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Abstract Typically, a signal to be digitized is passed through an analog anti-aliasing filter just prior to the Analog to Digital Converter (ADC) to remove those components that the digitizing process would mirror to the needed frequency band  (aliases). At high sampling rates, the frequencies, which alias to the useful band are far away, so this anti-aliasing filter can be simple, inexpensive. However, the resulted many samples need considerable processing power unless decimated early in the processing.

The decimation itself introduces aliases, too, so the bandwidth must be further limited. A digital filter can remove those disturbing frequency components, which the analog anti-aliasing filter did not. The best response is achieved with linear phase filters. We discuss the different definitions for the best alias rejection and present algorithms to design the corresponding optimum filters. We investigate the best implementations as well, also when we decimate together with quadrature conversion and digital mixing. Special filter types are examined (comb-, multi-rate-, cascaded half-band filters) and the effects of forcing some coefficients to 0. 

Introduction

In digital signal processing, analog signals are converted to digital samples at some stage of the overall signal processing. Unfortunately noise, distortion components, unwelcome external signals, cross-talk, etc. often disturb the signal of our interest. We want to filter them out in the digital domain, because a digital filter can be designed for sharper, more accurate transfer characteristics, they do not depend on component tolerances, etc.

After digitizing a complex sine wave 
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 of frequency f, we cannot distinguish between the infinitely many sine waves at frequencies f ± k·fSamp (k integer). If the signal is real (
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), the frequencies –f ± k·fSamp are also seen. 
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(The effects are similar with any periodic signal, since it can be constructed as a sum of sine waves.) The signal components of frequencies with k ≠ 0 are called the aliases. A foreign signal can be at a distant frequency and still one of its aliases interferes with the useful signal. No filter can eliminate these disturbances. Therefore an analog filter has to be applied to the signal prior to the analog to digital conversion to limit the bandwidth so most interfering signals that could alias to the useful frequency band removed. This is called the anti-aliasing filter. At high sampling rates the frequencies, which alias to the useful band are far away, so this anti-aliasing filter can be simple, inexpensive.

Before this digitizing some signals need to be mixed into a fixed intermediate frequency (IF) band. The higher the frequency of this band, the farther away the frequencies of the interfering signals, which would mix to the useful band. And when they are far away from the needed signal, they are easier to filter out before they reach the IF mixer. Therefore it is advantageous to choose a high IF. High intermediate frequencies also require high sampling rates in the digitizing process. It prevents that disturbing signals close to the IF (and thus not strongly attenuated) alias into the measurement band.

These show that there are many advantages to having high sampling rates, besides its cost, which is usually smaller than the cost of a comparable analog solution. This high sampling rate yields a large digital data set. A lot of processing power and large memory is needed. Some sort of digital mixer-decimator-filter hardware can also solve these problems with low cost but software decimation on general purpose DSPs is more flexible and easier to develop than hardware.

One situation, when slow roll-off analog anti-aliasing filters cannot help, when there is a very strong foreign signal. If it reaches the ADC not sufficiently attenuated, the full ADC resolution cannot be used for digitizing the useful signal without overloading the ADC. (The analog front end usually tolerates the overload better than the ADC.)
For the subsequent signal processing it is often advantageous to convert the signal to in-phase and quadrature (I and Q) components of 90( phase difference. The instantaneous power of the signal is 
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 and its phase is 
[image: image5.wmf]arctan

/

Q

I

k

k

b

g

, that is, we can handle the (I,Q) samples as the real and imaginary part of a complex signal. (The quadrature conversion is not always necessary, but costs nothing as a byproduct of the decimation, and often makes the signal processing easier.)

We are going to investigate the problem of how fast the signal can be decimated by DSP software. The decimation speed has a large impact on the overall processing time.

The decimation and quadrature conversion (I/Q split) can be done in one step. By selecting the sampling rate such that its ratio to the signal frequency is 4/1, 4/3, 4/5..., it simplifies the mixing of the signal to around frequency 0 (DC) done together with the split to (I,Q) components. Complex signals carry the full phase information and allow both I and Q be decimated until the signal bandwidth (f ( fSamp instead of the requirement of (f ( ½ fSamp needed at real signals.

The mixing is actually a multiplication of the signal with samples of a sine wave. It results in the sum of 2 other signals with frequencies of the sum and the difference of the original and mixing frequencies:
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With quadrature signal processing, two signal paths (2 sample sets with the same processing) are needed, each with twice as much decimation as a real signal would allow, all together the same number of samples. At the above sampling/signal frequency ratio of 4/1... the quadrature mixer becomes trivial: the sine wave samples of a signal of frequency ¼·fSamp is 0,1,0,‑1,0,1,0,‑1… and the cosine samples are 1,0,‑1,0,1,0,‑1,0…. 

The input signal can be approximated by a sum of sine waves of frequencies around fC with the bandwidth (f, so the mix-products are grouped together around 2 frequencies: 0 and 2·fC. The later band aliases now to the neighborhood of the Nyquist frequency (½ fSamp), which is at the largest possible distance.

Having the (0,1,0,-1) mixing signal above, no multiplications and no wave table for the mixer signal is required and the first stage of each path has only half of its input samples, the others are zeros. Zeros need not be processed or stored. The signal components around the Nyquist frequency must be filtered out, but the decimation after this mixing needs a low-pass filter anyway, so no extra work is involved.

Decimation

Decimation by d means, that we leave out from a sequence of samples all but every d‑th one. The frequency spectrum of a decimated complex signal is obtained from the original spectrum by a d‑fold aliasing: cut the frequency axis from 0 to the sampling frequency into d equally long segments and shift each spectral section over the first one, starting at frequency 0. The sum of these sub-spectrums forms the spectrum of the decimated signal.
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Not to destroy the signal with the aliases of foreign signals we must make sure, that there is no significant spectral components outside of the first frequency band [0, fSamp/d]. A low-pass filter prior to the decimation can enforce it.

Usually further filtering is necessary: The input signal could be distorted by the frequency response of the analog hardware. It is to be compensated by the signal processing software. Furthermore, the frequency bandwidth has to be reduced to the minimum possible to get rid of unwanted disturbing signals (like noise) without distorting the signal to be processed. These two tasks should be performed by one filter after the decimation, because it is faster working on decimated data for two reasons: There are fewer samples to process and not a very narrow band frequency response is to be corrected, which would require a long filter.

Design of Optimum Decimation Filter

As shown, a low pass filter following the I/Q split is needed to avoid aliasing problems. The filter coefficients can be real because with symmetric low-pass behavior for the positive and negative frequencies. We consider only FIR filters since they are easier to design and run faster on a DSP than a comparable IIR filter. IIR filters need more complicated and slower code and group delay compensation (by a longer coefficient sequence) if constant group delay is requested in the pass band.

The transfer function of the optimum filter has all its zeros on the complex unit circle since this constellation grants the largest possible attenuation in the stop-band. (A rigorous proof of this fact will be given in a subsequent paper.) If a filter has real coefficients (the conjugate of a root is also a root) and all the roots are on the complex unit circle (the reciprocal of a root is its conjugate), it must have a symmetric coefficient sequence and thus linear phase response.

Even or Odd Filter Lengths

Our data gets multiplied by the (0,1,0,-1) type mixing sequences having every other entry as 0. First we filter the even indexed data entries with a filter of the even indexed coefficients of the original filter, then work on the odd indexed data entries with the odd indexed filter coefficients. The two sequences formed from every second filter coefficients are equally long if the filter is of even length. This makes the filter/mixer program a little simpler, so we will design even length filters.

However, with other type of processors the odd length filters have an advantage: both of these coefficient sequences are symmetric, and so only half as many multiplications are necessary when we first sum the entries at symmetric positions. On DSPs with multiply-accumulate instructions this trick does not give faster running time. (The design of odd length filters is very similar.)

In the following section we give an algorithm for designing FIR filters which give the best alias rejection. The input is the even filter length n and the decimation factor d.

Best Alias Rejection

The notion of the best alias rejection depends on the application. In this paper we adopt the following one: The maximum level of any aliased unit-power signal is to be minimized. It fits best to the requirements when there are a few discrete interfering frequencies only. It is the case e.g. at processing radio signals when other transmitters work in nearby channels.

 Here are a couple of different examples of other possible definitions:

· The maximum of the amplitude-sums of aliased unit-power signals to the base band is to be minimized. It is appropriate if we want to minimize the maximum effects of many, possibly phase coherent disturbing signals like cross talk from internal signals.

· The total power of all possible aliased unit-power signals is to be minimized. It is used if the disturbance is mainly noise or wide-band signals without coherent phase.

The mini-max design with appropriately chosen alias rejection objectives can also assure, that the amplitude- or the power-sum of the aliased unit-power signals remain small. Since the mini-max design has a different type of goal, at most of the frequencies the aliased sums will be much smaller, than requested, which is not the optimum design.

We could give smaller weights for higher frequencies, because further away from the carrier the analog anti-aliasing filter attenuates more and more the disturbing frequencies. It requires a weighting scheme, which depends on the actual hardware, so we do not consider it here. It is easy to modify our algorithms to handle this weighting scheme, too. The quantization noise and the disturbances coming to the signal after the analog filter are not affected thus a certain minimum attenuation is still required everywhere.

An Example DSP Task

Consider a radio communication tester with a 12-bit analog to digital converter. Its normal measurement state is at optimum amplitude range (full ADC scale input signal) and the signal to be measured is the strongest at the input. A stop-band attenuation by 66 dB brings the level of the disturbing signals under the resolution floor (11 effective bits).
With the extra resolution bits gained by the averaging effect of the decimation filter we might achieve 13-15 bit effective resolution. (The quantization noise is reduced to –78...–90 dBc.) On the other hand, the received and internal analog noise is usually larger than -66 dBc, thus no larger stop-band attenuation is necessary. Normally, the disturbing signals are at least 20 dB smaller than the main one to be measured, so more than 86 dB signal clarity is expected from the software.

If the signal source is DECT (Digital Enhanced Cordless Telephone) 3.5 MHz bandwidth is necessary to do high precision measurements. The minimum ADC sampling rate is therefore 7 MHz, but with realistic transient-band filter characteristics at least 9 MHz is needed. The corresponding analog anti aliasing filter is hard to realize and expensive. If we choose the sampling rate around 17 MHz, the anti aliasing filter can be much simpler, but we have to decimate the digital signal by 2, or with quadrature conversion each I and Q component by 4. Further increasing the sampling rate allows even simpler anti-aliasing filters, but the high frequency ADC and the sampling clock of the necessary little phase jitter adds to the expenses so much, that the overall costs increase.

When measuring GSM signals (of 280 kHz bandwidth) with the same hardware, decimation by around 17 is required. In case of NADC, the bandwidth is so much smaller, that decimation by 88 is necessary. Performing the decimation by a DSP only the digital filters have to be changed with the different decimation factors, but the rest of the hardware and software can be used always.

Design for Mini-Max Alias Rejection

The objective is to minimize the maximum ratio of the filter gain in the aliased bands and in the pass-band. These kinds of mini-max optimizations are notoriously difficult, because the system is non-convex and non-smooth. A general-purpose optimization procedure stops at a local minimum, usually far away from the global optimum.

There are better approaches to handle this problem. We used one, which is based on linear programming. It always finds the global optimum within a given accuracy in only a few minutes using a Pentium PC with 64 MB RAM.

The frequency response of the FIR filter 
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The squared amplitude response of the filter as a function of frequency is
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When the coefficient sequence is symmetric, the transfer function has all its complex roots on the unit circle and the phase response is linear. The frequency response is
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 is real. We can define the signed version of the real amplitude/frequency response as 
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Therefore, the signed frequency response 
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 of a symmetric, length n (even) filter with coefficients 
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 over the frequency set 
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 is given by:
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Let 
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 denote the matrices corresponding to the frequency bands aliased to the pass-band. The filter optimization is a nonlinear programming problem:
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normalize the filter to have unity DC gain (to get only one solution)
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no zero crossings in the pass-band
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  the alias rejection is at least 
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maximize the alias rejection.

The absolute value operation above is non-linear. It can be removed, by replacing each inequality under point 3 with the following two: 
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. The system is still not linear, however, having a product of the unknowns 
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 and x. We can treat the scalar 
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 as a constant parameter, and search for its smallest value which still gives a solution for the resulting linear programming problem. This way we solve a series of linear problems to circle in the largest achievable alias rejection.

Since we are only interested in solvability, an objective function can be freely chosen for the linear programming minimization. For example, maximizing the gain at the end of the pass-band, at 
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The MATLAB macro, which does one try, is listed in the Appendix. If the problem happens to be unfeasible, the returned alias rejection is different from the requested one, which provides a simple feasibility test. The designed filter is still good, but not optimum.

No flat pass-band response is requested, because a suitable filter applied to the decimated signal can for compensate any response. Normally other (H/W) amplitude/frequency responses have to be compensated, too. Doing these compensations together, there is no or little flattening overhead.

Design for Max-Amplitude Sum Alias Rejection

At this definition of the best decimation filter we consider only unit-power signals. The requirement now is that the sum of the amplitude of signals aliased to the base-band relative to the base-band signal amplitudes is to be minimized. With the above notation:
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normalize the filter to have unity DC gain (to get only one solution)
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maximize the alias rejection.

The constraint 3. is not useful in this form, because the frequency response is signed and at negative values the inequality always holds but says nothing. We must replace it with:

3a.  
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The absolute value is nonlinear, but replacing this constraint with 2d–1 other ones helps:

3b.  
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] sequences of values ±1. This is only practical at small d decimation factors, like 4…8. Above that the problem matrix gets too large. When we can still handle the problem, the solution goes exactly as in the previous case: we treat the scalar 
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 as a constant parameter, and search for its smallest value which still gives a solution for the resulting linear programming problem. That is, we have to solve a series of linear problems to circle in the largest achievable alias rejection.

The linear programming problems to solve are the following:
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If we must solve this problem for larger decimation factors, a heuristic approach often helps: start the linear programming with only 2 constraints of 3b., with all +1 and all –1 coefficients. Inspect the solution found, if it satisfies the constraint 3a., we are done. Otherwise chose a [
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] sequence, which prohibits the worst constraint violation, and append the corresponding constraint to the linear programming problem. Solve it again and again, until it satisfies the constraint 3a.

Design for Peak Power Alias Rejection

Now the total power of all the possible unit power aliased signals relative to the power of the (filtered) base-band unit power signals is to be minimized. It is used if the disturbance is mainly noise or wide-band signals without coherent phase. The corresponding optimization problem has quadratic constraints and requires different solution methods. They will be presented in a subsequent paper.

Running Time of the Decimation

There are n/d output values both in the I and Q channel. For a given d the necessary filter length is denoted by l. If l is small the filter can be unrolled and still fits to the instruction cache. (Using the inexpensive TMS320C32 DSP l < 60). Unrolling means, that one loop over the data (multiplying with the filter coefficients and accumulating) is done with a series of individually coded DSP instructions. In this case there is only pre- or post-loop overhead, each loop takes exactly l/2 DSP cycles (every other input sample is 0).

If l is large (( 60) the filter code cannot be unrolled, or the loop won't fit into the DSP cache, and a lot of bus conflicts occur with data and program fetches. We can use a zero overhead inner loop, though. In this case, too, there is no overhead, each loop takes exactly l/2 DSP cycles, but there is a little more overhead outside this loop. The total running time (the sum of the work for both the I and Q channels) with C32:
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Roughly speaking, for the decimation and I/Q splitting we need about l/d DSP cycles at each processed input sample.

Examples

We chose the required peak attenuation in the alias bands to be 66 dB. Different bandwidth and decimation factors are chosen at the following examples.

Decimation by 4

When the decimation is by 4 and the filter length is 20, the highest alias rejection (found with successive approximations) is 69.09 dB. The filter is computed by
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decilpk(4,20,3/16,69.09)

(On the left diagram the graph is normalized to 0 dB at the cut-off frequency, not at DC.)

The next shorter filter is of length 18. It gives too small, 61.45 dB alias rejection.


Taps
DSP cycles
Alias Rejection

d = 4
18
5.25
61.45 dB


20
5.75
69.09 dB

If we request less than the maximum possible alias rejection the filter could have more flat frequency response in the pass band, such that further processing can work without or with a shorter correction filter. 1.5 more DSP cycles (7.25) than at the optimum filter will be used for each processed input sample.
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decilpk(4,26,3/16,66)

Modifying the constraints of the linear programming we can achieve a flat pass-band response. This is less economical, than a second flattening filter after the decimation.

Decimation by 15...18

Now we require a BW = ½d times of the Nyquist frequency at any d (the bandwidth is half of the decimated sampling rate). The MATLAB function-call that designs the optimum filter is
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d=17; decilpk(d,60,0.5/d,65.67)


Taps
DSP cycles
Alias Rejection

d = 15
52
3.87
64.28 dB


54
4.00
66.92 dB


Taps
DSP cycles
Alias Rejection

d = 16
56
3.88
64.90 dB


58
4.00
67.55 dB


Taps
DSP cycles
Alias Rejection

d = 17
60
3.88
65.67 dB


62
4.00
68.18 dB


Taps
DSP cycles
Alias Rejection

d = 18
62
3.78
64.05 dB


64
3.89
66.17 dB


66
4.00
68.70 dB

One can see no significant change of the decimation speed spent at each input sample, with only a little acceleration as the decimation factor increases.

Decimation by 88

The signal bandwidth is requested to be one third of the sampling rate. Relative to the original Nyquist frequency it is ( 1/3 ) / (2·88) = 1/528.

decilpk(88,206,1/528,66)

designs the corresponding optimal decimation filter. It has 206 coefficients and provides 66 dB alias rejection. It needs only 2.41 DSP cycles for each input.


Taps
DSP cycles
Alias Rejection

d = 88
206
2.41
66.0 dB

Multi-Rate Decimation

Normally it is advantageous (faster) to do the decimation in steps. First decimate the signal a little, then decimate the already shorter output further. Because after each decimation step there are fewer samples, the later decimation operations are faster. Our case is a remarkable exception. The first mixing step (multiplication with ‑1,0,1,0,…) allows us to do the low-pass filtering with double speed. The longer the filter, the larger the saving from this, which outweighs the speed up of the multi-rate decimation, which can filter only the first relatively short step at double speed.

Let us check this on the DECT example. The first decimation by 2 step needs a cut off frequency of 3/16. decilpk(2,6,3/16,75.3) designs a 6 tap filter with gives 75.3 dB alias rejection. At the second decimation by 2 step the cut off frequency relative to the Nyquist is double (the sampling rate has been halved). Here we need 10 taps (decilpk(2,10,3/8,76.2)) the shortest with more the 66 dB. The total running time is
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 = 11n DSP cycles.

It is about double as much (with a little better alias rejection) than at the direct method.

Zero filter coefficients

Half Band Filter

A half band filter (a FIR filter of cut off frequency = ½, if the pass-band and stop band are mirror images) can have almost every second coefficient 0 (non-zero in the middle of odd coefficient sequences). It allows us to double the processing speed. It results in a multi-rate decimator, which is equally fast as the direct filter method.

Disadvantage:
the algorithm is more complex with longer code.

Advantage:
Each filter is shorter, works also if the data memory is limited.

m'th Band Filter

The direct decimation by d filters can have every d'th coefficient as 0 – except the middle one (see [4]) – when they form m'th band filters (with special symmetry in the frequency response curve). They are close to optimum, and so a speed-up can be achieved with them. The design linear program needs only trivial modification to provide filters in this form: delete the columns from the matrices, which correspond to the 0 coefficients.

Other 0 coefficients

We can force any other coefficients to 0 with the above deletion of matrix columns, too. However, they significantly degrade the filter quality. What we achieve is usually not better, than zeroing the tail coefficients, that is designing shorter filters. Experiences showed, that no significant speed-up can be gained with this way.

Comb filter stages

The first (few) stages of a multi-rate decimation process could use comb filters (FIR filters with equal coefficients). If implemented as IIR filters they can be implemented with only two additions per filter loop (and the loop instructions themselves):
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Frequency response of a comb filter

On the down side, all the output samples have to be generated now, and thrown away except every d‑th one. Only if multiplications are very expensive compared to additions, the advantages of a few comb filter decimation stages can outweigh the savings due to not calculating the discarded samples, what is possible with a true FIR decimation filter. (Note, one stage of comb filter usually does not give enough alias rejection, so from 3 to 6 such stages have to be cascaded.)

There are other filter types implementable without multiplications or with only a few operations on a long sequence of samples. Any of them can be a viable alternative at special processing environments, but for DSP's they don't bring speedups.

Simulations

We generated three sets of simulation data and applied to them the decimation process to see what an effect it has on the frequency spectrum. This is to illustrate the theory above. We use the example filter of length 62 at decimation by 17, designed previously by d=17;[a,b]=decilpk(d,62,0.5/d,68.18).
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Frequency response of the decimation process
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Freq response of compensation- band limiting-filter

We need a filter for compensating the roll-off of the pass-band gain/frequency response and also for removing off-band signals. The figure on the right shows the response of a 99 taps long linear phase FIR filter used for these purposes. In the real software this filter also has to compensate the frequency response of the hardware and need only be linear phase in the pass-band (or compensate the hardware group delay response here).

The length of the simulation sample sets are chosen such that the mixing signal has an integer number of periods and after decimating by 17 the spectral frequencies are still integer multiples of the sampling frequency divided by the number of samples. This is important if we use FFT for determining the spectrum, because if a spectral component doesn't fall exactly on a basis frequency, the result of the FFT is difficult to interpret. There are problems with the spectral leakage, side lobes, peak drop, etc.

In order to make the frequency response of the decimation process apparent the first simulation signal is generated having frequency components around the IF only, like a modulated carrier. It is real, so its spectrum is Hermitian-symmetric. We assign random phase to each spectral component, so that the crest factor be not very large, and the simulation signal look more realistic.

The second set of data has the complement spectrum of magnitude 1 everywhere outside the useful frequency band of the previously described 1st simulation signal. The sampling rate is chosen to be 18.4167 MHz and the IF = 13.8125 MHz (of a ratio 4/3).
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Spectrum of the 1st simulation signal
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Spectrum of the 2nd simulation signal

After performing the I/Q-split-mix-decimation process as described above we flatten the spectrum with the 99-tap compensation filter.
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Spectrum of the decimated 1st signal
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Spectrum of the decimated 2nd signal

We have corrected the roll-off effects of the decimation process together with band limiting. These got rid of the unwanted spectral components outside of the pass-band while inside the signal is reproduced very well. The spectrum of the 1st signal is preserved without any noticeable distortion.

The results with the second signal reflect the alias rejection properties of the decimation process. The figure on the right shows, that the whole frequency band outside of the signal band cannot cause more disturbance than ‑53 dB of their original power. On the last picture each spectral component is the sum of 16 aliased disturbing components of unit power (decimation by 17). Each particular disturbing signal at a discrete frequency is better attenuated, but they add up with random phase. When a large number of aliased components are added together, the resulting power is the square root of the amplitude sum. In the average 10×log10(16)+53 = 65.0412 dB, that agrees well with the previously calculated values. The worst case is 68.18–20×log10(16) = 44.0976 dB alias rejection. It is very unlikely to have a phase and amplitude constellation with such a high disturbance. If the design was made such that this worst case alias rejection should be still less than 66 dB, we should request 66+20×log10(16) = 90.0824 dB rejection. If the design was made to satisfy the requirement of the incoherent phase alias rejection (power-sum case), we should request  66+10×log10(16) = 78.0412 dB rejection.

In the transient band there isn't much attenuation. If it was necessary, one could make the compensation filter sharper.

For a final test a third set of data is generated. It has 99 random spectral lines of magnitude 1 with random phase (small crest factor) and some (‑100dB) noise.
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Decimation effects on the discrete spectral line simulation

Again, where different spectral components alias on the same decimated spectral frequency (on the picture it occurs at 3 points), our alias rejection may not be enough. Considering the band limiting effects of the hardware IF filter, it is very unlikely that large signal components alias to the same frequency, but there can be problematic frequency bands. Some real world experiments are definitely needed. At worst the decimation filter has to be lengthened by 4 or 6 taps, requiring one third of a DSP cycle more running time for each input sample. It does not change our conclusions.

Conclusions

The software decimation with optimized assembly programs has 3…6 DSP cycles running time for each processed input sample. It is difficult to write and maintain, but the code is not long and makes the over all signal processing cheaper.
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Appendix

The following MATLAB function is used to design optimum decimation filters

function [err,flt] = decilpk(k,n,f,r)

%decilpk(k,n,f,r)->[best_decimation_by_k_FIR_filter, alias_level_dB]

% for complex quadrature signals, filter separate I and Q

% k = decimation factor > 1

% n = filter length (even)

% f = cut-off frequency (0..1/k) of Nyquist freq. before decimation

% r = desired alias rejection in dB

n  = round(abs(real(n(1))));

if rem(n,2), error('Length of filter must be even'), end

k  = round(abs(real(k(1))));

if k < 2,   error('Decimation factor must be at least 2'), end

f  = abs(real(f(1)));

if f >= 1/k, error('Cut-off frequency must be less than 1/k'), end

r  = 0.1^(abs(real(r(1)))/20);

if r > 0.707,error('The alias reject. must be larger than 3 dB'),end

m  = 100;                        % #freq points in one section(even)

mk = m * k;  m2 = fix(mk/2);

mf = mk + 1;                     % #freq points to test response on

n1 = 1+round(f*m2);              % index of f (1..mf/2)

f1 = (n1-1)/mk;                  % the next grid freq

v  = 1/2 : n/2;                  % multiplyers of the freq entries

M  = cos(linspace(0,2*pi,mf)'*v);% Matrix of size [mf, n/2]

M0r= M(1:n1, : ) * r;            % Matrix of size [n1, n/2]

   % Maximize gain at f1. If more solutions, find a flat one

c  = -cos( f1*pi * v);

A  = [ones(1,n/2); -M0r];        % sum(coeffs)=1/2 (unique solution)

for i = m+1 : m : mk

    Mi= M(i : i+n1-1, : );       % Matrix of size [n1, n/2]

    A = [A; Mi-M0r; -Mi-M0r];

end

b  = [0.5; zeros((2*k-1)*n1,1)];

   % no lower, upper bound on the variables

   % start iteration with a good filter (normalized triangle)

   % 1 equality constraint (sum of variables is 1/2)

   % no warning messages given

x  = lp( c, A, b, [], [], (n-1:-2:1)/n/n*2, 1, -1);

x  = x / sum(x)/2;               % normalise gain to 1 at DC

d  = 20*log10(abs(M*x)' + eps);  % filter gain in dB, row vector

d0 = d(1:m+1);                   % filter gain after decimation

dd = zeros(1,m+1) - inf;

for i = m+1 : m : mk

    dd= max([dd;d(i:i+m)]);      % maximum at each frequency

end

dd = dd - d0;                    % gain of aliases / decimated gain

flt= [x(n/2:-1:1); x];           % complete filter (symmetric)

err= max(dd(1:n1));

subplot(1,2,1)

plot(linspace(0,k,m2), d(1:m2)-d(n1)) % gain set to 1 at f1

axis([0 k -100 inf])

xtick(sort([f*k (0:k)]),'-')

xlabel('Freq/Nyquist','FontSize',14);

ylabel('dB','FontSize',14); grid on

title('Filter gain before decimation','FontSize',14)

subplot(1,2,2)

plot(linspace(0,1,m/2+1), dd(1:m/2+1))

axis([0 1 -100 0])

xtick([0 f*k 1],'-')

xlabel('Freq/Nyquist','FontSize',14);

ylabel('dB','FontSize',14); grid on

title('Aliased signal power after decimation','FontSize',14)
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