithm (case k = 2) to handle weighted nodes. It gives quite
good (large weight) independent set, but these sets often can be easily improved. This
is why we followed it by an add-exchange heuristic step.

The algorithm is practically a local search heuristic and so it gets stuck at a local
optimum. To increase the chance to get to the global maximum, or at least to find a
larger local one, we restart the algorithm a few times. To insure that the new set will
be different from all the previous ones we permanently delete from the graph a node
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of the last found independent set, and then restart the algorithm. The deleted node
is the one which is the least likely to appear in the global maximum of the weighted
independent sets: its and its non-neighbors’ weight give the least sum.

Theoretically it would be better to delete a minimum set of nodes before each
restart of the algorithm, which set has at least one node in common with the previously
found independent sets. It requires more running time, more complex algorithm and
in the case of our test problems and some large real life problems no improvement was
found in the quality of the solution.

2. Greedy deletion heuristic

We repeatedly delete the “worst” node v from the graph, until it becomes indepen-
dent. The worst node v, in our case, is the one which has the smallest sum of weights
of itself and of the nodes non-adjacent to v.

Remark: the other way around, to add the “best” node to the independent set
(starting from a single node set) until the set remains independent, is not that good. If
we ever make a poor choice it degrades the solution significantly. In the long sequence
of additions the probability to choose a bad node is high. On the other hand, the
deletion procedure used in our algorithm is not so sensitive. Deleting a good node
usually leaves some almost as good ones in the graph.

However, the addition heuristic is useful as a second stage of an algorithm, when
we can add only a few nodes to the independent set. This idea is extended in the next
section.

3. k-opt heuristic

(We adopt the notation of a traveling salesman heuristic which shows some simi-
larity to our algorithm. See [3] or [4].)

If an independent set S of nodes is already given (it may be a single node at start)
we try to improve it. Choose a set A of k independent nodes not in S. Let B be the
the set of nodes in S adjacent to at least one node in A. If the total weight of A is
larger then that of B, then exchange their role in S (S ← S − B + A, i.e., delete the
nodes of B from S and add the nodes of A).

Repeat the above attempt to improve for all the independent k-sets A of nodes not
in S, until an improvement is found. If no improvement is found the k-opt procedure
terminates, otherwise we restart it with the new independent set S.

There is no easy way known to generate all the independent k-sets for arbitrary k
and usually there are to many of them if k > 2. Therefore we apply only the case of
k = 1, when all the nodes outside of S are tried to add to S or to replace its neighbors
in S.

The case of k = 2 requires much more time, but results a better solution. For each
given problem we have to decide whether this extra time is allowable.
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3.1. Simulated annealing

In the k-opt algorithm the order in which the k-subsets are generated can be
arbitrary. At termination we reach a local maximum. To increase the chance to get
to a better one, we may restart the algorithm several times with different order of the
subset generation. This will be discussed for the whole algorithm in the next section.
Another possibility is the use of the simulated annealing technique. (See [5].)

In our case it means the following: If a k-subset A gives an improvement, we
perform the corresponding exchange of nodes. Otherwise we generate a random number
in the range of [0, 1], and perform the exchange only if the random number is larger
then a certain limit p. This p is actually a function of two things: the decrease in
the cost of the independent set if the exchange with set A would be done, and the
number of iterations the algorithm has made. (Larger weight decreases should be made
more unlikely to be accepted than smaller ones, and with the number of iterations the
probability to perform a weight decreasing exchange should decrease.)

With suitable definition of this function p this algorithm can provide very good
results, especially when the graph has much symmetry, but we do not know an algo-
rithmic way to define a good one. Each problem may require a different definition.
This is why we have not applied the simulated annealing in our final version of the
general algorithm.

4. Restart

The second step (the k-opt heuristic) can give only a limited amount of improve-
ment, since the first step (the greedy deletion) is already quite good. Therefore it is
not wise to spend much time to improve only the second step.

We restart several times the whole algorithm. We need some insurance to avoid
that the same solution will be repeated. We applied the simplest solution: before each
restart of the algorithm we permanently delete one node of the last found independent
set from the graph. If the graph has really many nodes (more than some hundreds)
we can afford only some dozens of restarts. These are too few to drastically affect the
structure of the graph, so more complex solutions, like deleting a minimal set of nodes
which intersect all the previously found independent sets usually do not result in larger
weight independent sets.

The permanently deleted node is the one which has the smallest weight free set in
the graph, i.e., the weight of it and of the nodes not adjacent to it is the smallest. It
is likely a member of smallest weight independent sets than the other nodes.

5. Running time
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6. Test problems

We need a set of problems which can be identically generated on any computer,
enabling us to compare algorithms. We use a simple random number generator which
gives the same sequence of (pseudo) random integers on all the computers capable to
perform 32-bit integer arithmetic operations.

6.1. Random number generator

The random number generator must use only integer arithmetic, since the floating
point operations may give different results depending on the precision of the floating
point arithmetic unit, the rounding rules applied, etc. We have chosen the simple
congruency method from [8]: Xn+1 = (1 + 1664525 × Xn) mod 232. It gives quite
a good sequence according to many statistical tests. (The use of two’s complement
representation of the integers does not make a difference. See [8].)

Avoiding the floating point operations makes a bit complex to transform this
sequence to numbers of a given interval [1..m]. For simplicity, we confine ourselves to
use only intervals with m < 215. The following Pascal procedure does the job. (Note
that the division and multiplication with 216 are used only to access the upper and
lower half of the 32-bit machine word. In practice they can be replaced by machine
dependent simple statements. Optimizing compilers, such as IBM’s VS-PASCAL may
do this automatically. We assume that the overflow of the integer multiplication is
ignored at the first statement of the procedure and the least significant digits are given
as the result. With some compilers one may need turn off overflow checking or simulate
the 32-bit multiplication with multiplying the upper and lower half words and combine
the results.)

Function Rand( Mx: Integer): Integer; {Mx < 32768}
Const TwoTo16 = 65536;
Var Half1, Half2: Integer;
Begin

RndNmb := 1 + 1664525 * RndNmb; {Global 32 bit integer}
Half1 := RndNmb div TwoTo16;
If Half1 < 0 Then Half1 := TwoTo16 + Half1;
Half2 := RndNmb mod TwoTo16;
Rand := 1 + ( Half1 * Mx + (Half2 * Mx) div TwoTo16 ) div TwoTo16;

End;

If it is used on computers with larger precision, the first executable statement
should be replaced by

RndNmb := (1 + 1664525 * RndNmb) mod TwoTo32;

with constant TwoTo32 = 232.

6.2. Random test problems

We generate graphs of n nodes with known maximum weight independent set of
cardinality m, because then we know how good solutions are given by our algorithms.
4 parameters are supplied by the user: (n, m, e, seed), where e extra edges are added
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to the n-node m-class graph, generated by the random number generator Rand starting
with first random number seed.
1) Partition the set {v1, . . . , vn} of the nodes into m random classes, by choosing m

random separation points from the possible n − 1 ones. (ki ← Rand(n − 1), i =
1, . . . ,m. If the value of ki has been already selected, we drop it and keep gener-
ating random numbers until an unused is found.)

2) Draw all the edges between the nodes of the same classes: (vki+1, . . . , vki+1), i =
0, . . . ,m; k0 = 0; km+1 = n.

3) Assign random weights from the interval [1, n] to the nodes.
4) Select the maximum weight node in each class of more than two nodes. Connect

all pairs of these nodes by an edge.
5) Mark the nodes of the maximum weight independent set, save its total weight (see

below).
6) Attempt to draw e more random edges. If the edge to be drawn already exists or

both endpoints are marked, we forget about this edge. (If e is too large, this way
we avoid falling into infinite cycle.)

7) Put the nodes in random order (generating a random permutation). This step
effectively hides the simple structure of our graphs.

Lemma. At step 5) the maximum weight independent set of nodes is given by the
following: Take the nodes of all the single element classes. For all larger classes calculate
the difference of the largest and the second largest weight. From the class where this
difference is the biggest, take the largest weight node, from all other classes, take the
second largest weight node.

Proof. Step 2) ensures that at most one node from a class can participate in any
independent set. Step 4) allows only one of the heaviest nodes of the classes (of at least
2 nodes) to appear in any independent set.

Construct a set of all the nodes of the single element classes and of the second
largest weight nodes of the other classes. If we exchange in a class the second heav-
iest node to the heaviest one, we increase the total weight. The largest increase was
requested by the Lemma.

Look the graph as it was after step 4). Any independent set can be transformed
to the one described by the Lemma by adding nodes (if it has no node from a class),
exchanging a node to the second heaviest one (if it has a node of smaller weight than
the second largest weight) or exchange the heaviest node with the second heaviest one
in exactly two classes (if not the largest difference class gives its heaviest node to the
independent set). All these operation increase the weight of the independent set, and
the final set is independent even after step 7), we are done.
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7. Experiments
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