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1. Introduction 

In 1973 my academic advisor at the Eötvös Loránd University, Károly Böröczky, suggested me to work on 

the Tammes problem for N = 10. L. Danzer solved this problem in 1966 [8], but his work was not published. 

I solved the corresponding circle packing problem with a reduction-enumeration technique on the 

contact graph, and presented the work at the student contest in the town Eger, 1974 [1], where it won 

the first price. It was also referenced in my doctoral dissertation, 1977 [2]. The paper only got published 

in an academic journal in 1986, with the statement ǘƘŀǘ ƛǘ ǿŀǎ άReceived August 27, 1984έ [4]. 

In 1974 I also investigated the Tammes problem for N = 23. The solution was conjectured to be the same 

as for N = 24, but with one point removed (as it is the case for N = 5 and 6, as well as N = 11 and 12). I 

could immediately disprove the conjecture with contact graphs, by reflecting one of the points to the 

line through its two neighbors next to the removed point, then move each of the remaining points one-

by-one by a sufficiently small displacement on the sphere, increasing the distances between the closest 

pairs of points. I wrote a Fortran program for numerical optimization, and arrived to the value 

0.7228469849Χ ŦƻǊ the cosine of the mini-max angular distance between the 23 points on the sphere.  

To gain some confidence that the found numerical optimum was the solution of the Tammes problem 

for N = 23, I restarted the optimization from different random initial sets of points. One restart was 

possible a day on the computer of the University, 5 days a week. The achievable few dozen such random 

restarts did not find anything better, but at such few random restarts our confidence in the optimality of 

the numerical solution was low, and the results got never published. 

Soon afterwards I moved to work in the industry, with most of my results left unpublished. I only 

worked in discrete geometry for a few years, and published a couple more related papers: [3], [5] and  

[6]. Now, in 2020 the COVID-19 pandemic forced us to stay home, and I had finally time to rewrite and 

run the numerical optimization programs I used 46 years earlier. On my home PC I can do millions of 

random restarts, providing stronger confidence in the true optimality of the found numerical solutions. 

Our experiments and the used methods are discussed in this document, where we: 

- state the Tammes problem 

- propose random-restart numerical optimizations for approximate solutions for it 

- compare dozens of publicly available numerical optimization algorithms 

- discuss several possible problem encodings for numerical optimizations 

- present program code for diagnose/debug/verification 

- investigate uniform- and homogenous random spherical initial point configurations 

- search for symmetries in the contact graphs 

- show various graphical representations of the results; and the programs plotting them 

- list the best found Tammes point sets 

- present simple, arbitrary precision methods for computing the exact minimax distances of the 

¢ŀƳƳŜǎ ǇǊƻōƭŜƳΥ b Ґ оΧм6, 24. (The methods for N = 10, 13, 14, 15 and 16 seem to be new.) 

All programs we wrote and presented in this document are explained and listed in full. They are placed 

into the public domain: anyone can try, modify, or use them for any purpose ς although without our 

guaranties for correctness or fitness to any goals. We hope that the presented information is useful. 

This is a draft document; and any feedback is appreciated. 

See the latest version at: http://www.hars.us/Papers/Numerical_Tammes.pdf 

http://www.hars.us/Papers/Numerical_Tammes.pdf
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2. The Tammes Problem 

The Tammes problem asks to place a given number N points on the surface of a sphere such that the 

minimum distance between these points is maximal. The problem is named after a Dutch botanist, P. M. 

L. Tammes, who posed the problem in 1930 while studying the distribution of pores on pollen grains [7]. 

The Tammes problem can equivalently be formulated as finding the set of N congruent, pairwise non-

overlapping largest circles on a sphere (circle packing). 

Several instances of the Tammes problem were solved exactly, long ago. For N = 3, 4, 6 and 12 see [28], 

for N = 5, 7, 8, 9 see [29], for N = 10 see [1], [4] and [8], for N = 11 see [8], and for N = 24 see [30]. 

More recently further progress has been made: for N = 13 in [33] and for N = 14 in [32]. Other instances 

remained unsolved. 

Instead of the distances between pairs of points, we can use any strictly monotonic function of these 

distances. The simplest is the cosine of the angles between the vectors pointing to our points from the 

center of the sphere. We will use the unit sphere centered at the origin, when the cosine of this angle is 

the dot product of the vectors to the two points. 

For points ὃ ὼȟώȟᾀ  and ὄ ὼȟώȟᾀ , given by their Cartesian coordinates 

ÃÏÓὃὄ᷃ ὼὼ ώώ ᾀᾀ 

The Tammes problem is equivalent to finding the minimum (over all sets ה of N spherical points) of the 

largest ÃÏÓὃὄ᷃  values (over all pairs of points A, B in the set). It is a typical mini-max optimization 

problem. 

Maximum(.) and Minimum(.) are not differentiable functions, but the usual trick of employing an extra 

variable d with inequality constraints as below, makes the optimization problem smooth (differentiable) 

inside of the optimization domain: 

Ὠ άὭὲ 

Subject to 

ᶪὃȟὄ ᶰהȡÃÏÓὃὄ᷃ Ὠ 

We will use free, open-source tools for nonlinear optimization, to get estimates for the smallest Ὠ, when 

о Җ b Җ слΦ ¢ƘŜǊŜ ŀǊŜ Ƴŀƴȅ ŎƘƻƛŎŜǎ ŦƻǊ ǘƘŜ optimization algorithm and for representing (encoding) the 

spherical points. In the sequel we will discuss various options and report our experiments with them. 

2.1. Accuracy of the Numerical Optima 

The numerical solutions of Tammes points may give points (by their Cartesian coordinates), which do 

not exactly lie on the surface of the unit sphere. They can be slightly off, but still within a distance from 

the origin ὶɴ ρ ‐ȟρ ‐, where ‐ is the tolerance of the numerical optimization. This is not a 

problem: we can divide the coordinates by the actual ὶ value, moving the points onto the sphere. 

These divisions slightly change the distances between the points, but at most by ς‐, which is the worst 

case (occurring at antipodal points). Accordingly, if the tolerance of the numerical optimization is ‐, and 

the smallest numerical distance between the points computed by the numerical optimization is Ὠ, the 

true shortest distance between the considered spherical points is in the interval Ὠ ς‐ȟὨ ς‐. 
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There is another source of error, due to the inexact cosine in the numerical formulation of the problem. 

The accuracy of the angular or the Cartesian distance depends on the angle and the tolerance of the 

value of the cosine. 

At a small tolerance ‐ for the numerical optimization we have the corresponding angular error ‏: 

ÃÏÓ‌ ‏ ÃÏÓ‌ ‐ 

Within negligible ɨ‏  error: ÃÏÓ‏ ρ, and within negligible ɨ‏  error: ÓÉÎ‏  which give ,‏

ÃÏÓ‌ ‌ÓÉÎ‏ ÃÏÓ‌ ‐ 

‏
‐

ÓÉÎ‌
 

Lƴ ǘƘŜ ƛƴǘŜǊŜǎǘƛƴƎ ǊŀƴƎŜ ƻŦ b όрΧслύ ǿŜ Ƙŀve π ÃÏÓ‌ πȢψψωυ, or ρ ÓÉÎ‌ πȢτυφω. This 

introduces another factor of maximum 2.2 increase of errors, but all together the numerical 

optimization results are within ±4.4 times of their tolerances, specified beforehand. We have set in all 

our numerical optimizations the tolerance to ρπ , thus the shortest distances between the points of 

the numerically optimum Tammes sets are accurate to more than 9 decimal digits. 

Note that smaller tolerances only moderately increase the running time of the numerical optimizations. 

We could set ‐ ρπ  and still work with double precision floating point number representations. A 

tolerance of 0 works, too, causing the optimizations be controlled only by the rounding errors. However, 

at very small tolerances more numerical optimizations fail to converge, which necessitates more restarts 

from random initial point sets, to be able to perform the same number of successful trial optimizations. 

2.2. Contact Graphs ς the Structure of the Numerical Solutions 

The contact graph of a spherical point set is defined with edges between point pairs at minimal distance. 

Even though the mini-max distances in the numerically generated Tammes point sets are accurate to a 

given tolerance, the corresponding contact graphs do not necessarily represent the combinatorial 

structure of the true optimum sets. This is because edges are defined between point pairs at the exact 

mini-max distance, and even the slightest numerical inaccuracy may result in false or missing edges. 

This presents a conundrum: when the contact graph of a numerically generated point set is drawn, we 

need to set tolerances on the distances to decide to connect two points by an edge or not. Setting too 

small tolerances remove edges, and isolated points may show up in the drawing. Setting too large 

tolerances may cause false edges to show, connecting points which are actually farther from each other. 

The case at N = 5 is particularly difficult, because the numerical solution is only weakly defined (at 

several locations the gradient = 0). The optimum Tammes set consists of a point at the north pole, and 4 

equidistant points on the equator. Moving a point from the equator toward the south pole by a small 

distance causes very little violation of the constraints (remaining within the tolerances), but it destroys 

edges of the contact graph. 

Because of similar issues, the plotted contact graphs in this document only ƛƴŘƛŎŀǘŜ άŎƭƻǎŜ-ōȅέ ǇƻƛƴǘǎΣ 

helping to visualize Tammes point sets. They are not true contact graphs, without mathematical 

reasoning, even though when defining edges at a tolerance of 10ҍ5 we did not experience obvious faults. 
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3. Computational Tools: Software and Hardware 

As the hardware, a home-built PC was used, with: 

¶ CPU: AMD Ryzen 5 2600 (64-bit six-core Intel compatible processor) 

¶ Clock: 3400 MHz 

¶ Memory: 16 GB DRAM 

Software: 

¶ Operating system: Windows 10 

¶ Programing language: Julia 1.5 [24] 

¶ Nonlinear optimization library: NLopt version 2.6.2 [25] 

¶ Julia interface to the NLopt library: NLopt Julia module [26] 

¶ Interactive plotting program: gnuplot 5.5 [27] 

Resource use for a single optimization thread: 

¶ CPU: 9.5% 

¶ Memory: < 250 MB (N=80) 

One can run multiple optimization threads in parallel. We did not see significant slow-down when 

running up to 6 independent numerical optimization processes in our platform, together with some 

everyday tasks, like email, document editing, etc. Due to hyperthreading support, the CPU can gracefully 

handle 10 threads, but with proportional slowdown compared to 6 optimization threads. 

4. Optimization Technique 

In 1974 I used a random-restart numerical optimization technique (based on the NelderςMead method 

[34]), to find the global optimum among the many local optima. However, using also the gradients (of 

the constraints and the objective function) greatly improve the speed of convergence. 

The basic structure of the optimization remained the same after 46 years: A pseudorandom number 

generator provides random initial point populations on the sphere. From each of these, a numerical 

optimization is started, which converges to a local optimum, or fails, or does not find a solution within 

reasonable time limits. This process is then restarted tens of thousands of times at each experiment, and 

the best local numerical optimum is returned as the likely global optimum. 

4.1. Numerical Optimization Algorithm 

Global optimization algorithms in the NLopt library are so slow for large number of variables, that 

nothing seems to happen for days of continuous computations. Even though we can make the objective 

function evaluations to print out heartbeat information, no significant progress is apparent. After a few 

trials we decided to keep our original approach of local optimization algorithms, restarted many times 

from random initial sets of points. 

Gradients can be used by local optimization algorithms. The encodings of the Tammes problem which 

we tried are almost everywhere differentiable, thus both types of algorithms can be tried: which use, 

and which do not use gradients. Experiments showed that gradients make the optimization orders of 

magnitude faster, and to fail less frequently. 
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In the NLopt optimization library there are 10 gradient-using local optimization algorithms. Only 3 of 

them works with nonlinear constraints: 

¶ LD_MMA 

¶ LD_CCSAQ 

¶ LD_SLSQP 

The first two algorithms from this list were slower than the last one, and failed to converge too many 

times on Tammes problems. Not only the algorithm LD_SLSQP (Sequential Least-Squares Quadratic 

Programming) was much faster and converged more often, but it was also the only algorithm, which can 

directly handle equation constraints. After an initial evaluation phase, we decided to use it exclusively in 

our experiments. 

4.2. Speedup Possibilities 

Several ideas have been tried for improving the speed of the numerical optimizations, as discussed 

below. The first idea of two-stage optimizations did not work well, but the other two showed merits for 

larger Tammes problems. They are explored further in another document [35]. 

4.2.1. Two-Stage Optimization 

Working with a large number of variables (finding the best placement of many points) is time 

consuming. It was a natural idea for speeding up the numerical optimization with a two-stage approach: 

1. Perform a large number of large-tolerance (fast) random-restart numerical optimizations, and 

2. Improve the best local optimum by further optimizing it as starting value of smaller tolerance. 

Unfortunately, this did not work, for a couple of reasons. 

a. The large tolerance optimum often violates the 2nd stage small tolerance constraints at start. 

b. The small tolerance numerical optimization starts with moving a high-dimensional search point 

by larger steps, and may get away from the suspected local optimum. It can even diverge. 

To avoid the last problem, we tried to restart the small tolerance optimization with the most promising 

initial random population, which had led to the best large tolerance point set. This did not work, either, 

because the gradual improvement steps from the same initial population are different depending on the 

tolerances, leading to a different often inferior second local optimum. 

It looks like, for a successful two-stage optimization strategy, the internals of the library optimization 

algorithms had to be tweaked. However, setting small tolerances causes only little slow down (~10% 

when going from 8 to 13 decimal digit tolerances), because in the vicinity of a local optimum the 

convergence of the numerical optimization accelerates; most of the computation time is spent to get 

the multidimensional search point close to a local optimum. Experiments showed that the best strategy 

is simply setting the desired tolerances upfront. We used tolerances 10ҍ10, but one can easily repeat the 

work with smaller or larger tolerances. (Most of the time a tolerance as small as 10ҍ16 worked just fine, 

but with very small tolerances more numerical optimizations fail to converge, and so more random 

restarts are needed for the same number of successful trials.) 
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4.2.2. Disregarding Point-Pairs at Large Intial Distances  

In the initial population of spherical points, the distances between pairs of points can be computed, and 

consider only those in the constraints, which are not άtoo largeέ (by setting various thresholds for 

experimenting). 

The idea is that starting from a homogenous initial population of spherical points (see Section 6.4) the 

numerical optimization may not need to move points by much, ǇǊŜǎŜǊǾƛƴƎ ǘƘŜ άŎƭƻǎŜƴŜǎǎέ ƻŦ ǇƻƛƴǘǎΣ 

thus point pairs at large initial distances will likely remain far during the optimization. 

This modification did provide improvements, but setting a distance-threshold, which noticeably reduces 

the number of constraints, also makes the number of necessary random restarts larger (to find the true 

optimum). The numerical optimizations produced some invalid Tammes sets, which had to be discarded. 

The straightforward implementation takes /ὔ  time during initialization of a numerical optimization 

step, which is just a small percentage of the overall numerical optimization time. Nevertheless, some 

speedups were achieved for larger N values (see [35]). 

4.2.3. Adaptive Exclusion of Far-Away Point-Pairs  

A more successful variation of the idea of Section 4.2.2 was to dynamically excluding some point pairs 

from the constraints. Those point pairs were excluded, which are far away at the time of evaluating the 

constraint. This is more time consuming, because at each evaluations of the constraints we have to look 

at all distances to be able to find the point pairs at short distances. 

The number of constraints cannot change during a numerical optimization run, thus we have to set this 

number to a fix value, like C = 2.375N, and select for constraints the number of the considered closest 

point pairs, accordingly. This is relatively slow, an /ὔ  time algorithm working on  distances. One 

can replace it with more sophisticated methods for finding critical point-pairs, including the spherical 

Voronoi diagram, or Delaunay triangulation, but the overall running time would still be dominated by 

the numerical optimizations. (The best published algorithms for the more sophisticated methods take 

/ὔÌÏÇὔ  time, which would provide barely noticeable speed-ups for larger N values.) 

It is also possible to combine these last two ideas. They are discussed in more details in [35]. 

5. Problem Encodings 

There are various ways to encode the locations of the spherical points into arrays of numbers for the 

numerical optimizations. We tried 6 methods, but there are certainly more. Each encoding has its 

advantages and drawbacks, which are discussed in this section. 

5.1. 3D Cartesian Coordinates 

Using 3 dimensional Cartesian coordinates ὼȟώȟᾀ is the most straightforward encoding: put the 

unknown coordinates of the points Pi (i = 1..N) to be arranged on the sphere, and Ὠȟ the cosine of the 

angle at which the closest pair is seen from the origin in an array x[.] of 3N+1 entries: 

x[3N+1] ᴺὨ 

x[3iҍ2, 3iҍ1, 3i] N ὼȟώȟᾀ  for i Ґ мΧbΦ 
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We have the following constraints: 

 ŦƻǊ ƛ Ґ мΧb: Ȅώоƛҍ2]^2 + x[3iҍ1]^2 + x[3i]^2 == 1 (The points are on the sphere) 

 ŦƻǊ ƛ Ґ мΧbҍмΣ Ƨ Ґ ƛҌмΧbΥ Ȅώоƛҍ2ϐϝȄώоƧҍ2] + x[3iҍ1]*x[3jҍ1] + x[3i]*x[3j] Җ Ȅώ3N+1] 

   (x[3N+1] is the cosine of the smallest spherical angle between the points) 

5.1.1. Simplifications 

There are a couple of trivial simplifications possible: 

1. Fix the point P1 to the North Pole: (0,0,1). It can be achieved by setting the upper and lower 

bounds for the corresponding variables to 0, 0 and 1, respectively (or hardcode their values) 

2. Fix the point P2 to the ὢὤ plane with ὼ π, and choose the indexing of the points, such that 

the minimal spherical angle occurs between P1 and P2. Having that 

P2 Ґ όȄώпϐΣ ȄώрϐΣ Ȅώсϐύ Ґ όǎǉǊǘόмҍd^2), 0, Ὠ) 

Accordingly, x[3N+1] can be replaced witƘ ȄώсϐΦ Ȅώпϐ Ŏŀƴ ōŜ ŦƛȄŜŘ ǘƻ ǎǉǊǘόмҍȄώсϐϣнύΣ ŀƴŘ ǎƻ ǘƘŜ ƴǳƳōŜǊ ƻŦ 

free ǾŀǊƛŀōƭŜǎ ǘƻ ōŜ ǳǎŜŘ ƛƴ ǘƘŜ ƻǇǘƛƳƛȊŀǘƛƻƴ ƛǎ ŜŦŦŜŎǘƛǾŜƭȅ оbҍрΦ 

5.1.2. Program Code 

The constraints and their gradients are easy to compute, as the following Julia functions show: 

w = [ - 2; - 1;0]  
 
function f(x::Vector, grad::Vector)              # cos(a) - > min, a = spherical angle - > max 
    length(grad) > 0 && (grad[:] = zeros(3N); grad[6] = 1)                # in - place update!  
    return x[6]  
end 
 
function eqx2_constraint(x::Vector, grad::Vector )         # P2: x2=sin(a)>0, y2=0, z2=cos(a)  
    length(grad) > 0 && (grad[:] = [0;0;0; 1;0;x[6]/sqrt(1 - x[6]^2); zeros(3N - 6)])  
    return x[4] -  sqrt(1 - x[6]^2)  
end 
 
fu nction eq_constraint(x::Vector, grad::Vector, i::Integer)         # set for i = 3:N  
    if length(grad) > 0  
        grad[:] = zeros(3N)  
        grad[3i.+w] = 2x[3i.+w]  
    end 
    return sum(x[3i.+w].^2) -  1 
end 
 
function dot(x::Array{Float64}, y::Vecto r{ Float64})  
    sum(x[:].*y[:])  
end 
                                                     # set for i=1:N - 1, j=i:N, (i,j)!=(1,2)  - > 
function constraint(x::Vector, grad::Vector, i::Integer, j::Integer)  
    if length(grad) > 0  
        grad[:] = zeros(3N)  
        grad[3i.+w] = x[3j.+w]  
        grad[3j.+w] = x[3i.+w]  
        grad[6] - = 1  
    end 
    return dot(x[3i.+w], x[3j.+w]) -  x[6]  
end 
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The bounds for the optimization variables are given by: 

lower_bounds = [0;0;1; 0;0; - 1; - ones(3N- 6)]  

upper_bounds = [0;0;1; 1;0;+1;  ones(3N - 6)]  

5.2. 2D Disk Projected to the Sphere 

Instead of using 3 dimensional coordinates, we can just use planar coordinates ὼȟᾀȡὼ ᾀ ρ, and 

compute 

ώ  ρ ὼ ᾀ 

5.2.1. Problems with the 2D Encoding 

We could save about a third of the optimization variables, and the corresponding equality constraints, 

but there are serious drawbacks: 

1. Computing the ώ variables is not differentiable on the whole perimeter of the unit ὼȟᾀ circle. 

2. The inner working of the optimization algorithms often attempts to compute ώ outside of the 

unit circle, where it is undefined. It causes domain exceptions of the square root, unless some 

extra measures are taken to prevent it. 

3. Extra care is needed to choose the signs of the ώ variables in a continuous, differentiable way. 

5.2.2. Improvements of the 2D Encoding 

We tried different options to mitigate the above problems: 

1. The size of the 2-dimensional disk can be reduced: ὼȟᾀȡὼ ᾀ ρ ‐ for some small ʁ. This 

makes the computations differentiable, but no such solutions to the Tammes problem will be 

found, where more than 2 points happen to be on the great circle with ώ π. (We fixed P1 and 

P2 on this great circle, and hoped that no other points have to be always there. Nevertheless, 

most of the time, the optimization still diverged.) 

2. Instead of computing the square root as is, we tried variants, which prevent negative 

arguments. They included: ȿόȿȟÍÁØόȟπ, and ÓÉÇÎό ȿόȿ . These prevented errors from 

the square root function, and no numerical optimization aborted anymore due to domain errors 

of the square root, but the number of failed optimizations did not improve. (Probably, because 

the computed direction and distance of moving an intermediate multidimensional search point 

of the optimization now often becomes wrong.) 

3. The simplest rule to set the sign of the ώ variables is to keep their sign from the initial random 

point set, that is, to keep the points in their original hemisphere cut by the XZ plane. This did not 

work well. Other experimental variants included to check if a computed ώ variable gets too small 

during the optimization, and flip its sign if it does. (If this value was small in the optimum, it 

would stay around 0.) A little smarter idea would only flip the sign if the ώ variable was small a 

couple of times, or if it gets progressively smaller. Still no improvements were observed. 

4. Another idea was to compute the partial derivatives of the square root function close to its 

singularity with one-sided numerical approximation, instead of the exact derivatives, which 

might not exist, or which can be huge. It was also unsuccessful in reducing the number of 

divergent numerical optimizations. 
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All of these attempts failed to some degree. The optimization algorithms still did not converge at most 

initial point populations. Still to try is to move the fixed points P-1 and P0 to slightly different positions, 

such that no numerical optimum will include points too close to the singularities. 

The reader is encouraged to experiment with further ideas, which might eventually make the 2D disk 

encoding to work better. 

5.2.3. Program Code 

Below is the Julia code for the objective function and for the constraints, including their gradients. 

The free coordinates of the N spherical points of the Tammes problem are mapped to the нbҍо 

parameters of the numerical optimization problem as follows: 

¶ x[1] N Ὠ (the cosine of the angle the closest pair of points is seen from the origin of the sphere) 

¶ Implicit (hardcoded) 0 πȟπȟρ and 0 Ѝρ ὨȟπȟὨ 

¶ x[2i], x[2i+1] N ὼȟᾀ  ŦƻǊ ƛ Ґ мΧbҍ2. 

The constraints that ὼȟᾀ  is inside a circle (which might be slightly smaller than the unit circle) are the 

last constraints. This makes it easier to play with the tolerances for these constraints, facilitating 

experiments. So far, no significant improvements in the convergences of the numerical optimizations 

were found, by varying these constraints.  
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y = zeros(N - 2)                                  # global array with signed y coordinates  
 

sq(x) = sqrt(max(x,0))  # TEST: sqrt(x); sqrt(abs(x)); sqrt(max(x,0)); sign(x)*sqrt(abs(x))...  
 

function f(x::Vector, grad::Vector)             # cos(a) - > min, a = spherical distance - > max 
    length(grad) > 0 && (fill!(grad,0.0); grad[1] = 1.0)  
    return x[1]  
end 
                              # all pairs: cos(distance) < cos(a) = x[1], (x,y) in unit circl e 
function constr(res::Vector,x::Vector,grad::Matrix)                     # size  = (N+3)(N - 2)/2  
    global N, y;  N::Integer; y::Vector  
    dyx, dyz = zeros.((N - 2,N- 2))  
    for i =  1:N- 2 
        y[i] = copysign(sq(1 - x[2i]^2 - x[2i+1]^2),y[i])  
    end 
    x0 = sqrt(1 - x[1]^2)  
    if length(grad) > 0  
        fill!(grad,0.0)  
        for i = 1:N - 2 
            dyx[i],dyz[i]=[x[2i],x[2i+1]]./y[i] # negative derivatives - dy/dx, - dy/dz  
        end 
        k = [0]                                 # scalar var  in accessi ble inside Julia loops  
        for i = 1:N - 3, j = i+1:N - 2              # distances P[i] - P[j]  
            k[1] += 1  
            grad[ 1,  k[1]] = - 1 
            grad[ 2i ,k[1]] = x[  2j ] -  y[j] * dyx[i]  
            grad[2i+1,k[1]] = x[2j+1] -  y[j] * dyz[i]  
            grad[ 2j ,k[1]] = x[ 2i ] -  y[i] * dyx[j]  
            grad[2j+1,k[1]] = x[2i+1] -  y[i] * dyz[j]  
        end 
        for i = 1:N - 2 
            k[1] += 1                           # distances P[ - 1] - P[i]  
            grad[ 1,  k[1]] = - 1 
            grad[2i+1,k[1]] =  1  
            k[1] += 1                           # distances P[0] - P[i]  
            grad[ 1,  k[1]] = - x[2i]*x[1]/x0 + x[2i+1] -  1 
            grad[ 2i ,k[1]] =  x0  
            grad [2i+1,k[1]] =  x[1]  
        end 
        for i = 1:N - 2                           # (x,y) in unit circle  
            k[1] += 1  
            grad[ 2i ,k[1]] = 2x[ 2i ]  
            grad[2i+1,k[1]] = 2x[2i+1]  
        end 
    end 
 

    k = [0 ]  
    for i = 1:N - 3, j  = i+1:N - 2                  # distances P[i] - P[j] < x[1]  
        k[1] += 1  
        res[k[1]] = x[2i]*x[2j] + y[i]*y[j] + x[2i+1]*x[2j+1] -  x[1]  
    end 
    for i = 1:N - 2 
        k[1] += 1                               # distances P[ - 1] - P[i] < x[1]  
        res[k[1]] = x[2i+1] -  x[1]  
        k[1] += 1                               # distances P[ 0] - P[i] < x[1]  
        res[k[1]] = x0*x[2i] + x[1]*x[2i+1] -  x[1]  
    end 
    fo r i = 1:N - 2                               # (u,v) in unit circle , for tun ing  tolerance  
        k[1] += 1  
        res[k[1]] = x[2i]^2 + x[2i+1]^2 -  0.995 # PREVENT Y = 0 SINGULARITY  
    end 
end 
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5.3. Marsaglia Transform 

Marsaglia proposed a transform, which maps the points όȟὺ inside the unit 2D disk, to the 3D points 

ὼȟώȟᾀ on the sphere [13]. This transform has uniform areal density: 

ό ὺ ρ  ᵼ  ρ όȟὺ ρ 

ὼ ςό ρ ό ὺ 

ώ ςὺ ρ ό ὺ 

ᾀ  ρ ς ό ὺ  

Note that the transform is not defined when ό ὺ ρ, that is, the spherical point πȟπȟρ is 

missing from the image. To keep our points P-1 and P0 fixed as before, we flip the sign of ᾀ, so this flipped 

Marsaglia transform has no singularity when used with numerical optimizations. 

5.3.1. Inverse of the Marsaglia Transform 

For the initial point population on the UV plane we need the inverse of the Marsaglia transform (unless, 

we generate the initial points directly on this plane ς which would also be a valid option). 

Given a point on the unit sphere with its Cartesian coordinatesὼȟώȟᾀ, the point όȟὺ in the UV plane, 

which yields ὼȟώȟᾀ by the Marsaglia transform is computed as follows: 

From the definition of the transform  , that allows rewriting the defining equation 

ὼ ςό ρ ό όẗ
ώ

ὼ
 

Squaring this gives a quadratic equation for ό. When solved, it also yields ὺ: 

ό ὼ
ρ ρ ὼ ώ

ςὼ ςώ
Ƞ   ὺ ώ

ρ ρ ὼ ώ

ςὼ ςώ
 

These expressions are not defined for ὼ ώ π, ᾀ ρ, where we set ό ὺ π. 

The positive sign of the outer square roots has to be taken, because the definition of the transform sets 

the same signs for ό and ὼ, as well as for ὺ and ώ. Because  , the same value of the ά±έ inside the 

square root has to be taken for ό and for ὺ. We look now, which sign is right, and when: 

ᾀ ρ ὼ
ρ ρ ὼ ώ

ὼ ώ
ώ
ρ ρ ὼ ώ

ὼ ώ
ᶸ ρ ὼ ώ 

¢Ƙŀǘ ƎƛǾŜǎ ǘƘŜ ǎƛƳǇƭŜ ǊǳƭŜΥ ǘŀƪŜ άҌέ ƛŦ ᾀ πΣ άҍέ ƻǘƘŜǊǿƛǎŜΦ aƻǊŜ precisely: 

ό ὼ
ρ ÓÉÇÎᾀ ρ ὼ ώ

ςὼ ςώ
Ƞ   ὺ ώ

ρ ÓÉÇÎᾀ ρ ὼ ώ

ςὼ ςώ
 

This also proves that the Marsaglia transform is 1-to-1 from the internal points of the unit circle to the 

points on the sphere, excluding its South Pole. 
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5.3.2. Dis/Advantages 

The spherical points with ᾀ ρ is excluded from the transform domain, but that would only occur for 

our fixed point P-1, (which also prevent points to get close to it) therefore the constraints of the 

numerical optimizations are everywhere continuously differentiable. 

The constraints requiring that the όȟὺ planar points are ƛƴǎƛŘŜ ǘƘŜ ǳƴƛǘ ŎƛǊŎƭŜ ǊŜǉǳƛǊŜǎ bҍн ƴƻƴƭƛƴŜŀǊ 

ŎƻƴǎǘǊŀƛƴǘǎΣ ǿƘƛŎƘ ǿŜ ŘƻƴΩǘ ƴŜŜŘ ŦƻǊ ǘƘŜ ǇǊƻōƭŜƳ ŜƴŎƻŘƛƴƎǎ ŘƛǎŎǳǎǎŜŘ ƛƴ ǘƘŜ ǎǳōǎŜǉǳŜƴǘ ǎŜŎǘƛƻƴǎΦ 

Working with these extra constraints slows down the optimization, somewhat. Even though we can 

remove these nonlinear constraints (by mapping the points outside of the unit circle to the spherical 

point (0,0,1)), the system would not be differentiable on the boundary points. Experiments showed that 

the consequences are insignificant: a couple of percent more numerical optimizations fail to converge. 

This change was only implemented for larger Tammes problems, and for the Thomson problem, where 

the speedup was significant. These are discussed in [35]. 

In any case, the Marsaglia transform based problem encoding provides robust, smooth and uniform 

mapping from planar points to spherical points, everywhere, with little time penalty, making it our 

preferred method. 

5.3.3. Program Code 

Below is the Julia code for the objective function and for the constraints, including their gradients. 

We mapped the N spherical points of the Tammes problem ǘƻ ǘƘŜ нbҍо ǇŀǊŀƳŜǘŜǊǎ ƻŦ ǘƘŜ numerical 

optimization problem as follows: 

¶ x[1] N Ὠ (the cosine of the angle the closest pair of points is seen from the origin of the sphere) 

¶ Implicit (hardcoded) 0 πȟπȟρ and 0 Ѝρ ὨȟπȟὨ 

¶ x[2i], x[2i+1] N όȟὺ , the flipped Marsaglia transform of spherical point ὼȟώȟᾀ  ŦƻǊ ƛ Ґ мΧbҍ2. 
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function f(x::Vector, grad::Vector)             # cos(a) - > min, a = spherical distance - > max 
    length(grad) > 0 && (fill!(grad,.0); grad[1] = 1)  
    return x[1]  
end 
 
function XYZR(x::Vector)                        #  Marsaglia transform  
    N = (3+length(x))>>1  
    X,Y,Z,R = zeros.(fill(N - 2,4))  
    for i = 1:N - 2 
        s = x[2i]^2 + x[2i+1]^2                 # 2D points [u,v]: u[i]~x[2i], v[i]~x[2i+1]  
        R[i] = r = sqrt(abs(1 - s))               #sqrt();sqrt(abs() );sqrt(max(,0));sign()*sqrt(abs())  
        X[i ] = 2x[ 2i ] * r  
        Y[i] = 2x[2i+1] * r                     # coordinates of the SPHERICAL POINTS ---  
        Z[i] = 2s -  1 
    end 
    return X,Y,Z,R  
end 
 
function constr(res::Vector,x::Vector,grad::Matri x)  
    N = (3+length(x))>>1                        # size(grad):(N+3)(N - 2)/2 rows of 2N - 3 entries  
    Xu,Xv,Yv = zeros.(fill(N - 2,3))  
    X,Y,Z,R = XYZR(x)  
    for i = 1:N - 2                               # PARTIAL DERIVATIVES ---  
        Xu[i]= - 2*(2x[2i]^2 +x[ 2i+1]^2 - 1) / R[i] # dX/du  
        Xv[i]= - 2 * x[2i] * x[2i+1] / R[i]      # dX/dv = dY/du  
        Yv[i]= - 2*(2x[2i+1]^2+x[2i]^2 - 1) / R[i] # dY/dv  
    end 
    Yu = Xv                                     # dZ/du = 4u, dZ/dv = 4v  
 

    X0 = sqrt(1 - x[1]^2)  
    if length(grad) > 0                         # GRADIENT ---  
        fill!(grad, 0.0)  
        k = [0]                                 # (scalar k is not accessible inside loops)  
        for i = 1:N - 3, j = i+1:N - 2              # distances P[i] - P[j]  
            k[1] += 1  
            grad[ 1,  k[1]] = - 1 
            grad[ 2i, k[1]] = Xu[i]*X[j] + Yu[i]*Y[j] + 4x[ 2i ]*Z[j]  
            grad[2i+1,k[1]] = Xv[i]*X[j] + Yv[i]*Y[j] + 4x[2i +1]*Z[j]  
            grad[ 2j, k[1]] = Xu[j]*X[i] + Yu[j]*Y[i] + 4x[ 2j ]*Z[i ]  
            grad[2j+1,k[1]] = Xv[j]*X[i] + Yv[j]*Y[i] + 4x[2j+1]*Z[i]  
        end 
        for i = 1:N - 2 
            k[1] += 1                           # distances P[ - 1] - P[i]  
            grad[ 1,  k[1]] = - 1 
            grad[ 2i, k[1]] = 4x[ 2i ]  
            grad[2i+1,k[1]] = 4x[2i+1]  
            k[1] += 1                           # distances P[0] - P[i]  
            grad[ 1,  k[1]] = - x[1]/X0 * X[i] + Z[i] -  1 
            grad[ 2i , k[1]] = X0*Xu[i] + 4x[1]*x[ 2i ]  
            grad[2i+1,k[1]] = X0*Xv[i] + 4 x[1]*x[2i+1]  
            k[1] += 1                           # inside unit circle  
            grad[ 2i, k[1]] = 2x[ 2i ]  
            grad[2i+1,k[1]] = 2x[2i+1]  
        end 
    end 
 
    k = [0]                                      # CONSTRAINTS ---  
    for i  = 1:N - 3, j = i+1:N - 2                  # distances P[i] - P[j] < x[1]  
        k[1] += 1  
        res[k[1]] = X[i]*X[j] + Y[i]*Y[j] + Z[i]*Z[j] -  x[1]  
    end 
    for i = 1:N - 2 
        k[1] += 1                               # distances P[ - 1] - P[i] < x[1]  
        res[k[1]] = Z[i] -  x[1]  
        k[1] += 1                               # distances  P[ 0] - P[i] < x[1]  
        res[k[1]] = X0*X[i] + x[1]*Z[i] -  x[1]  
        k[1] += 1                               # (u,v) is inside unit circle  
        res[k[1]] = x[2i]^ 2 + x[2i+1]^2 -  1.0  
    end 
end 
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5.4. Cylindrical Projection 

Cylindrical projection is often used in cartography. It maps the points of the sphere, (except the North 

and South Poles) to the points of a rectangle, by projecting perpendicularly from the (North-South) Z 

axis to a surrounding cylinder, which is then cut along a vertical line, and unrolled to a flat rectangle. 

The cylindrical projection, like the Marsaglia Transform has uniform areal density. The spherical points 

ὼȟώȟᾀ, where ὼ ώ ᾀ ρ, are mapped to points όȟὺ on the UV plane the following way: 

ό ᾀȠ ὺ ÁÔÁÎώȟὼ 

Here the 2-argument inverse tangent function ÁÔÁÎώȟὼ returns the angle from the positive ὼ-axis to 

the vector of coordinates ὼȟώ. This angle is chosen in “ȟ“ (or πȟς“ at some implementations). 

5.4.1. Inverse 

Expressing the inverse of the cylindrical projection is straightforward: 

όᶰ ρȟρȟ ὺɴ “ȟ“ 

ὼ ρ όẗÃÏÓὺȠ ώ ρ όẗÓÉÎὺȠ ᾀ ό 

5.4.2. Dis/Advantages 

The inverse cylindrical projection is not defined (and no extension would be differentiable) at the points 

πȟπȟρ. This could cause that the numerical optimizations cannot find the true optimum, when both 

of these exceptional points are necessarily in the optimal Tammes arrangement. For simplicity, we fix P-1 

to πȟπȟρ, therefore N = 6 and N = 12 are the exceptional cases, to be handled separately. 

The optimum point sets for these cases are known. With other N values the numerical optimizations 

work, so the cylindrical projection with fixed P-1 work, albeit some numerical optimizations fail to 

converge, and so more initial point populations are needed to find the global optimum. 

A workaround was to move P-1 slightly, so the singularity would not affect finding the global optima. The 

constraints will then be more complex and slower; thus, no speedup is expected due to fewer divergent 

numerical optimizations. 

On the other hand, no constrains (only bounds) are needed for ensuring the rectangular shape of the 

domain (as opposed to e.g. a circle containing the planar points in the Marsaglia transform), making the 

optimization problems faster and smaller with this encoding. 

5.4.3. Program Code 

Lƴ ǘƘŜ Wǳƭƛŀ ŎƻŘŜ ōŜƭƻǿΣ ǿŜ ǳǎŜŘ άǘέ ƛƴ ǇƭŀŎŜ ƻŦ the ŎƻƻǊŘƛƴŀǘŜ άὺέ ŦƻƭƭƻǿƛƴƎ ǘƘŜ ǘǊŀŘƛǘƛƻƴŀƭ ƴƻǘŀǘƛƻƴǎΦ 

The Julia functions below compute the objective function, the constraints, and their gradients. 

The N spherical points of the Tammes problem are mapped ǘƻ ǘƘŜ нbҍо ǇŀǊŀƳŜǘŜǊǎ ƻŦ ǘƘŜ ƴǳƳŜǊƛŎŀƭ 

optimization problem as follows: 

¶ x[1] N Ὠ (the cosine of the angle the closest pair of points is seen from the origin of the sphere) 

¶ Implicit (hardcoded) 0 πȟπȟρ and 0 Ѝρ ὨȟπȟὨ 

¶ x[2i], x[2i+1] N όȟὸ , the cylindrical projection of spherical points ὼȟώȟᾀ  ŦƻǊ ƛ Ґ мΧbҍ2. 
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function f(x::Vector, grad::Vector)             # cos(a) - > min, a =  spherical distance - > max 
    length(grad) > 0 && (fill!(grad,.0); grad[1] = 1)  
    return x[1]  
end 
 

function XYZCS(x::Vector)  
    N = (3+length(x))>>1  
    X,Y,Z,C,S = zeros.(fill(N - 2,5 ))  
    for i = 1:N - 2 
        r = sqrt(1 -  x[2i]^2)                   #  Planar pnts [u,t]: u[i]~x[2i], t[i]~x[2i+1]  
        sc = sincos(x[2i+1])  
        Y[i],X[i] = r .* sc                     # SPHERICAL POINTS, from cylindrical  
        Z[i] = x[2i]  
        S[i],C[i] = sc ./ r                     # C = cos/r, S = sin/r  
    end 
    return X,Y,Z,C,S  
end 
 

function constr(res::Vector,x::Vector,grad::Matrix)  
    global N; N::Integer  
    Xu,Yu = zeros.(fill(N - 2,2))                 # grad: (N+1)(N - 2)/2 rows of 2N - 3 entries  
    X,Y,Z,C,S = XYZCS(x)  
    for i = 1:N - 2                               # PARTIAL DERIVATIVES ---  
        Xu[i]= - x[2i]*C[i]                      # dX/du  
        Yu[ i]= - x[2i]*S[i]                      # dY/du  
    end                                         # dX/dt = - Y, dY/dt = X, dZ/du = 1, dZ/dt = 0  
 

    X0 = sqrt(1 - x[1]^2)  
    if length(grad) > 0                         # GRADIENTS ---  
        fill!(grad, 0.0)  
        k = [0]                                 # (scalar k is not accessible insid e loops)  
        for i = 1:N - 3, j = i+1:N - 2              # distances P[i] - P[j]  
            k[1] += 1  
            grad[ 1,  k[1]] = - 1                                # dD(i,j)/d x[1]  
            grad[ 2i, k[1]] = Xu[i]*X[j] + Yu[i]*Y[j] + Z[j]    # dD(i,j)/d u[i]  
            grad[2i+1,k[1]] = - Y[i]*X[j] +  X[i]*Y[j]           # dD(i,j)/dt[i]  
            grad[ 2j, k[1]] = Xu[j]*X[i] + Yu[j]*Y[i] + Z[i]    # dD(i,j)/du[j]  
            grad[2j+1,k[1]] = - Y[j]*X[i] +  X[j]*Y[i]           # dD(i,j)/dt[j]  
        end 
        for i = 1:N - 2 
            k[1] += 1                           # distances P[ - 1] - P[i]  
            grad[ 1,  k[1]] = - 1                                # dD( - 1,i)/dx[1]  
            grad[ 2i, k[1]] =  1                                # dD( - 1,i)/du[i];  ./dt[i] = 0  
            k[1] += 1                           # distances P[0] - P[i]  
            grad[ 1,  k[1]] = - x[1]/X0*X[i] + Z[i] -  1          # dD(0,i)/dx[1]  
            grad[ 2i, k[1]] = X0*Xu[i] + x[1]                   # dD(0,i)/du[i]  
            grad[2i+1,k[1]] = - X0*Y[i]                          # dD(0,i)/dt[i]  
        end 
    end 
 

    k = [0]                                      # CONSTRAINTS ---  
    for i = 1:N - 3, j = i+1:N - 2                  # distances P[i] - P[j] < x[1]  
        k[1] += 1  
        res[k[1]] = X[i]*X[j] + Y[i]*Y[j] + Z[i]*Z[j] -  x[1]  
    end 
    for i = 1:N - 2 
        k[1] += 1                               # distances P[ - 1] - P[i] < x[1]  
        res[k[1]] = Z[i] -  x[1]  
        k[1] += 1                               # distances  P[ 0] - P[i] < x[1]  
        res[k[1]] = X0*X[i] + x[1]*Z[i] -  x[1]  
    end 
end 
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5.5. Stereographic Projection 

The Stereographic Projection uses straight lineǎ ŦǊƻƳ ǘƘŜ άbƻǊǘƘ tƻƭŜέΣ ǘƘŜ Ǉƻƛƴǘ πȟπȟρ, through the 

spherical points, to project to points on the ὤ π plane. The point πȟπȟρ has no image defined on the 

plane. This projection is popular, because arcs of great circles map to straight lines. 

The Stereographic projection ὼȟώȟᾀᴼ όȟὺ is defined as 

ό
ὼ

ρ ᾀ
Ƞ ὺ

ώ

ρ ᾀ
 

where ὼ ώ ᾀ ρ and ᾀ ρ. 

5.5.1. Inverse 

Elementary calculations show that the inverse transform of the stereographic projection is 

ὼ
ςό

ό ὺ ρ
Ƞ  ώ

ςὺ

ό ὺ ρ
Ƞ  ᾀ ρ

ς

ό ὺ ρ
 

5.5.2. Dis/Advantages 

The spherical points with ᾀ ρ is excluded from the transform domain, but that would only occur for 

our fixed point P-1, therefore the constraints of the numerical optimizations are everywhere 

continuously differentiable. 

On the other hand, the image region of όȟὺ values are large, which can slow down certain numerical 

optimization algorithms with limited step sizes, when moving their search points toward local optima. 

None of the points in an optimum Tammes configuration of spherical points are closer to P-1 than P0, 

thus the planar, projected points όȟὺ are all inside the image of the corresponding circle. These 

requirements would need bҍн nonlinear constraints, but from an enclosing square we can derive upper 

and lower bounds for the variables, that are good enough. 

Bounds cannot be derived from the best known, or so far found best Ὠ values, because most initial 

random point sets would violate these bounds. However, the bounds can be set to a sufficiently large 

constant value, even to infinity, with little change of the convergence speed or the proportion of 

successful numerical optimizations. In our optimization program we first generate the initial population 

of spherical points, then compute the ± bounds for all όȟὺ coordinates from P0 as the value below: 

ὼ

ρ ᾀ

ρ ᾀ

ρ ᾀ

ρ ᾀ

ρ ᾀ
 

5.5.3. Program Code 

²Ŝ ƳŀǇǇŜŘ ǘƘŜ b ǎǇƘŜǊƛŎŀƭ Ǉƻƛƴǘǎ ƻŦ ǘƘŜ ¢ŀƳƳŜǎ ǇǊƻōƭŜƳ ǘƻ ǘƘŜ нbҍо ǇŀǊŀƳŜǘŜǊǎ ƻŦ ǘƘŜ ƴǳƳŜǊƛŎŀƭ 

optimization problem as follows: 

¶ x[1] N Ὠ (the cosine of the angle the closest pair of points is seen from the origin of the sphere) 

¶ Implicit (hardcoded) 0 πȟπȟρ and 0 Ѝρ ὨȟπȟὨ 

¶ x[2i], x[2i+1] N όȟὺ , the stereographic projection of spherical points ὼȟώȟᾀ  ŦƻǊ ƛ Ґ мΧbҍнΦ 
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function f(x::Vector, grad::Vector)             #  cos(a) - > min, a = spherical distance - > max 
    length(grad) > 0 && (fill!(grad,.0); grad[1] = 1)  
    return x[1]  
end 
 

function XYZQ(x::Vector)  
    N = (3+length(x))>>1  
    X,Y,Z,Q = zeros.(fill(N - 2,4))  
    for i = 1:N - 2 
        Q[i] = q = 2 / (x[2i]^2 +  x[2i+1]^2 + 1)# Planar points [u,v]: u[i] ~ x [2i], v[i] ~ x[2i+1]  
        X[i] = x[ 2i ] * q  
        Y[i] = x[2i+1] * q                       # coordinates of the SPHERICAL POINTS ---  
        Z[i] = 1 -  q 
    end 
    return X,Y,Z,Q  
end 
 

function constr(res ::Vector,x::Vector,grad::Matrix)  
    global N;  N::Integer  
    Xu,Xv, Yu,Yv, Zu,Zv = zeros.(fill(N - 2,6))   # grad: (N+1)(N - 2)/2 rows of 2N - 3 entries  
    X,Y,Z,Q = XYZQ(x)  
    for i = 1:N - 2 
        q = Q[i]^2                               # PARTIAL DERIVATIVES ---  
        Xu[i]= ( - x[2i]^2 + x[2i+1]^2 + 1) * q   # dX/du  
        Xv[i]= - 2 * x[2i] * x[2i+1] * q         # dX/dv = dY/dv  
        Yv[i]= (x[2i]^2 -  x[2i+1]^2 + 1) * q    # dY/dv  
        Zu[i]= 2 * x[ 2i ] * q                  # dZ/du  
        Zv[i]= 2 *  x[2i+1] * q                  # dZ/dv  
    end 
    Yu = Xv  
 

    X0 = sqrt(1 - x[1]^2)  
    if length(grad) > 0                         # GRADIENT S ---  
        fill!(grad, 0.0)  
        k = [0]                                 # (scalar k is not accessible inside  loops)  
        for i = 1:N - 3, j = i+1:N - 2              # distances P[i] - P[j]  
            k[1] += 1  
            grad[ 1,  k[1]] = - 1 
            grad[ 2i, k[1]] = Xu[i]*X[j] + Yu[i]*Y[j] + Zu[i]*Z[j]  
            grad[2i+1,k[1]] = Xv[i]*X[j] + Yv[i]*Y[j] + Zv[i]*Z[j]  
            grad[ 2j, k[1]] = Xu[j]*X[i] + Yu[j]*Y[i] + Zu[j]*Z[i]  
            grad[2j+1,k[1]] = Xv[j]*X[i] + Yv[j]*Y[i] + Zv[j]*Z[i]  
        end 
        for i = 1:N - 2 
            k[1] += 1                           # distances P[ - 1] - P[i]  
            grad[ 1,  k[1]] = - 1 
            grad[ 2i, k[1]] = Zu[i]  
            gra d[2i+1,k[1]] = Zv[i]  
            k[1] += 1                           # distances P[0] - P[i]  
            grad[ 1,  k[1]] = - x[1]/X0 * X[i] + Z[i] -  1 
            grad[ 2i, k[1]] = X0*Xu[i] + x[1]*Zu[i]  
            grad[2i+1,k[1]] = X0*Xv[i] + x[1]*Zv[i]  
        end 
    end 
 

    k = [0]                                     # CONSTRAINTS ---  
    for i = 1:N - 3, j = i+1:N - 2                  # distances P[i] - P[j] < x[1]  
        k[1] += 1  
        res[k[1]] = X[i]*X[j] + Y[i]*Y[j] + Z[i]*Z[j] -  x[1]  
    end 
    for i  = 1:N - 2 
        k[1] += 1                               # distances P[ - 1] - P[i] < x[1]  
        res[k[1]] = Z[i] -  x[1]  
        k[1] += 1                               # distances  P[ 0] - P[i] < x[1]  
        res[k[1]] = X0*X[i] + x[1]*Z[i] -  x[1]  
    end 
end 
                                                # ... in the restart - optimization loop:  
    p = sqrt((1+xinit[1])/(1 - xi nit[1]))         # max distance SP (  (sin(a),  0,  cos(a))  )  
    opt.lower_bounds = [ - 1.0;fill( - p,2N- 4)]  
    opt.upper_bounds = [+1.0;fill(+p,2N - 4)]  
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5.6. Polar Coordinates 

The spherical points can naturally be expressed with their 3-dimensional polar coordinates. The angular 

distance between them is still computed with Cartesian coordinates, thus conversions between the two 

point-representations are needed. Below is the transform from polar to Cartesian coordinates: 

ὼ ÃÏÓόẗÃÏÓὺ 

ώ ÃÏÓόẗÓÉÎὺ 

ᾀ ÓÉÎό 

όᶰ
“

ς
ȟ
“

ς
Ƞ ὺɴ “ȟ“ 

5.6.1. Inverse 

From Cartesian to polar coordinates the transform is: 

ό ÁÓÉÎᾀ 

ὺ ÁÔÁÎώȟὼ 

×ÈÅÒÅ  ὼ ώ ᾀ ρ 

Here again the 4-quarter inverse tangent function is needed, which returns the angle in “ȟ“ 

measured between the vector ὼȟώ and the positive ὼ axis. 

5.6.2. Dis/Advantages 

The constraints and their derivatives all need trigonometric functions, which are slower to compute than 

square root, which is itself somewhat slower than the arithmetic operations (multiplications, divisions). 

However, while the gradient matrix has ɨὔ  nonzero elements, they can be computed with ɨὔ  

trigonometric function evaluations. The computation time is dominated by the large number of other 

operations, making the polar coordinate encoding competitive to other encodings. 

The numerical optimizations can move along slowly, or even fail to converge at saddle points, where the 

partial derivatives are 0. On certain great circles on the sphere the partial derivatives do vanish. Even 

though the Tammes problem encoded with polar coordinates have everywhere continuously 

differentiable constraints, many numerical optimizations encounter convergence problems. 

The trigonometric functions are periodic, so no bounds are needed for the angles όȟὺ,  but bounds can 

be set to any values, not smaller ǘƘŀƴ ǘƘŜǎŜ ǇŜǊƛƻŘǎΦ мΦрΧо ǘƛƳŜǎ ƭŀǊƎŜǊ ǊŀƴƎŜǎ worked, as the 

optimizations can smoothly go over their period boundaries, should it be required by the internal 

improvement steps of the numerical optimization algorithm. Infinite (unbounded) ranges work, too. 

5.6.3. Program Code 

²Ŝ ƳŀǇǇŜŘ ǘƘŜ b ǎǇƘŜǊƛŎŀƭ Ǉƻƛƴǘǎ ƻŦ ǘƘŜ ¢ŀƳƳŜǎ ǇǊƻōƭŜƳ ǘƻ ǘƘŜ нbҍо parameters of the numerical 

optimization problem as follows: 

¶ x[1] N Ὠ (the cosine of the angle the closest pair of points is seen from the origin of the sphere) 

¶ Implicit (hardcoded) 0 πȟπȟρ and 0 Ѝρ ὨȟπȟὨ 

¶ x[2i], x[2i+1] N όȟὺ , the projective coordinates of spherical points ὼȟώȟᾀ  ŦƻǊ ƛ Ґ мΧbҍнΦ 
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function f(x::Vector, grad::Vector)             # cos(a) - > min, a = spherical distance - > max 
    length(grad) > 0 && (fill!(grad,.0); grad[1] = 1)  
    return x[1]  
end 
 

function XYZCS(x::Vector)                       # reconstruct spherical points from vector x  
    N = (3+leng th(x))>>1  
    X,Y,Z,Cu,Su,Cv,Sv = zeros.(fill(N - 2,7))     # trigonometric values for computing gradient  
    for i = 1:N - 2 
        Su[i],Cu[i] = su,cu = sinco s(x[2i])     # Planar points (u[i],v[i]): (x[2i],x[2i+1])  
        Sv[i],Cv[i] = scv = sincos(x[2i+1 ])  
        Y[i],X[i] = cu .* scv                   # Cartesian coordinates from Polar  
        Z[i] = su  
    end 
    return X,Y,Z,Cu,Su,Cv,Sv  
end 
 

function co nstr(res::Vector,x::Vector,grad::Matrix)  
    global N; N::Integer  
    Xu,Yu = zeros.(fill(N - 2,2))                 # grad: (N+1)(N - 2)/2 rows of 2N - 3 entries  
    X,Y,Z,Cu,Su,Cv,Sv = XYZCS(x)  
    for i = 1:N - 2                               # PARTIAL DERIVATIV ES ---  
        Xu[i]= - Su[i]*Cv[i]                     # dX/du  
        Yu[i]= - Su[i]*Sv[i]                     # dY/du  
    end                                         # dX/dv = - Y, dY/dv = X, dZ/du = Cu, dZ/dv = 0  
 

    X0 = sqrt(1 - x[1]^2)  
    if length(grad) > 0                         # GRADIENTS ---  
        fill!(grad, 0.0)  
        k = [0]                                 # (scalar k is not accessible inside loops)  
        for i = 1:N - 3, j = i+1:N - 2              # d istances P[i] - P[j]  
            k[1] += 1  
            grad[ 1,  k[1]] = - 1                                    # dD(i,j)/dx[1]  
            gra d[ 2i, k[1]] = Xu[i]*X[j] + Yu[i]*Y[j] + Cu[i]*Z[j]  # dD(i,j)/du[i]  
            grad[2i+1,k[1]] = - Y[i]*X[j] +  X[i ]*Y[j]               # dD(i,j)/dv[i]  
            grad[ 2j, k[1]] = Xu[j]*X[i] + Yu[j]*Y[i] + Cu[j]*Z[i]  # dD(i,j)/du[j]  
            grad[2j +1,k[1]] = - Y[j]*X[i] +  X[j]*Y[i]               # dD(i,j)/dv[j]  
        end 
        for i = 1:N - 2 
            k[1] += 1                           # distances P[ - 1] - P[i]  
            grad[ 1,  k[1]] = - 1                                    # dD( - 1,i)/dx[1]  
            grad[ 2i, k[1]] = Cu[i]                                 # dD( - 1,i)/du[i]; /dv[i]=0  
            k[1] += 1                           # distances P[0] - P[i]  
            grad[ 1,  k[1]] = - x[1]/X0*X[i] + Z[i] -  1              # dD(0,i)/dx[1]  
            grad[ 2i, k[1]] = X0*Xu[i] + x[1]*Cu[i]                 # dD(0,i)/du[i]  
            grad[2i+1,k[1]] = - X0*Y[i]                              # dD(0,i)/dv[i]  
        end 
    end 
 

    k = [0]                                      # CONSTRAINTS ---  
    for i  = 1:N - 3, j = i+1:N - 2                  # distances P[i] - P[j] < x[1]  
        k[1] += 1  
        res[k[1]] = X[i]*X[j] + Y[i]*Y[j] + Z[i]*Z[j] -  x[1]  
    end 
    for i = 1:N - 2 
        k[1] += 1                               # distances P[ - 1] - P[i] < x[ 1]  
        res[k[1]] = Z[i] -  x[1]  
        k[1] += 1                               # distances P[ 0] - P[i] < x[1]  
        res[k[1]] = X0*X[i] + x[1]*Z[i] -  x[1]  
    end 
end 
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6. Initial Population 

The random-restart numerical optimization methods need generating millions of sets of random initial 

points on the sphere, called (initial) population. Starting from these random sets as initial values, 

standard local numerical optimization methods (from the NLopt library) are performed, and the best 

results of these restarts are printed. After sufficiently many restarts, they reach the global optima at 

probability 1, the solutions for the Tammes problem. (Unfortunately, the necessary number of restarts is 

unknown.) 

6.1. (Pseudo)Random Numbers 

Pseudorandom numbers, which satisfy standard statistical randomness tests proved to be suitable. 

Comparisons of true random numbers and algorithm generated pseudorandom numbers showed no 

difference (on average) in speed or in the number of iterations needed for finding the global optima. 

6.1.1. Restart after Disruption 

For each N ɴ  [3,60] value, and for each of the above discussed numerical encodings of the Tammes 

problem tens of thousands of numerical optimizations were performed, starting from random initial 

point sets. An interruption (caused by power outage, grandchildren, OS uǇŘŀǘŜΣ ǳǊƎŜƴǘ ƻǘƘŜǊ ǘŀǎƪǎΧύ 

could cause days of continuous computation to get lost. To help recovering from such events, we used a 

restartable, bit-mixer based pseudorandom number generation. 

Bit-mixers [21] behave like hash functions for fixed size input and output. Several such software-based 

algorithms are discussed in [22] and [23]. Standard statistical tests cannot distinguish their output from 

true random, even when the input is a simple counter. Such pieces of data serve as input, which identify 

the place in the process: the count of the iteration, the use number in the iteration, and a seed.  

The restart number: the current iteration count (i_current ) and the iteration count of the best-found 

point set (i_best ) are saved in a disk file, and flushed at each change. After an interruption only the 

iteration i_best  has to be recomputed (to recreate the best point set), and resume the restarts from 

i_current+1 , with just one repeated numerical optimization procedure. (Interruptions happen rarely, 

so the complexity and time overhead of saving the best point sets, too, is not justified.) 

6.1.2. Pseudorandom Numbers Generated by Bit-Mixers 

The following function h(x,y)  was used for bit-mixer, written in the programming language Julia: 

r64(n::Unsigned,d::Integer) = (n<<d) | (n>>(64 - d))     # unsigned 64- bit rotation to the left  
 
function h(x::Integer, y::Integer)                     # software bit - mixer of RAX construction  
 x,y = UInt64.( unsigned.([x,y]))  
 for i = 1:7  
  x = xor(x,r64(x,5), r64(x,9) ) + 0x49A8D5B36969F969  
  y = xor(y,r64(y,59),r64(y,55)) + 0x6969F96949A8D5B3  
 end 
 r eturn x+y  
end 
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The above defined function h is very fast, using only Rotation, Addition and XOR (=> RAX-structure), and 

passes the standard statistical randomness tests, as discussed in [22] and [23]. 

Note that Julia also provides a built-in hash function, which could be used for our purposes, but it may 

change with software versions or with computing platforms. Using our own code is better for cross-

platform compatibility: helping to repeat the experiments on other 64-bit computer architectures. 

6.2. Projecting Random Points from the Unit Cube 

The simplest way to generate random points on the sphere is to start with generating uniform random 

points inside the cube of side length 2, centered at the origin. It means, generating 3 uniform random 

numbers in the [-1,1] interval for the Cartesian coordinates of the points. These random points then can 

be projected to the sphere by dividing their coordinates with the length of the vector connecting them 

to the origin (except the practically never occurring point (0,0,0) ς which should be rejected). 

This works for our purposes, but the distribution of the points on the sphere is not uniform: around the 

direction of the main diagonals of the cube, the density of the points is ̰3 times more than around the 

directions of the coordinate axes. This is not a huge difference (~70%), but certain initial point 

constellations would occur more often, wasting some of the expensive (time consuming) optimization 

processes by repeatedly producing the same results. 

6.3. Uniform Density Random Spherical Points 

Several algorithms have been proposed for generating uniform random points on the sphere. See an 

overview in [9]. The simplest and fastest of the algorithms of [9] was chosen, as discussed below in 

section 6.3.1. Note that the running time and memory use of these procedures are negligible compared 

to numerical optimization procedures, therefore other algorithms could also be used without any 

significant difference in performance or code size. 

6.3.1. Cylindrical Projection (Uniform Areal Density Spherical Points) 

ὼ  ρ όÃÏÓ— 

ώ  ρ όÓÉÎ— 

ᾀ ό 

with —ᶰπȟς“Ƞ όᶰ ρȟρ. 

The corresponding Julia function is: 

function srnd(i::Integer, j::Integer)        # uniform pseudorandom spherical points by hashing  
    t = (significand(Float64(h(i+0xC90FDAA22168C235,j))) - 1.) * 2pi  
    u = 2significand(Float64(h(i,j+0x5A827999FCEF3242))) - 3.  
    s = sqrt(1 - u^2)  
    return [s*cos(t); s*sin(t); u]  
end 

The function converts the integer results of the bit-mixer h()  to 64-bit floating point numbers, and take 

their mantissa by the function significand() . They are close to uniformly distributed in the interval 

[1, 2), if the bit-mixer provided uniform unsigned integers. These get shifted to the desired interval. 
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6.4. IƻƳƻƎŜƴƻǳǎ tƻǇǳƭŀǘƛƻƴǎΥ aƛǘŎƘŜƭƭΩǎ !ƭƎƻǊƛǘƘƳ 

Putting N uniform random points on the sphere was straightforward. However, in such population of 

points, there are clusters (points close to each other) and large empty areas, at high probability. One 

could start the numerical optimizations from not uniform random, but more homogenous initial 

population, because the optimum point arrangements do not have clusters. 

One idea was to use Poisson-disc sampling, where no points are less than a minimum distance apart. An 

efficient algorithm is presented in [20] for large number of points. This produces populations with no 

clusters of high density. Of course, the generated points are not independent of each other, and they 

are not uniformly distributed. 

aƛǘŎƘŜƭƭΩǎ ōŜǎǘ-candidate algorithm is a straightforward approximation of the Poison-disc distribution: 

Having generated a few points of the final set, generate a number of new candidate points and pick the 

one furthest from all previous samples. More precisely: 

- Start with any point, and in each further step deliver one more random point 

- In each subsequent step generate M uniform random candidate points 

o Find the shortest distance from the already placed points and all the candidate points 

o Select the candidate, which has the largest of these shortest distances, discarding the 

ƻǘƘŜǊ aҍм ŎŀƴŘƛŘŀǘŜǎ. 

The following is a gnuplot 5.5 graphic demonstration of the idea in the unit square, with complex 

numbers representing planar points. The results are similar on the sphere. 

set term wxt size 800, 800 position 10, 10  
unset grid                          # remove grid, tics...  
unset tics  
set key off  
 
set view equal xy  
set xrange [0:1]  
set yrange [0:1]  
 
if (!exists("N")) {N = 500}         # number of random points  
if (!exists("M")) {M = 6}           # number of Mitchell ca ndidate points  
 
r = rand(1)                         # set seeds  
 
array z[N]  
z[1] = rand(0) + {0,1}*rand(0)  
do for [i=2:N] {                    # generate homogeneous random points  
    c = 0  
    do for [j = 1:M] {              # try M random candidate point s 
        zc = rand(0) + {0,1}*rand(0)  
        d = 1.5                     # upper bound for minimal distance  
        do for [k=1:i - 1] {          # get shortest distance to set points  
            if (d > abs(zc - z[k])) { d = abs(zc - z[k]) }  
        }  
        if (c < d) { c = d; zz = zc}  
    }  
    z[i] = zz  
}  
plot sample [i=1:N:1] '+' using (real(z[i])):(imag(z[i])) pt 7  
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The above script plots the point populations, with N = 500 points and M = 1, 2 and 6 Mitchell candidate 

points, respectively (Figure 1). Already at M = 6 we see no dense clusters, or large empty areas. 

 
Figure 1. Mitchell sampling with N = 500, M = 1,2,6 

Figure 2 shows homogeneous random points on the sphere. 

However, starting the 

optimizations with populations 

generated by MitchellΩǎ ŀƭƎƻǊƛǘƘƳ 

did not provide improvements: did 

not make finding the numerical 

optima for the Tammes problem 

consistently sooner, that is, at 

fewer random restarts. 

Below we detail a set of 

experiments investigating this. 

We picked polar coordinates for 

the encoding of the numerical 

optimization problems (see in 

Section 5), and the number of 

circles to pack on the sphere 

N = 15, 23, 31, and 43, and ran the 

optimizations with values from 

M = 1 (uniform distribution) to 

M = 40, and recorded the number 

of restarts, until the true optimum 

is reached, listed in Table 1. 

The running time was mostly independent of M, within ±10%. 

Note that the case of N = 31 spherical points was included in the trials. It seems to require many more 

restarts than other N values, possibly because there are several local optima, almost as god as the global 

(true) optimum point configuration. 

 

Figure 2. Mitchell sampling on the sphere: N = 80, M =10 
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M N = 15 N = 23 N = 31 N = 43 

1  5 3 282 132 

2  17 1 514 717 

3  1 4 980 250 

4  5 1 1000+ 99 

5  10 2 1000+ 12 

6  10 2 1000+ 97 

7  11 3 1000+ 111 

8  12 3 487 516 

9  7 1 183 40 

10  9 3 612 101 

11  11 5 717 287 

12  19 1 145 89 

13  10 1 1000+ 384 

14  10 1 672 228 

15  10 2 1000+ 108 

16  10 4 1000+ 118 

17  10 2 137 31 

18  10 2 137 31 

19  29 4 137 133 

20  34 1 1000+ 568 

21  25 1 1000+ 151 

22  25 3 1000+ 151 

23  25 3 1000+ 179 

24  11 3 691 165 

25  5 3 116 596 

26  5 2 181 108 

27  5 1 181 108 

28  5 1 181 135 

29  5 1 192 277 

30  5 1 1000+ 125 

31  3 1 1000+ 127 

32  3 1 600 22 

33  3 5 600 218 

34  5 3 111 225 

35  1 5 100 106 

36  6 1 111 144 

37  18 1 111 1 

38  18 1 982 233 

39  8 1 1000+ 352 

40  8 1 1000+ 167 

Table 1. Effects of the number of Mitchell candidates on how many restarts finds the global optimum 

There is no clear trend observable in Table 1. Certain M values reduce the number of restarts necessary 

for finding the global optimum, others increase this number. The effects seem to be random. 

However, the Mitchell algorithm for small number of circles to be packed on the sphere (in our case 

N = оΧслύ is negligibly small, therefore we kept this algorithm active (with M = 10) for selecting the 

initial populations for the random restarts of the numerical optimizations. Setting M = 1 disables 

MitchellΩǎ algorithm, while larger M values produce more homogenous initial point populations. 
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7. Structure of the Optimization Programs 

We wrote a separate Julia program for each encoding of the Tammes problem. They accept the same 

input parameters of the same format (Section 7.1), and provide output files of the same structure 

(Section 7.5) ς stored in directories of hard-coded names. Another Julia program collects and print 

statistics (Section 7.5) from all the result files in a given directory, which are then tabulated and plotted 

in diagrams. 

7.1. Parameters 

A single integer command line argument can be given to the Julia optimization program, the value of N, 

the number of points of the Tammes problem. If it is not present at launching the program, it asks the 

user to enter N, terminated by the ENTER key on the keyboard. 

Other parameters are currently hardcoded, including: 

MAXITERS: the number of restarts of numerical optimizations from random population of points 

mxeval : initial value of the expected number of evaluations of the objective function 

seed: the seed of the pseudorandom number generation (change, when multiple instances run) 

eps: the tolerance of satisfying constraints and finding the optimum 

if length(ARGS) > 0                            # N = number of circles packed on the sphere  
    N = parse(Int,ARGS[1])  
else  
    print("Enter N: ") ; N = parse(Int,readline())  
end 
!(2 < N < 1000) && error("2 < N < 1000 needed, got $N")  
 
MAXITERS =  N < 20 ? 10_000 :  
            N < 30 ? 20_000 :                # number of random restarts  
            30_000  
mxeval = 5N                                   # sta rting value of estimated #evaluations of f()  
seed = 0                                      # seed for hash - counter RNG  (UInt64)  
eps = 1e - 10                                  # tolerance in optimizations  

In addition, the number of Mitchell candidates (M=10, see Section 6.4) is hardcoded, and the directory 

of the output files is fixed, e.g. to ά5Υ\Documents\Tammes\Marsaglia\έΦ 

7.2. Initial Population 

As discussed in Section 6, random initial populations of spherical points are generated, represented by 

their Cartesian coordinates. Two more tasks are needed: (1) rotate them around the origin such that the 

closest pair gets to P-1 = πȟπȟρ and P0 = ÓÉÎ‌ȟπȟÃÏÓ‌ Ѝρ ὨȟπȟὨΣ ŀƴŘ όнύ ƳŀǇ ǘƘŜ ƻǘƘŜǊ bҍн 

points to the encoded domain (with Ὠ attached), for using in the numerical optimization. 

7.2.1. Rotation 

First, we find the closest two points in the random population. They will be chosen as P-1 and P0 with 

their coordinates hard-coded. 

Next, we compute the matrix to rotate these 2 points to their special places: 
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P-1 = πȟπȟρ 

P0 = ÓÉÎ‌ȟπȟÃÏÓ‌ Ѝρ ὨȟπȟὨ. 

For simplicity, we perform three separate rotations ὙȟὙ ÁÎÄ Ὑ around the ὼȟώȟ ÁÎÄ ᾀ axis, 

respectively (which are matrix multiplications of the Cartesian coordinates). The overall rotation matrix 

is then Ὑ ὙẗὙ ẗὙ . 

Below is the Julia code for computing the rotation matrix Ὑ. The closest two points to be fixed are 

u  ὼȟώȟᾀ  and v ὼȟώȟᾀ . After rotating the other points, they are referred to as P-1 and P0. 

The first rotation Ὑ  makes ώ π, the second rotation Ὑ  makes ὼ π (keeping ώ π), and the last 

rotation Ὑ makes ώ π, while keeping ὼ ώ π. 

We need to find the desired rotation angles, which are straightforward from the coordinates of the 

points to be moved. The rotation matrices (by the angle —) are: 

Ὑ —
ρ π π
π ÃÏÓ— ÓÉÎ—
π ÓÉÎ— ÃÏÓ—

,    Ὑ —
ÃÏÓ— π ÓÉÎ—
π ρ π
ÓÉÎ— π ÃÏÓ—

,    Ὑ —
ÃÏÓ— ÓÉÎ— π
ÓÉÎ— ÃÏÓ— π
π π ρ

 

    closest = - ones(3)                   # closest points (i,j) and th eir distance  
    for i = 1:N - 1, j = i+1:N  
        t = X[i]*X[j] + Y[i]*Y[j] + Z[i]*Z[j]  
        t > closest[3] && (closest[:] = [i, j, t])  
    end 
 
    i,j = Int.(close st[1:2])             # i < j  
    u = [X[i],Y[i],Z[i]];  v = [X[j],Y[j],Z[j]]  
    if j < N- 1                           # i and j are small: replace P[i] and P[j]     
        X[i],Y[i],Z[i] = X[ N ],Y[ N ],Z[ N ]  
        X[j],Y[j],Z[j] = X[N - 1],Y[N - 1],Z[N - 1]  
    elseif i < N - 1                       # i is small, j is large: replace P[i], not wi th P[j]  
        k = 2N - 1 -  j  
        X[i],Y[i],Z[i] = X[k],Y[k],Z[k]  
    end                                  # i = N - 1, j = N: no replacement needed  
 
    s,c = u[2:3] ./ sqrt(u[2]^2+u[3]^2)  
    R = [1 0 0; 0 c - s; 0 s c]           # Rotate around axis x: u. y <-  0 
 
    u = R * u  
    s,c = u[1:2:3] ./ sqrt(u[1]^2+u[3]^2)  
    R = [c 0 - s; 0 1 0; s 0 c] * R       # Rotate around axis y: u. x <-  0, too  
 
    u = R * v  
    s,c = u[1:2] ./ sqrt(u[1]^2+u[2]^2)  
    R = [s c 0; c - s 0; 0 0 1] * R       # Rotate around  axis z: v. y <-  0, too  
    (R*v)[1] < 0 && (R[1,:].*= - 1)        # Reflect if needed: v. x > 0  

In the last step we flip the signs of the first row of the rotation matrix, if needed, to make ὼ π. 

There are divisions in the program with values, which theoretically could become 0. It happens when 

two 64-bit pseudorandom numbers are both 0. This practically never happens, but one can still test for 

this exception, similarly to the program code listed in Section 9.4.1 (checking there if the coordinate we 

want to make 0 is already 0). 
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7.2.2. Mapping to the Code Domain 

Having the two (hard coded P-1 and P0) fixed points in their correct place, rotate all the other initial 

points accordingly, and then apply the desired mapping (encoding) to get the spherical points to the 

domain of the numerical optimization. 

In case of the stereographic projection this mapping is ό Ƞὺ  . The Julia code below 

implements it. 

    x = zeros(2N - 3)             # numerical optimization variables  
    x[1] = closest[3]  
    for i = 1:N - 2              # Rotate the initial random points P[1...N - 2], fixed P[ - 1] , P[0]  
        p, q, r  = R * [X[i],Y[i],Z[i]]  
        x[ 2i ] = p / (1 -  r )  
        x[2i+1 ] = q / (1 -  r )  
    end 

7.3. Optimization Process 

The search for optimum Tammes sets of points consists of setting configuration data and then loop 

through a predetermined number of iterations of the random-restart numerical optimization. 

7.3.1. Configuration 

The Julia instructions for the configurations are (e.g. for the stereographic projection problem 

encoding): 

s = pwd()*" \ \ SP\ \ CircPack - $(N).txt"       # output filename  
fl = open(s,"w"); println("Output: $s")  
pos = 0                                   # position  for updating status information  
 
opt = Opt(:LD_SLSQP, 2N - 3)                # OPTIMIZATION ALGORITHM: NLOPT_LD_SLSQP 
 
opt.min_objective = f  
opt.ftol_abs = eps                        # eps is set in the header , e.g.  to 1e - 10 
 
inequality_constraint!(opt, con str, fill(eps,((N+1)*(N - 2))>>1)) # the function for constr aints  
 
fm = 1.0;  xm = zeros(2N - 3);  tm = time() # init  cos(angle), encoded point s,  and starting  time  

7.3.2. Optimization loop 

The Julia code for the optimization loop is: 
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for iter = 1:MAXITERS  
    global fm, xm, s, mxeval, pos  
    isready(chnl) && break               # break at a keystroke  
 

    xinit = init(N,iter,seed)            # init() provides feasible initial population  
    p = sqrt((1+xinit[1])/(1 - xinit[1]))  # max coordinates  of SP transform  of  (sin(a),0,cos(a))  
    opt.lower_bounds = [ - 1.0;fill( - p,2N- 4)]  
    opt.upper_bounds = [+1.0 ;fill(+p,2N - 4)]  
    opt.maxeval = ceil(Int,20mxeval)     # stop at 20 times of average num of function calls  
 

    minf,minx,ret = optimize(opt,xinit)  # ==== OPTIMIZATION ====  
    OK = verify(minx)  
    if OK  &&  ret != :FORCED_STO P  &&  ret != :FAILURE  & & ret != :MAXEVAL_REACHED 
        mxeval = 0.97mxeval + 0.03opt.numevals  
    end                                  # update the expected number of evaluations of f  
 

    s = @sprintf("Iter#%6i,  time =%9.2f", iter, time() - tm);  
    print(" \ e[2K \ e[G$s")                 # info - > console :  repeatedly overwrite current line  
    write(fl,"# $s");  flush(fl);  seek(fl,pos) # for RESUME: overwrite last iter info in fl  
 

    if  OK  &&  minf < fm -  0.01*eps      # ignore too small improvements  
        fm = minf;  xm[:] = minx  
        @printf(",  f =% 1.12f \ n", fm)  
        @printf(fl,"# %s,  f =% 1.12f \ n", s,fm); flush(fl)  
        flush(fl);  pos = position(fl)   # flush optimum, move seek position (saved at a bort)  
    end 
end 

7.3.3. Restricting the number of evaluations of the objective function 

Experiments showed that at certain initial point populations the tried optimization algorithms fail to 

converge, but spend a long time to try. To prevent wasting time with these futile optimization attempts 

we set a limit for the maximum number of evaluations of the objective function, with 

opt.maxeval  = ceil(Int,20mxeval)  

The limit is set to 20 times of the expected number of function evaluations. One can experiment with 

different limits. The number of occasional unnecessarily aborted slow convergence cases would be 

reduced with larger limits, but the more frequent runaway cases, returning no useful output, would be 

stopped later. 

7.3.4. The expected number of evaluations of the objective function 

The number of evaluations of the objective function during numerical optimizations was tabulated. It 

showed the number of such function evaluations ƛƴ ǘƘŜ ǊŀƴƎŜ ƻŦ нbΧ5N, most of the time. Accordingly, 

in the header of the program we set the initial value 

mxeval  = 5N 

In the optimization loop we update this estimate by exponential averaging (to reflect the true average 

for the actual setup): 

mxeval  = 0.97mxeval  + 0.03opt.numevals  

only considering the actual number of function evaluations (opt.numevals) when the numerical 

optimization was successful (the results verified and the status of the optimization algorithm did not 

show abnormal behavior). 
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7.4. Interrupt / Stop 

For larger N values the optimization process could take days of running time. It is desirable to be able to 

interrupt, and stop it gracefully: printing out the current state (iteration number, elapsed time, local 

optima, and the coordinates of the best Tammes point set found so far). These allows us to resume the 

work later. 

Julia does not have built-in asynchronous keyboard input, so we have to program one, and check at each 

randomized restart of the numerical optimization whether a stop was requested (by a keystroke). 

Below is the setup of an asynchronous task monitoring the standard input (keyboard), and send the 

keycode of the pressed key through a channel άchnl έ: 

ccall(:jl_tty_set_mode,Cint,(Ptr{Cvoid},Cint),stdin.handle,1)==0 ||  
  throw("Terminal cannot enter raw mode.")        # need raw terminal mode to catch keystrokes  
const chnl = Channel{Array{UInt8,1}}(0)           # unbuffered channel for key codes  
@async put!(chnl,readavailable(stdin))            # async task catching a keystroke  

In the random restart numerical optimization loop we just need to check ƛŦ άchnlέ has anything in it 

waiting, and if yes (a key has been pressed) break out of the loop: 

    isready(chnl) && break   # break at a keystroke (after last optimization finishes)  

7.5. Updating/Flushing the Status Information 

After each random restart (iteration of the loop of the numerical optimizations), status information is 

printed on the console (standard output of the Julia environment), and also into the output file, 

constantly overwritten the previous information, until an improvement is found. 

The output file is opened/created before the loop started. The starting time is saved by tm = time() , 

such that the time used for the numerical optimization is the difference of the current and starting time. 

When a numerical optimization finds a point set, which has larger distance between its closest pair of 

points, this distance is added to the current status information printed in both the console and into the 

output file, and a new line started. These optimum values will not be overwritten: 

fm = minf;  xm[:] = minx             # save the optimum distance and point set  
@printf(",  f =% 1.12f \ n", fm)  
@printf(fl,"# %s,  f =% 1.12f \ n", s,fm)  
flush(fl);  pos = position(fl)       # flush, move seek position (preserved info at abort)  

The output file is flushed after every update, that is, its content is moved from the output buffer to the 

ǇƘȅǎƛŎŀƭ ŘƛǎƪΦ ¢Ƙƛǎ ŜƴǎǳǊŜǎ ǘƘŀǘ ŀŦǘŜǊ ŀ ƘŀǊŘ ƛƴǘŜǊǊǳǇǘ όŜΦƎΦ ƭƻǎǎ ƻŦ ǇƻǿŜǊΣ ŦƻǊŎŜŘ h{ ǳǇŘŀǘŜΧύ the 

information is on the physical disk, so one can continue the optimization at the point of the last 

successful numerical optimization. (For performance reasons the optimum point set found earlier is not 

saved, thus the corresponding best iteration has to be repeated to recreate the optimum set.) 

After every restart the current iteration number and the elapsed time is printed to the console, and also 

saved in the output file.  
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s = @sprintf("Iter#%6i,  time =%9.2f", iter, time() - tm);  
print(" \ e[2K \ e[G$s")                            # info - > console :  repeatedly overwrite line  
write(fl,"# $s");  flush(fl);  seek(fl,pos)     # for RESUME,  overwrite last iter info in fl  

The cryptic string " \ e[2K \ e[G$s"  we print, is the ANSI control sequence for the console, deleting the 

current line and moving the insertion point to the leftmost position in this line, followed by the 

interpolated (inserted) ǎǘǊƛƴƎ άǎέ (indƛŎŀǘŜŘ ōȅ ά$sέύ. This way the last output line always shows the 

current information without scrolling, constantly updated. The same effect is achieved in the output file 

ǿƛǘƘ ǎŜŜƪƛƴƎΣ ǘƘŀǘ ƛǎΣ ƳƻǾƛƴƎ ǘƘŜ ƛƴǎŜǊǘƛƻƴ Ǉƻƛƴǘ ōŀŎƪ ǘƻ ǘƘŜ ƭŀǎǘ Ǉƻǎƛǘƛƻƴ άǇƻǎέΣ which was set the last 

time a new improvement was found for the Tammes point set. 

7.6. hǳǘǇǳǘ ҍ Results Files 

Because the status information is always overwritten, until an improvement is found by a random 

restart of the numerical optimizations, the output files do not grow excessively large, but still contain all 

crucial information. 

IŜǊŜ ƛǎ ŀƴ ŜȄŀƳǇƭŜ ƻŦ ǘƘŜ ƻǳǘǇǳǘ ŦƛƭŜΣ ƴŀƳŜŘ άCircPack-6.txtέ, found by the random-restart numerical 

optimizations with stereographic projection problem encoding: 

# Iter#     1,  time  =     2.39,  f = - 0.000000000000  
# Iter#     4,  time =     2.55,  f = - 0.000000000006  
# Iter#    13,  time =     2.55,  f =- 0.000000000008  
# Iter#    66,  time =     2.59,  f = - 0.000000000020  
# Iter#   988,  time =     3.16,  f = - 0.000000000023  
# Iter#  20 78,  time =     3.83,  f = - 0.000000000027  
# Iter# 10000,  time =     8.61    ----  stopped ----  
# COS(angle) = - 0.0000000000 2689 @ (x,y,z) =  
 0.000000000    0.000000000    1.000000000  
 1.000000000    0.000000000   - 0.000000000  
- 1.000000000    0.000000000   - 0.000000000  
 0.000000000   - 0.000000000   - 1.000000000  
- 0.000000000    1.000000000    0.000000000  
- 0.000000000   - 1.000000 000    0.000000000  

A άІέ was inserted in front of each line containing status information, such that the employed plotting 

program (gnuplot) can distinguish such status information from point coordinates. 

The Julia instructions printing and saving the found best overall point set, in the end or at a stop request 

(keystroke) are below (using the stereographic projection encoding): 

println ("    ----  stopped ---- "); write(fl,"# $s    ----  stopped ---- \ n")  
 

t = @sprintf(" COS(angle) =% 1.14f @ (x,y,z) = \ n", fm)  
print(t); write(fl,"# $t")  
 

s = @sprintf("% 1.9f   % 1.9f   % 1.9f \ n", 0,0,1); print(s); write(fl,s)  
s = @sprintf("% 1.9f   % 1.9f   %  1.9f \ n", sqrt(1 - xm[1]^2),0,xm[1]); print(s); write(fl,s)  
 

X,Y,Z = XYZQ(xm)  
for i = 1:N - 2 
    s = @sprintf("% 1.9f   %  1.9f   % 1.9f \ n", X[i],Y[i],Z[i])  
    print(s); write(fl,s)  
end 
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7.7. Diagnose ς Debug Functionalities 

We can print debug/diagnose information, which can be of great help while experimenting. 

7.7.1. Gradient Verification 

Our objective function always contains just a single variable (x[1]), thus the gradient is ρȟπȟȣȟπ, while 

the constraints are more complex. Checking the correctness of the gradients can be done with 

comparisons to numerical estimates of the derivatives: 

‬Ὢὼȟȣὼ

‬ὼ

Ὢὼȟȣȟὼ Ὤȟȣȟὼ Ὢὼȟȣȟὼ Ὤȟȣȟὼ

ςὬ
 

for sufficiently small Ὤ values. (One sided estimates of the derivatives would work, too, albeit at lower 

accuracy.) 

The gradient checking code is normally commented out, only after a significant change in the program 

we have to activate it temporarily, to confirm that no errors are introduced. Below is an example of the 

gradient computation and checks, for the stereographic projection problem encoding. 

First, we need a function to compute the X, Y, Z coordinates from u[i] and v[i], (which are contained in 

x[2i], x[2i+1]). It is done with the function below, using the inverse of the example stereographic 

projection: 

function XYZQ(x::Vector)  
    N = (3+length(x))>>1  
    X,Y,Z,Q = zeros.(fill(N - 2,4))  
    for i = 1:N - 2 
        Q[i] = q = 2 / (x[2i]^2 + x[2i+1]^2 + 1)    # Planar points u[i]~x[2i],v[i]~x[2i+1]  
        X[i] = x[ 2i ] * q  
        Y[i] = x[2i+1] * q                         # coordinates of the SPHERICAL POINTS ---  
        Z[i] = 1 -  q 
    end 
    return X,Y,Z,Q  
end 

The constraints and their derivatives are computed as follows: 
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function constr(res::Vector,x::Vector,grad::Matrix )  
    global N; N::Integer  
    Xu,Xv, Yu,Yv, Zu,Zv = zeros.(fill(N - 2,6))     # grad: (N+1)(N - 2)/2 rows of 2N - 3 entries  
    X,Y,Z,Q = XYZQ(x)  
    for i = 1:N- 2 
        q = 2Q[i]^2                               # PARTIAL DERIVATIVES ---  
        Xu[i]= ( - x[2i]^ 2 + x[2i+1]^2 + 1) * q     # dX/du  
        Xv[i]= - 2 * x[2i] * x[2i+1] * q           # dX/dv = dY/dv  
        Yv[i]= (x[2i]^2 -  x[2i+1]^2 + 1) * q      # dY/dv  
        Zu[i]= 2 * x[ 2i ] * q                    # dZ/du  
        Zv[i]= 2 * x[2i+1] * q                    # dZ/dv  
    end 
    Yu = Xv  
 

    X0 = sqrt(1 - x[1]^2)  
    if length(grad) > 0                           # GRADIENT ---  
        fill!(grad, 0.0)  
        k = [0]                                   # (scalar k is not accessible inside loops)  
        for i =  1:N- 3, j = i+1:N - 2               # distances P[i] - P[j]  
            k[1] += 1  
            grad[ 1,  k[1]] = - 1 
            grad[ 2i, k[1]] = Xu [i]*X[j] + Yu[i]*Y[j] + Zu[i]*Z[j]  
            grad[2i+1,k[1]] = Xv[i]*X[j] + Yv[i]*Y[j] + Zv[i]*Z[j]  
            grad[ 2j, k[1]] = Xu[j]*X[i] + Yu[j]*Y[i] + Zu[j]*Z[i]  
            grad[2j+1,k[1]] = Xv[j]*X[i] + Yv[j]*Y[i] + Zv[j]*Z[i]  
        end 
        for i = 1:N - 2 
            k[1] += 1                             # distances P[ - 1] - P[i]  
            grad[ 1,  k[1]]  = - 1 
            grad[ 2i, k[1]] = Zu[i]  
            grad[2i+1,k[1]] = Zv[i]  
            k[1] += 1                             # distances P[0] - P[i]  
            grad[ 1,  k[1]] = - x[1]/X0 * X[i] + Z[i] -  1 
            grad[ 2i, k[1]] = X0*Xu[i] + x[1]*Zu[i ]  
            grad[2i+1,k[1]] = X0*Xv[i] + x[1]*Zv[i]  
        end 
    end 
 

    k = [0]                                       # CONSTRAINTS ---  
    for i = 1:N - 3, j = i+1:N - 2                   # distances P[i] - P[j] < x[1]  
        k[1] += 1  
        res[k[1]] = X[i]*X[j] + Y[i]*Y[j] + Z[i]*Z[j] -  x[1]  
    end 
    for i = 1:N - 2 
        k[1] += 1                                 # distances P[ - 1] - P[i] < x[1]  
        res[k[1]] = Z[i] -  x[1]  
        k[1] += 1                                 # distances P[ 0] - P[i] < x[ 1]  
        res[k[1]] = X0*X[i] + x[1]*Z[i] -  x[1]  
    end 
    #=== CHECK GRADIENT (DEBUG) HERE ===# 
End 

In the end of the above function, where the comment indicates, the following gradient checks can be 

inserted (which is seldom used, thus unoptimized): 
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    k = [0]; h = 1e - 9 
    for i = 1:N - 3, j = i+1:N - 2                    # distances P[i] - P[j] < x[1]  
        k[1] += 1  
        for m = 1:2N - 3 
            x[m] - = h; X,Y,Z = XYZQ(x); r1 = X[i]*X[j] + Y[i]*Y[j] + Z[i]*Z[j] -  x[1]  
            x[m] +=2 h; X,Y,Z = XYZQ(x); r2 = X[i]*X[j] + Y[i]*Y[j] + Z[i]*Z[j] -  x[1]  
            x[m] - = h 
            if !( - 1e- 6 < grad[m,k[1]] - (r2 - r1)/2 h < 1e - 6)  
                println("Iter: ",(i,j,k,m)," grad = ",grad[m,k[1]]," MUM = ",(r2 - r1)/2 h)  
            end 
        end 
    end 
    for i = 1:N - 2 
        k[1] += 1                                 # distances P[ - 1] - P[i] < x[1]  
        for m = 1:2N - 3 
            x[m] - = h; X,Y,Z = XYZQ(x); r1 = Z[i] -  x[1]  
            x[m] +=2 h; X,Y,Z = XYZQ(x); r2 = Z[i] -  x[1]  
            x[m]  - = h 
            if !( - 1e- 6 < grad[m,k[1 ]] - (r2 - r1)/2 h < 1e - 6)  
                println("Iter: ",( - 1,i,k,m)," grad = ",grad[m,k[1]]," MUM = ",(r2 - r1)/2 h)  
            end 
        end 
        k[1] += 1                                 # distances P[0] - P[i] < x [1]  
        for m = 1:2N - 3 
            x[ m] - = h; X,Y,Z = XYZQ(x); r1 = X0*X[i] + x[1]*Z[i] -  x[1]  
            x[m] +=2 h; X,Y,Z = XYZQ(x); r2 = X0*X[i] + x[1]*Z[i] -  x[1]  
            x[m] - = h; - 1e- 8 < grad(m,k[1]) -  (r2 - r1)/2 h < 1e - 8 || println((0,i,m))  
            if !( - 1e- 6 < grad[m,k[1]] - (r2 - r1)/2 h < 1e - 6)  
                println("Iter: ",(0,i,k,m)," grad = ",grad[m,k[1]]," MUM = ",(r2 - r1)/2 h)  
            end 
        end 
    end 

7.7.2. Verification of the Results of the Numerical Optimizations 

When a numerical optimization algorithm concludes, the returned optimum sometimes violates the 

constraints. The return code of the algorithm may or may not indicate the problem, therefore we must 

always verify the feasibility of the returned solution. If the verification fails, we just reject the solution, 

and restart the optimization from another random initial point population. 

However, too many failed verifications could indicate a programming error or a theoretical weakness in 

the encoding of the optimization problem. Printing information about the encountered failures can help 

finding such issues. 

Setting the variable DIAG to true , or false  controls the printing of the diagnostics. 

The verify  function is listed below, for the stereographic projection encoded optimization problem: 
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function verify(x::Vector)                        # check if x[] is feasible  
    N = (3+length(x))>>1  
    OK = trues(1)                                 # (scalar is not accessible inside loops)  
    X,Y,Z = XYZQ(x)  
    X0 = sqrt(1 - x[1]^2)  
 

    fo r i = 1:N - 3, j = i+1:N - 2 
        if X[i]*X[j]+Y[i]*Y[j]+Z[i]*Z[j] -  x[1] > eps     # points are too close  
            DIAG && OK[1] && println("   ---  FAIL --- >"); OK[1] = false;  
            DIAG && println(  
                    "cos(dist[$i,$j]): $(X[i]*X[j ]+Y[i]*Y[j]+Z[i]*Z[j]) > $(x[1]) = cos(a)")  
    end end 
 

    for i = 1:N - 2 
        if Z[i] -  x[1] > eps                      # P[ - 1] and P[i] are too close  
            DIAG && OK[1] && println("   ---  FAIL -- - >"); OK[1] = false;  
            DIAG && println( "cos(dist[ - 1,$i]): $(Z[i]) > $(x[1]) = cos(a)")  
        end 
 

        if X0*X[i] + x[1]*Z[i] -  x[1] > eps       # P[0] and P[i] are too close  
            DIAG && OK[1] && println("   ---  FAIL --- >"); OK[1] = false;  
            DIAG && println("cos(dist[0,$i] ): $(X0*X[i] + x[1]*Z[i]) > $(x[1]) = cos(a)")  
        end 
    end 
 

    if !OK[1] && DIAG                             # Print the erroneous point set  
        @printf(" cos(a) = % 1.9f \ n",x[1]);  
        @printf("% 1.9f   % 1.9f   % 1.9f \ n% 1.9f   % 1.9f   % 1.9f \ n", 0,0,1, X0,0,x[1]);  
        for i = 1:N - 2 @printf("% 1.9f   % 1.9f   % 1.9f \ n", X[i],Y[i],Z[i]) end  
    end 
    return OK[1]  
end 

8. Results of the Experiments 

Below we tabulate the results of the experiments. The number of restarts necessary to reach the global 

optimum (from random initial populations) is listed in Table 2, with 99,999 indicating when the 

conjectured global optimum was not reached. 

The number of random restarts was set to:  

- 10,000 for N < 20 

- нлΣллл ŦƻǊ b Ґ нлΧн9 

- олΣллл ŦƻǊ b җ ол 

8.1. Collecting Data for Statistics 

The following simple Julia program collects the statistics from individual files, which contain the results 

of the restarted numerical optimizations. The result files (see Section 7.6) of all experiments were saved 

in directories for the different problem encodings, and named as CircPack - <N>.txt , <N> = 3, 4, Χ 
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using Printf  
opt = [  - 1.0000000000, - 1.0000000000, - 0.5000000000, - 0.3333333333, 0.0000000000, 0.0000000000,  
  0.2101383127, 0 .2612038749, 0.3333333333, 0.4043943252, 0.4472135955, 0.4472135955,  
  0.5426364868, 0.5639503003, 0.5926059029, 0.6122946165, 0.6280944150, 0.6486958322,  
  0.6731168875, 0.6764771381, 0.6994984311, 0.7103062586 , 0.7228469849, 0.7230784683,  
  0.7473986286,  0.7542781771, 0.7583892108, 0.7732302623, 0.7802814159, 0.7815518751,  
  0.7911186133, 0.7936166149, 0.8063976136, 0.8109843372, 0.8159377715, 0.8172481853,  
  0.8248924802, 0.8265832594, 0.8339913224, 0.83716207 25, 0.8412363430, 0.8433315516,  
  0.847208865 4, 0.8482013783, 0.8542494741, 0.8575341669, 0.8591223614, 0.8592922951,  
  0.8666914790, 0.8681732091, 0.8714843649, 0.8729667088, 0.8761898040, 0.8770043064,  
  0.8807850465, 0.8817315784, 0.8843637376, 0.886555 7452, 0.8878557371, 0.8894735676];  
 
function lss(x::String,y::String)                 # "less than" function for numerical ordering  
    nx = split(x,[' - ','.'])[2]  
    ny = split(y,[' - ','.'])[2]  
    return parse(Int,nx) < parse(Int,ny)  
end 
 
dir = "D: \ \ Documents\ \ Tammes\ \ SP\ \ "                    # EDIT f or the directory of result  files  
fls = filter!(t - > startswith(t,"CircPack - "), readdir(dir, sort=false))  
sort!(fls,lt=lss)  
 
for flname in fls  
    nx = parse(Int,split(flname,[' - ','.'])[2])  
    print(n x < 10 ? " $nx" : nx, "  ")  
    fl = open(dir*flname,"r" )      
     
    txt = readuntil(fl,"@")  
    optd = parse(Float64,txt[end - 17:end - 1])  
    print(isapprox(optd, opt[nx], atol=1e - 9) ? "  " : "* ")              # MARK better or worse  
    tm = findlast("tim e =", txt)  
    printf("% 1.10f %7.0f  ", optd, parse(Flo at64,txt[tm[end]+1:tm[end]+9]))  
 
    iter = 99_999  
    feq = findfirst("f =", txt)  
    while feq != nothing  
        if isapprox(parse(Float64,txt[feq[end]+1:feq[end]+16]), opt[nx], atol=1e - 9)  
            iter = parse(Int,txt[feq[1] - 27:feq[1] - 22])  
            break  
        end 
        feq = findnext("f =", txt, feq[end])  
    end 
    println(iter)  
 
    close(fl)  
end 
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N OPTIMUM 3D 2D Marsaglia Cylindrical Stereographic Polar 

3 -0.5000000000 1 1 1 1 1 1 

4 -0.3333333333 1 1 1 1 1 1 

5 0.0000000000 3 99999 1 1 1 1 

6 0.0000000000 6 99999 1 1239 1 1 

7 0.2101383127 1 2 1 1 1 1 

8 0.2612038749 1 1 1 2 1 2 

9 0.3333333333 1 4 2 3 1 1 

10 0.4043943252 1 4 1 1 1 2 

11 0.4472135955 1 99999 2 193 1 1 

12 0.4472135955 1 99999 3 99999 1 1 

13 0.5426364868 2 4179 29 17 41 5 

14 0.5639503003 2 22 5 6 2 4 

15 0.5926059029 16 39 38 13 4 9 

16 0.6122946165 1 51 2 5 4 5 

17 0.6280944150 1 217 1 1 1 1 

18 0.6486958322 1 122 1 1 1 1 

19 0.6731168875 1 1084 2 1 3 1 

20 0.6764771381 1 36 2 1 1 1 

21 0.6994984311 41 5186 1 42 28 14 

22 0.7103062586 1 1731 4 13 3 4 

23 0.7228469849 1 64 3 3 6 3 

24 0.7230784683 1 141 1 2 2 5 

25 0.7473986286 189 99999 211 30 312 30 

26 0.7542781771 76 343 18 77 1 49 

27 0.7583892108 4 2020 9 2 5 1 

28 0.7732302623 8 16606 10 34 22 28 

29 0.7802814159 26 99999 10 5 34 39 

30 0.7815518751 1 1232 2 2 5 1 

31 0.7911186133 322 99999 358 2129 120 612 

32 0.7936166149 3 7016 3 1 7 4 

33 0.8063976136 184 99999 908 1159 82 306 

34 0.8109843372 34 99999 181 44 13 88 

35 0.8159377715 537 99999 340 352 40 53 

36 0.8172481853 2 1818 1 4 4 2 

37 0.8248924802 37 99999 3 13 68 103 

38 0.8265832594 4 5318 4 19 5 8 

39 0.8339913224 63 99999 8 310 432 99 

40 0.8371620725 15 99999 90 203 198 21 

41 0.8412363430  99999 101 449 42 51 

42 0.8433315516  99999 80 48 13 27 

43 0.8472088654  99999 106 2156 67 101 

44 0.8482013783  99999 18 24 7 8 

45 0.8542494741  99999 132 51 261 147 

46 0.8575341669  99999 531 1353 253 253 

47 0.8591223614  11993 7 17 22 11 

48 0.8592922951  99999 4 5 3 6 

49 0.8666914790  99999 1547 2421 1470 1996 

50 0.8681732091  99999 727 1603 1231 249 

51 0.8714843649   482 373  323 

52 0.8729667088   135 3004  158 

53 0.8761898040   309 68  185 

54 0.8770043064   641 2137  60 

55 0.8807850465   684 2623  1392 

56 0.8817315784   50 398  1 

57 0.8843637376   110 318  247 

58 0.8865557452   11890 11711  1171 

59 0.8878557371   1044 224  404 

60 0.8894735676   1123 17722  3397 

Table 2. Numerical OPTIMA and the number of RESTARTS needed to find them at various problem encodings 
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N 3D 2D Marsaglia Cylindrical Stereographic Polar 

3 18 5 4 5 5 5 

4 42 5 5 5 6 6 

5 34 6 5 6 6 6 

6 46 8 6 8 9 8 

7 30 9 7 11 13 13 

8 41 11 9 14 17 17 

9 60 12 12 20 25 26 

10 103 14 17 25 34 33 

11 242 16 22 27 48 42 

12 313 18 27 34 57 64 

13 281 26 47 76 92 92 

14 363 28 65 97 129 124 

15 595 34 93 134 192 190 

16 606 36 125 162 241 237 

17 730 39 167 205 311 309 

18 1039 44 216 247 399 386 

19 1504 52 289 325 513 504 

20 2714 104 683 715 1214 1189 

21 5128 122 1009 1014 1666 1594 

22 6676 136 1276 1333 2114 1925 

23 7114 150 1414 1463 2347 2112 

24 5822 163 1505 1557 2566 2231 

25 11424 186 2193 2087 3462 3122 

26 11696 199 2586 2489 4205 3786 

27 27180 220 3035 2801 5138 4402 

28 20936 254 3805 3330 6054 5411 

29 24668 269 4632 3929 7226 6559 

30 35607 446 7978 6407 13202 11201 

31 50545 489 9894 7884 15441 13007 

32 51509 540 10727 8907 17664 13942 

33 69789 592 12751 11144 19517 16447 

34 79671 641 14989 12945 23864 19790 

35 89582 700 17470 14859 27164 22210 

36 80263 727 18509 16229 30118 24447 

37 115902 790 22705 19163 34820 29313 

38 125456 857 26032 20725 40587 33387 

39 138877 938 28763 22357 43818 36739 

40 160821 1008 33217 26166 51499 42847 

41  1034 37178  28138 56363 47295 

42  1119 42681 30822 64452 54023 

43  1203 48895 34748 73688 60627 

44  1300 53593 38225 81711 67789 

45  1402 59620 44666 89270 74606 

46  1475 65102 49045 98631 80991 

47  1635 71009 53714 108119 88556 

48  1723 76213 55672 113414 94090 

49  1805 88681 63732 126642 107991 

50  1931 99587 70327 138936 119817 

51   106743 76342  131149 

52   116869 81859  142372 

53   127866 88604  156769 

54   139567 96466  169745 

55   150385 106062  183473 

56   164023 115614  200532 

57   175978 123967  215227 

58   192159 134131  232207 

59   208615 145828  247497 

60   221388 156977  262645 

Table 3. RUNNING TIME of the numerical restart-optimization at various problem sizes and encodings 
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In Table 3 the time (in seconds) is listed, which the numerical optimization took for the preset number of 

restarts, as listed in the beginning of this section. For reference, one hour is 3,600 seconds, and one day 

(24 hours) is 86,400 seconds. Accordingly, with 3D encoding of the Tammes problem, the case N = 40 

took almost 2 days of continuous work on the used PC. The longest running time in the table is at Polar 

Coordinate encoding for N = 60: 262,645 seconds, over three days. 

The running time is increasing little faster than by the 4th power of the problem size. Extrapolating 

accordingly would give the running time estimates (in computation hours) of the numerical 

optimizations with Marsaglia encoding, in the table below, with 30,000 restarts. 

N = 80 N = 100 N = 150 N = 200 N = 250 

116 189 462 869 1420 

The last entry is almost 2 months of continuous computation on a single PC, using one thread. If faster 

/t¦Ωǎ ŀǊŜ ǳǎŜŘΣ e.g., ƻŦ мс ŎƻǊŜǎΣ ŀƴŘ млл ǎǳŎƘ t/Ωǎ ǿƻǊƪ ŎƻƴŎǳǊǊŜƴǘƭȅ ƛƴ ǘƘŜ ƛŘƭŜǎ ǘƛƳŜ ƻŦ ŀ ŎƻƭƭŜƎŜ ƭŀōΣ 

the time would reduce to below an hour. However, the number of local optima is expected to increase 

exponentially with N, thus the number of restarts should also be increased similarly. A couple of million 

restarts still could be performed in a few days, especially with the speedup ideas discussed in [35]. 

8.2. ¢ƘŜ ά.Ŝǎǘέ 9ƴŎƻŘƛƴƎ 

One can see certain encodings being less successful: 

- 3D: having 30% more variables and constraint, this encoding is much slower than the others. 

- 2D: too few numerical optimizations converged: for most N values the numerical optima found 

were inferior to the ones found by other encodings 

- Stereographic: to reach global optima it does not take consistently fewer restarts than e.g., the 

Polar Coordinate- or the Cylindrical projection encoding, but it runs slower 

Our experiments indicate that among the 6 encodings we tried, three perform comparatively well: the 

Marsaglia transform, the Cylindrical Projection, and the 3-dimensional Polar Coordinates. Either one of 

them looks suitable for finding numerical optima for the Tammes Problem, even for N values well over 

200. 

As discussed above, running many parallel processes (each with a different randomness seed) on many 

ordinary PCs or a few larger computers, the global numerical optimum is expected to be found in hours, 

or days even for N > 250.  

8.2.1. The Number of Restarts to Reach the Global Optimum 

For the best 3 encodings, gnuplot can plot the number of restarts needed to find the global optima, 

taking the data from Table 2 (saved in a text file άƛǘŜǊǎ.txtέ): 

set terminal wxt size 800,500 font 'Ari al' 16  
plot 'D: \ Documents\ Tammes\ iters.txt' \  
             using "N":"Marsaglia"   with lines title "Marsaglia" lc "red", \  
     ''      using "N":"Cylindrical" with lines title "Cylindrical", \  
     ''      using "N":"Polar"       with lines title "Polar"  lc "black"  
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Figure 3. Number of restarts to find the global optimum vs. N 

Figure 3. shows that the Marsaglia transform and Polar coordinate encodings reach the global optimum 

after significantly fewer restarts than the Cylindrical Projection encoding, at most N values. 

8.2.2. The Overall Running Time 

Plotting the running times shows the opposite of the number of necessary restarts to reach the global 

optimum. The best 3 curves are plotted with gnuplot (after Table 3 ǿŀǎ ǎŀǾŜŘ ƛƴ ǘƘŜ ŦƛƭŜ άǊǳƴǘƛƳŜέύ: 

set terminal wxt size 800,500 font 'Arial' 16  
plot 'D: \ Documents\ Tammes\ runtime.txt' \  
        using "N":"Marsaglia"   with lines title "Marsaglia" lc "red", \  
     '' using "N":"Cylindrical" w ith lines title "Cylindrical", \  
     '' using "N":"Polar"       with lines title "Polar" lc "black"  
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Figure 4. Running time of completing all the preset number of restarts vs. N 

Figure 4. shows that the Polar Coordinate encoding takes more time than the others, and the Cylindrical 

Projection encoding is the fastest, when performing all the preset number of restarts. But, because the 

numerical optimization with Cylindrical Projection encoding reaches the global optimum after more 

restarts, at most N values, we need to set the number of restarts to higher values, for the same 

confidence in the optimality of the results. This would offset any speed advantage, making these three 

encodings of similar overall speed. 

8.2.3. Convergence Rate 

Adding three lines of code to our Julia program, we can save and print the number of times the 

employed NLopt numerical optimization function returns with certain exit code: 

### ... (at the beginning of the program:) ...  
D=Dict{Symbol, Integer}()       # create an empty dictionary  
 
### ... (after optimization, in the loop:) ...  
D[ret] = get(D,ret,0)+1        # count how many times the symbol returned in "ret" occurs  
 
### ... (before exit: print and write D to output file) ...  
println(D);   for key in keys(D); write(fl,"$key: \ t $(D[key]) \ n"); end 

We chose N = 25 and N = 31, two values, which required relatively many iterations to reach the global 

optimum. Table 4. shows the number of times the various exit codes were returned at the three best 

problem encodings, after 1,000 random restarts. 
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 FAILURE FTOL_REACHED ROUNDOFF_LIMITED MAXEVAL_REACHED 

aŀǊǎŀƎƭƛŀҍнр 15 975 10 0 

aŀǊǎŀƎƭƛŀҍом 45 919 35 1 

/ȅƭƛƴŘǊƛŎŀƭҍнр 0 571 0 429 

/ȅƭƛƴŘǊƛŎŀƭҍом 0 344 5 651 

tƻƭŀǊҍнр 6 787 2 205 

tƻƭŀǊҍом 5 689 16 290 

Table 4. Frequencies of Return Codes of numerical optimizations 

Successful numerical optimizations exit with the code FTOL_REACHED (the tolerance for the objective 

function was reached), corresponding to the shaded column in Table 4. The exit code 

ROUNDOFF_LIMITED means that roundoff errors limited progress. In this case, the optimization still 

typically returns a useful result. 

MAXEVAL_REACHED indicates no convergence until the numerical optimization function performs 

internal iterations 20 times more than expected from the average. FAILURE indicates no convergence, 

and it typically causes early termination, in which case the algorithm appears to be faster, but it 

successfully processed fewer random initial populations. 

In the number of convergent optimizations, the clear winner is the Marsaglia transform encoding, with 

98.5% and 95.4% success rates. It is followed by the Polar coordinates encoding, with 78.9% and 70.5% 

success rate, while the Cylindrical projection encoding led to only 57.1% and 34.9% convergence rates 

(probably, because at the south pole there is a singularity). 

Accordingly, the safest choice is the Marsaglia transform encoding (which has no singularity, but more 

nonlinear constraints than the others). It is followed by the Polar coordinates encoding, which has no 

singularities, either, but has zero derivatives, where numerical optimizations experience difficulties. 

The Polar Coordinate encoding needs relatively few evaluations of the slow trigonometric functions, 

with insignificant loss of speed. However, this would not necessarily hold when such numerical 

optimization functions would be used, which take advantage of the sparsity of the gradients. 

9. Visualizing the Point Sets 

We used gnuplot 5.5 [27] for the graphic presentation of the results, because it is free, fast, powerful 

and interactive, allowing relatively simple scripts for plotting. 

The point sets, resulting from the numerical optimizations are visualized by 4 different methods, each 

showing different information about the Tammes sets. 

The input is in the result files of the numerical optimizations discussed above; the output is a plot in a 

graphic window. 
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9.1. Wireframe Plot with Straight Edges 

The spherical points are shown projected to a plane, by parallel lines from a viewing direction. To 

visualize spatial configurations, we determine the distance of the points from this plane, and draw larger 

and darker dots for points closer to the viewer. 

Vertices (points of the Tammes sets) are drawn as small circle objects: άÓÅÔ ÏÂÊÅÃÔ É ÃÉÒÃÌÅƛέ 

For visualizing the structure of the point sets, we draw lines between pairs of points which are at the 

minimum distance. The used plotting program, gnuplot [27] cannot directly draw lines of varying width, 

therefore we have to draw lines by segments, each of different width and darkness. These change with 

the distance from the viewer, similarly to the sizes of dots, representing spherical points. 

Line segments are drawn by headless arrowsΥ άÓÅÔ ÁÒÒÏ× É ÎÏÈÅÁÄƛέ 

Care has to be taken to first draw the lines farther from the viewer. When their projected images 

intersect, the closer lines cover the more distant ones. It is done by sorting the view-distances of the 

midpoints of the edges, and draw the edges in the order of these distances. 

A background shaded image of a ball (from the file ball.png) is also drawn, indicating the unit sphere. 

Below is the complete gnuplot script, drawing the wireframe projection of the spherical point set, with 

edges between the closest pairs of points. .ŜŦƻǊŜ άƭƻŀŘέ-ing the script in the gnuplot console, we have 

to set a few configuration variables: 

Alg =  The name of the directory containing the result files of the numerical optimizations, 

corresponding to the problem encoding algorithm. 

N = The number of points in the Tammes set. It is also used in the file name. 

uu =  The number of edge segments, which defaults to uu =  ceil(20+90/N) . 
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dta ='D: \ Documents\ Tammes\ '.Alg.' \ CircPack'. - N.'.txt'# EDIT for path and file name  
txt = system('type '.dta)                            # read dt a file  
p = txt[strstrt(txt,"@")+12:*]                        # string p < -  coordinates (after '@')  
 

set term wxt size 1024, 1024 position 10, 10 font "Arial,14 "  
set title "3D Wireframe of the ".N." point Tammes Set on the Sphere "  
 

unset border ; unset grid; unset tics ; set key off     # remove border (axes), grid, tics , key  
set xrange [ - 1:1] ; set xrange [ - 1:1]; set xrange [ - 1:1]  
 

set pixmap 1 'D: \ t \ balls \ ball.png'                   # background image of a ball  
set pixmap 1 at screen - 0.005, - 0.005,0 size screen  1.01,1.01 back  
splot sample [i=1:1:1] '+' using (0):(0):(0)         # create plot area, mark the origin  
 

set view 60., 30., 1.7, 1.0                          # initial viewing angles, zoom factors  
 

array x[N]; array y[N];  array z[N]; array V[N]       # co ordinates ,  distances  from viewer  
do for [i=1:N] {  
      x[i] = word(p,3*i - 2)+.0                         # numeric coordinates of vertices  
      y[i] = word(p,3*i - 1)+.0  
      z[i] = word(p, 3*i )+.0  }                       # z[2] = cos(edge<)  
 

wd(i) = V[i]*3. 5 + 5                                 # line width proportional to view dist  
cd(i) = ceil((1 - V[i])*85)*0x010101                   # gray level of vertex i :  ~view distance  
av(x,y,q) = (1 - q)*x + q*y                            # averaging with weight q in [0, 1]  
 

es = 0; array F[199]; array T[199]                   # number of edges; EDGE ends (N < 66)  
do for [i=1:N - 1] for [j=i+1:N] {                     # check if Pi and Pj are connected  
      if (x[i]*x[j] + y[i]*y[j] + z[i]*z[j] > z[2] Ƶ 1e- 5) {  
            es = es+1; F[es] = i; T[es] = j          # endpoints - > F,T  
}   }  
 

first = 1; array D[es]                               # view - distances :  sorting - drawing edges  
while (1) {                                          # RE- DRAW 3D GRAPH 
      if (first) {first  = 0}  
      else {  
            pause mouse                              # wait for MOUSE ( in  iteration  > 1 )  
            if (exists("MOUSE_BUTTON") && MOUSE_KEY == 2) {break}  
      }  
      a1 = GPVAL_VIEW_ROT_X*pi/180;  a2 = GPVAL_VIEW_ROT_Z*pi/180  
      xn = sin(a1)*sin(a2);  yn = - sin(a1)*cos(a2);  zn = cos(a1) # current view direction  
 

      do for [i=1:N] {V[i]= x[i]*xn+y[i]*yn+z[i]*zn} # V < -  view distances of Vertices  
 

      do fo r [k=1:es] { D[k] = V[F[k]] + V[T[k]] }    # D < -  2view dists of edge midpoints  
 

      do for [i=1:es - 1] { jMin = i                   # Insertion sort :  distant edges 1st  
            do for [j=i+1:es] {if (D[j] < D[jMin]) {jMin = j} }  
            t = D[i]; D[i] = D[jMin]; D[jMin] = t       
            t = F[i]; F[i] = F[jMin]; F[ jMin] = t       
            t = T[i]; T[i] = T[jMin]; T[jMin] = t  }  
 

      do for [k=1:es] {                              # DRAW EDGES, closest ones last (on t op)  
            i = F[k]; j = T[k] ;  fx = x[i]; fy = y[i]; fz = z[i]  
            do for [u=1:uu]  { w=(u+.0)/uu            # uu SEGMENTS, varying  width and color  
                  tx = fx; ty = fy; tz = fz  
                  fx = av(x[i],x[j],w); fy = av(y[i ],y[j],w); fz = av(z[i],z[j],w)  
                  set arrow k*uu - uu+u nohead front \  
                      from fx,fy,fz  to tx,ty,tz \  
                      lw av(wd(i),wd(j),(u - 1.)/(uu - 1.)) \  
                      lc rgbcolor ceil(av(cd(i)>>16,cd(j)>>16, (u - 1.)/(uu - 1.)))*0x010101  
      }      }                                        # DRAW VERTICES, closest ones larger - > 
      do for [i=1:N] { set object i circle at x[i],y[i],z[i] \  
                       fillcolor rgbcolor cd(i) fill solid size (1+wd(i))/ 500 }  
      replot  
}  
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9.1.1. Edges 

The drawing algorithm for the lines is very simple: determine the view-distance from the endpoints of 

the edge, and interpolate for the midpoints of the uu line segments. This will determine the width and 

the darkness (gray level) of each line segment. 

9.1.2. Interactions with the Plot 

Three dimensional gnuplot graphs react to mouse άŘǊŀƎƎƛƴƎέ interactions, by rotating the image. 

However, it changes the viewing angle, therefore after a mouse-drag rotation the plot have to be 

redrawn with new point sizes, line thickness values and gray levels. It is done after the release of the 

mouse button, detected in the script by άpause mouseέΦ 

Pressing the middle mouse button stops the update, and re-activates the gnuplot command terminal. 

The gnuplot instruction doing it is: 

if (exists("MOUSE_BUTTON") && MOUSE_KEY == 2) {break} . 

9.2. Wireframe Plot with Circular Arc Edges 

Using arcs of great circles (geodesics) to connect the closest pairs of points could look more natural, like 

regions on the globe. However, drawing (and projecting to the viewing plane) true circular arcs of 

varying width and darkness is difficult. Instead, we draw conjoint segments of straight lines between 

spherical points inserted between the endpoints. Setting their width and darkness parameters is easier. 

Instead of equal angular distances we use equidistant points on the connecting lines, projected to the 

sphere. At sufficiently large number of such points their uneven distribution is not noticeable. 

Determining the line widths and darkness of the line segments approximating a circular arc is little more 

complex than a simple interpolation from the endpoints of the arc, as we did in the Section 9.1 above. 

We determine the viewing distance of the midpoints of the arc segments. At sufficiently many segments 

these arcs are short, thus the spherical and linear midpoints are close. The viewing distance of these 

midpoints can be directly converted to gray levels and linewidths. 

The following function determines the viewing distance of a point (x,y,z ), when (xn,yn,zn ) is the 

normal vector of the plane, to where the Tammes points are projected. It is in [-1,1] for points on the 

unit sphere: 

wt(x,y,z) = x*xn + y*yn + z*zn   # distance of the point (x,y,z) from the projection plane  

With this function only the edge drawing loop needs to be altered in the script of Section 9.1: 
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    do for [k=1:es] {                      # DRAW EDGES, closest ones last (on top)  
        i = F[k];  j = T[k]  
        f x = x[i]; fy = y[i]; fz = z[i]; fn = 1.0  
        do for [u=1:uu] { w=(u+.0)/uu      # uu SEGM ENTS, w/ gradual change of width and color  
            tx = fx; ty = fy; tz = fz; tn = fn  
            fx = av(x[i],x[j],w); fy = av(y[i],y[j],w); fz = av(z[i],z[j] ,w)  
            fn =sqrt(fx**2+fy**2+fz**2)  
            fx = fx/fn; fy = fy/fn; fz = fz/fn  
            set arrow k*uu - uu+u nohead front  from fx,fy,fz  to tx,ty,tz \  
            lw wt(fx+tx,fy+ty,fz+tz)*2+5 \  
            lc rgbcolor ceil((2 - wt(fx+tx,fy+ty, fz+tz))*33)*0x010101  
        }  
    }  

9.3. Surface Plots 

The drawing program we used, gnuplot, has built in functionality for drawing surfaces, defined by (not 

necessarily planar) polygons. 

9.3.1. Faces 

²Ŝ ŎƻǳƭŘ ŦƛƴŘ άŦŀŎŜǎέ ǊŜƭŀǘŜŘ ǘƻ ǘƘŜ ¢ŀƳƳŜǎ Ǉƻƛƴǘ ǎŜǘǎΣ ǘƘŀǘ ŀǊŜ ŜƴŎƭƻǎŜŘ ŀǊŜŀǎ ƻƴ ǘƘŜ ǎǇƘŜǊŜ ōȅ 

geodesics, arcs segments of great circles, drawn between pairs of points at the minimal distance. These 

circular edges are hard to handle, so we worked instead with straight lines connecting their endpoints. 

These straight edges define a 3-dimensional solid, which is not necessarily a polyhedron, because the 

vertices of the faces are not always on a plane. 

Eliminating Vertices of Low Degree 

Before going ahead with finding faces, all vertices are removed, which have fewer than 3 neighbors 

(have degrees less than 3). These vertices do not belong to faces, and can be eliminated by moving the 

low degree vertex by a sufficiently small displacement. In case of 

- Degree = 1: move away from its sole neighbor, 

- 5ŜƎǊŜŜ Ґ нΥ ƻƴŜ ƻŦ ǘƘŜ ŀƴƎƭŜǎ ƻŦ ǘƘŜ ǘǿƻ ŜŘƎŜǎ ƳŜŜǘƛƴƎ ŀǘ ǘƘƛǎ ƴƻŘŜ ƛǎ җ мулϲΣ ҍ ƳƻǾŜ ƛƴ ǘƘŜ 

direction of the bisector of this large angle. 

Removing edges can make more vertices of degree less than 3, therefore, we have to repeat this 

procedure until no more edges are excluded. 

This theoretical possibility, which isolate such points, which are not fixed by their neighbors, do actually 

occur in several numerical Tammes sets. 

Face Finding 

The edges are represented by lists of neighboring vertices, attached to every vertex. This way every 

edge is directed, and listed twice, once at each direction, listed at both endpoints. 

The face constructions consist of picking a directed edge (until all are used up), and find its leftmost 

neighbor (the one, which has the smallest angle from the left), and repeat this until the starting vertex is 

reached again. 
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The angle between 2 line-segments has to be measured e.g., clockwise, in the full πȟς“ interval. The 

dot product of the vectors of these lines gives the cosine of the angle, but the inverse cosine is 

ambiguous, because two angles ( , measured clockwise or anticlockwise) give the same cosine. 

The sign of the determinant: 
ὼ ώ ᾀ
ὼ ώ ᾀ
ὼ ώ ᾀ

 

built from the coordinates of the 3 involved points ὼȟώȟᾀ , ὼȟώȟᾀ , and ὼȟώȟᾀ  distinguishes 

between the two angles. If the determinant is positive, the vectors form a right-hand configuration, 

otherwise a left-hand configuration. In the second case the angle computed with the inverse cosine 

function has to be subtracted from ς“. 

Note that the cosine of the equal angles of the edges (seen from the origin) is z[2], the z-coordinate of 

P0, which is also the objective of the numerical optimization. From it the length of the edge can be 

computed, e.g., by using the cosine theorem: Ѝς ςÃÏÓ‌. 

The dot product of two edge vectors has to be divided by the square of this (2- 2z[2] ), to get the cosine 

of their angle. Or, we can use the scaled-up cosine everywhere. 

A slight speedup of the angle computation is possible. Instead of the angle, any monotonic function of 

the angle suffices to find the smallest angle to the left side of the directed edge. In the gnuplot script we 

used an increasing function pieced together by 2 scaled up cosine functions: 

det(i,j,k)   = (y[i]*z[j] - z[i]*y[j])*x[k] + (z[i]*x[j] - x[i]*z[j])*y[k] + (x[i]*y[j] - y[i]*x[j])*z[k]  

cosang(i,j,k)= ((x[j] - x[i])*(x[j] - x[k]) + (y[j] - y[i])*(y[j] - y[k]) + (z[j] - z[i])*(z[j] - z[k]))  

angle(i,j, k) = det(i,j,k) > 0 ? 4* z[2] - 4- cosang(i,j,k)  : cosang(i,j,k)  

9.3.2. Program Usage 

Before the call (load <scriptfile>) of the projection gnuplot script, the following variables have to be set 

N: the number of points in the Tammes problem, also used in the filenames of the coordinates, and 

Alg: the directory name containing the data files with the corresponding encoding algorithm of the 

Tammes problem. 

As the output, a projected image of the surface is drawn, which helps visualizing the Tammes point sets, 

with any isolated points marked by black dots. Light sources are set, illuminating the visible sides of the 

semi-transparent polygonal faces (with the covered edges shining through). The image can be rotated by 

moving the mouse, while the left mouse button is pressed. gnuplot live-updates the lighting effects. 
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set term wxt size 1024, 1024 position 10, 10 font "Arial,14"  
set title "Polygon Faces of ".N." Tammes Points on the Sphere"  
 
dta = Alg.' \ CircPack'. - N.'.txt'            # filename: EDIT if needed  
txt = system('t ype '.dta)                  # read the entire file  
p = txt[strstrt(txt,"@")+12:*]             # get part with coordinates  of the Tammes points  
 
unset border ; unset grid; unset tics       # remove border (axis lines), grid, tics  
set key off  
set view 60., 30 ., 1.7, 1.0                 # initial viewing direction, zoom factors  
 
set xrange [ - 1:1] ; set yrange [ - 1:1] ; set zrange [ - 1:1]  
 
array x[N]; array y[N]; array z[N]  
do for [i=1:N] {  
    x[i] = word(p,3*i - 2)+.0                # numeric coordinates of the cente rs of the circles  
    y[i] = word(p,3*i - 1)+.0     
    z[i] = word(p,3*i) + .0                # z[2] is cos(min_angle) ~ edge length  
} ;  zz = 4*z[2] - 4 
 
det(i,j,k)  = (y[i]*z[j] - z[i ]*y[j])*x[k] + (z[i]*x[j] - x[i]*z[j])*y[k] + (x[i]*y[j] - y[i]*x[j])*z[k]  
cosang(i,j,k) = ((x[j] - x[i])*(x[j] - x[k]) + (y[j] - y[i])*(y[j] - y[k]) + (z[j] - z[i])*(z[j] - z[k]))  
 
            # increasing function of angle in  [0,2pi], instead of acos(cosang) and 2pi - acos(cosang)  
angle(i,j,k) = det(i,j,k) > 0 ? zz- cosang(i,j,k) : cosang(i,j,k)  
 
            # edge drawn only between Nodes of degree  > 2 ,  dot product of points >  z[2] - eps 
edge(i,j) = i != j  &&  NH[i]  &&  NH[j]  &&  x[i]*x[j] + y[i]*y[j] + z[i]*z[j] > z[2] - 1e- 5 
 
array NBs[N]; array NH[N]                  # Neighbors = degree of verti ces                             
do for [i=1:N] {NH[i] = 1}                 # Node s of High degree (> 2)  
 
cnt = 1; while (cnt) {                     # mark vertices of degree<3, RE PEAT:  delete  open paths  
    do for [i=1:N] {NBs[i] = 0}  
    do for [i=1:N - 1] for [j=i+1:N] {if (edge(i,j)) { NBs[i] = NBs[i]+1;  NBs[j] = NBs[j]+1} }  
    cnt = 0; do for [i=1:N] {if (NH[i]  &&  NBs[i] < 3) { NH[i] = 0; cnt = cnt+1 } }  
}  
 
edges=1; array N1[N+1]; array NB[500]      # First/All Neighbors ( all degree s < 6 => #edges <= 2.5N)  
do for [i=1:N] {  
    N1[i] = edges  
    do for [j=1:N] {  
        if (edge(i,j)) { NB[edges] = j; edges = edges+1 }  
    }  
} ;  N1[N+1] = edges  
                                           # big DOTS to m ark isolated points - > 
do for [i=1:N] {if (!NH[i]) { set obj i circle at x[i],y[i],z[i] front fc 'black' size 0.005 lw 5}}  
 
array h[N]                                 # FIND /SAVE POLYGON FACES - > 
set table $Polygons                        # data block for tabulated polygons  
do for [i0=1:N] for [j=N1[i0]:N1[i 0+1] - 1] { if (NB[j] > 0 ) {    # find an unused edge (i,NB[j])  
    k = NB[j]; NB[j] = - NB[j]  
    clen = 2;  h[1] = i0; h[2] = k         # first 2 nodes of a face  
    i = i0  
    while (k != i0) {  
        minang = 9.9                       # find the leftmos t unused edge  
        do for [m=N1[k]:N1[k+1] - 1] {  
            if (NB[m ] > 0  &&  NB[m] != i && (a=angle(i,k,NB[m])) < minang) {minang = a; minm = m} }  
        i = k; k = NB[minm]                # move to the next edges of the current face  
        NB[minm] = - NB[minm]               # mark current  edge (at its endpoint) as use d 
        clen = clen+1; h[clen] = k  
    }  
    splot sample [l=1:clen:1] '+' using (x[h[l]]):(y[h[l]]):(z[h[l]]) # faces - > Table  $Polygons  
}   }  
unset table  
 
set pm3d  depth  border lc  "black" lw 2.5  lighting primary 0.05 specular 0.05 spec2 0.01  
 
splot $Polygons with polygons fc '#16CCCCCC'  
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9.4. Stereographic Projection 

Stereographic projection shows well the combinatorial structure of the point sets, but the spatial 

constellations of the points are harder to deduct from the image. Geodesics (arcs of great circles) are 

mapped to straight lines. If the projection point is inside a convex face bordered by arc-edges 

connecting points at minimal distance, the line segments of the projected edges do not cross. 

Vertices at concave angles can be made isolated points (by moving them slightly in the direction of the 

bisector), we did not isolate them in the data visualization programs, and so we may see crossing edges. 

The visualization program does handle simpler cases of isolable points, which are not fixed by their 

neighbors: Before the projection we exclude edges to nodes of degree < 3. These edges can be 

eliminated by moving the low degree vertex by a sufficiently small displacement, without decreasing the 

minimal distance between points, as described in Section 9.3.1. 

In the Tammes sets found by numerical optimizations, we did not get isolated points when tolerances 

larger than 0.04 were used for accepting distances as minimal. However, these huge tolerances result in 

spurious edges. We used tolerances of 1e-5 instead, which seem to represent reasonable trade-offs. 

9.4.1. Symmetries of the Contact Graph 

When verifying the validity of numerical optima, and at calculating their exact characteristics, knowing 

about symmetries of the contact graph could be helpful. For finding such symmetries two approaches 

come to mind, as discussed below. 

 APPROACH I: determine all possible types of symmetries, using spherical faces 

One can list the possible types of symmetry of contact graphs, and search for them. Simple reasoning 

reduces the number of possibilities for the plane, line or center points of the symmetries, to be chosen 

only from a small finite set: 

1. point reflection: only about the origin of the sphere 

2. planar reflection/mirror images: the plane must contain the origin, and also 

a. contain a vertex of the graph, halving 2 angles between edges 

b. orthogonal to an edge, through its midpoint  

3. rotation about a line, which goes through the origin of the sphere, and also goes through either 

a. a vertex (rotation angle = k*360°/d: d = degree of the vertex, k = 1,2), or 

b. midpoint of an edge (180° rotation), or 

c. the barycenter of a regular polygon face (rotation angle = k*360°/f: f = the number of 

edges of the face. If f is odd => k=1; if f is even => k = 1 ,2) 

The results would directly show the symmetries, but the necessary programming for finding them is 

quite complex. 
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 APPROACH II: considering the image of the P1P2 edge of the graph 

Another possibility for finding symmetries was to pick a directed edge of the contact graph, e.g., P1P2 

(denoted as Pҍ1P0 in other places of this document), and consider symmetries, which maps a directed 

edge to it. (Of course, symmetries map all Tammes points to Tammes points.) There are two such 

transforms on the sphere, both general rotations. They differ in keeping or changing orientation, i.e., by 

that the two hemispheres of the target edge are flipped over or not. See also in Section 9.3.1. 

Accordingly, the following can be done 

- For every directed edge determine the orientation preserving rotation moving this edge to P1P2 

o use the edge in both directions 

o chose to flip or not the Y coordinates (flip or not the East and West hemispheres of P1P2 ς 

ŘŜƴƻǘŜŘ ōȅ άҌέ ƻǊ άςέ ƛƴ ǘƘŜ ƻǳǘǇǳǘ ƻŦ ǘƘŜ ǇǊƻƎǊŀƳ ŘƛǎŎǳǎǎŜŘ ōŜƭƻǿύ 

- Check if the Tammes point set maps to itself, excluding vertices, which can be made isolate ς and so 

having no fixed positions. 

As at generating the initial population of the numerical optimization, the transform is made of 3 simple 

rotations around coordinate axes with thŜ ǘǊƛƎƻƴƻƳŜǘǊƛŎ ŦǳƴŎǘƛƻƴǎ ƻŦ ǘƘŜ ŀƴƎƭŜǎ ƛƴ лϲΧмулϲ. 

Note 1. It is theoretically possible that a face contains an isolate point, but it maps to another face, 

which does not. This did not happen in the numerical optimizations, and it would be unexpected, 

because an isolate point could be added to the empty face, making the Tammes set the same with N 

and N+1, except an extra point added. 

Note 2. There is a potential problem with excluding isolable points: 

- If P1 or P2 is isolable, the target edge of the symmetry does not exist. 

It can happen when P1 or P2 has degree less than 3, a rare case. We can fix the problem by rotating 

another edge to the P1P2 position and renumber the nodes. This would involve writing program code for 

fixing a very rare problem, which can also be avoided by picking another input data set for the offending 

case (e.g., from the optimization results using a different problem encoding). 

The Symmetry-Finding Julia Program 

The symmetry-finding program uses APPROACH II. Interpreting the resulting symmetries in terms of 

APPROACH I is straightforward. 

The program reads all properly named result files from a directory, in their natural order. Then the 

coordinates of the Tammes points are extracted, the edges are determined, and the isolable points are 

marked for exclusion from further processing. 

Next every transform that maps an edge to P1P2 is checked, to see if they also map the Tammes set to 

itself. For that we have to compare two sets of floating-point coordinates. Rounding- and number 

representation errors make such comparisons uncertain, therefore we ŎǊŜŀǘŜ ǳƴƛǉǳŜ άŦƛƴƎŜǊǇǊƛƴǘέ 

arrays: scale up the coordinates by 6 decimal places (multiply by 106), round them to the nearest 

integers and sort the resulting coordinate-list lexicographically. If two coordinate-lists represent 

isomorphic point sets, the sorted integer fingerprint arrays are equal, entry-by-entry. 
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using Printf  
 

dir = "D: \ \ Documents\ \ Tammes\ \ MA\ \ "         # directory of the files  
eps = 1e - 5 
 

fls = filter!(t - > startswith(t,"CircPack - "), readdir(dir,sort=false))  
sort!(fls, lt = (x,y) - > parse(Int,split(x,[' - ','.'])[ 2]) < parse(Int,split(y,[' - ','.'])[2]))  
 

for flname in fls  
 

    edge(i,j) = i != j  &&  HD[i]  &&  HD[j]  &&  P[i,:]' * P[j,:] > P[2,3] - eps 
 

    N = parse(Int,split(flname,[' - ', '.'])[2])  
    println("N = $N.  Edge 1 - 2 ------------- >")  
 

    P = zeros(N,3);  p = copy(P)            # coordinates of INPUT/transformed Tammes points  
    E = fill(0,3N);  F = copy(E)            # degrees <= 5, #edges <= 2.5N  
    HD = trues(N)                           # is point of High Degree?  
 

    fl = open(dir*flname,"r")               # filenames in natural order  
    txt = readuntil(fl,"@"); readlin e(fl)  
 

    for i = 1:N                             # read the coordinates of the Tammes points  
        L = readline(fl)  
        P[i,:] = parse.(Float64,[L[1:15],L[16:30],L[31:end]]).+ 0    # " - 0.0" - > "0.0"  
    end 
 

    while true                              # iteratively exclude points of degree < 3  
        DEG = fill(0,N)  
        for i = 1:N - 1, j = i+1:N            # calculate/update degrees of points  
            if edge(i,j)  DEG[i]  += 1; DEG[j] += 1  end  
        end 
 

        nodrop = true  
        for i = 1:N  
            if HD[i] && DEG[i]<3  HD[i] = nodrop = false  end  
        end 
        nodrop && break                     # often no need to repeat  
    end 
 

    edges = 0                               # edges: E[k] -- F[k]  
    for i = 1:N - 1, j = i+1:N  
        if edge(i,j)  edges+=1; E[edges] = i; F[edges] = j  end  
    end 
 

    for i = 1:N  !HD[i] && (P[i,:] = [0,0,0])  end  
    S0 = sortslices(round.(Int,P./.1eps ), dims=1)  
 

# FIND SYMMETRIES: pick every edge in both directions,  
# rotate it to P1 - P2, with or without flipping the Y coordinates  
# check if the resulting transformation maps the graph to itself  
 

    println()  
    close(fl)  
end 

In the place where the άCLb5 {¸aa9¢wL9{Χέ 3-line comment indicates, insert the loop printed below. It 

takes all edges one-by-one, determines the rotation-reflection transform, which moves it to P1P2, 

(excluding the identity transform), transforms the whole Tammes set (excluding the isolable points), and 

creates the corresponding fingerprint array of the scaled up, rounded and sorted coordinates. If it is 

equal to the original fingerprint array, a symmetry is found, and the originating edge is printed out, with 

+ or ς indicating if the hemispheres of P1P2 are swapped or not. 
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    for k = 1:edges, rev = (false,true), yflip = (false,true)  
        u = P[E[k],:];  v = P[F[k],:]  
        rev && ((u,v) = (v,u))  
 

        R = [1 0 0; 0 1 0; 0 0 1.0]  
 

        if u[2] != 0  
            s,c = u[2:3] ./ sqrt(u[2]^2+u[3]^2)  
            R = [1 0 0; 0 c - s; 0 s c]      # Rotate around axis X: u.y < -  0 
        end 
 

        u = R * u  
        if u[1] != 0  
            s,c = u[1:2:3] ./ sqrt(u[1]^2+u[3]^2)  
            R = [c 0 - s; 0 1 0; s 0 c] * R  # Rotate around axis Y: u.x < -  0, too  
        end 
 

        u = R * v  
        if u[2] != 0  
            s,c = u[1:2] ./ sqrt(u[1]^2+u[2]^2)  
            R = [s c 0; c - s 0; 0 0 1] * R  # Rotate around axis Z: v.y < -  0, too  
        end 
 

        (R*v)[1] < 0 && (R[1,:] .*= - 1)     # Reflect if needed for  transformed v: v.x > 0  
        yflip && (R[2,:] .*= - 1)            # Reflect Y coordinates if  requested  
 

        isapprox(R,[1 0 0; 0 1 0; 0 0 1.0],atol=9eps) && continue    # Identity transform  
        R = R'./.1eps  
        S = sortslices(round.(Int,P*R) , dims=1)  
        if S0 == S  
            i,j = rev ? (F[k],E[k]) : (E[k],F[k])  
            @printf("  %d - %d %s\ n", i, j, yflip ? "+" : " - ")  
        end 
    end 

Running the above program will tell, if a numeric Tammes set has symmetries, and how many, but the 

kind of symmetry is hard to interpret. For helping with this task, some basic linear algebra can be used. 

Since the symmetries are made of rotations and reflections, they can be described as rotation matrices, 

with real eigenvalues of ±1. Real eigenvectors corresponding to these eigenvalues are the vectors 

representing the symmetries. These eigenvectors are either kept fixed by the symmetries, or they get 

reflected over the origin όŜƛƎŜƴǾŀƭǳŜ Ґ ҍмύ. 

For enhancing the output with this information, we add the following few commands to the Julia 

program above, just before the second last άŜƴŘέ ŘƛǊŜŎǘƛǾŜΥ 

using L inearAlgebra  

...  
            G = eigen(R)  
            for i = 1:3  
                t = round(G.values[i],digits=6)  
                if (t == - 1.0 || t == 1.0) && all( - 1e- 6 .< imag.(G.vectors[:,i]) .< 1e - 6)  
                    a,b,c = real.(G.vectors[:,i])  
                    @printf("%2d: [% 1.5f % 1.5f % 1.5f] \ n",real(t),a,b,c)  
                end 
            end 
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The complete Julia program as assembled as above prints long 

output on the console, which can be copied and pasted to a file 

for reference, named άŜƛƎŜƴΦǘȄǘέΦ 

Part of the output is shown to the right. For each vertex N, the 

size of the Tammes set is shown, followed by the note that the 

found symmetries map edge P1P2 to the edge listed in each 

ǊŜŎƻǊŘΦ ό¢ƘŜ ŦƛǊǎǘ ƻƴŜ ƛǎ άмм-фέ ƛƴŘƛŎŀǘƛƴƎ ǘhe edge P11P9). The 

ŜŘƎŜ ƛǎ ŦƻƭƭƻǿŜŘ ōȅ άҌέ ƻǊ άҍέ ǘƻ show that the two 

hemispheres of the edge are swapped, or not (mirror reflection 

to the plane of the edge and the origin). 

1 or 3 lines follow (the number of real roots of the cubic 

characteristic polynomial), showing the real eigenvalues (±1) 

and the corresponding eigenvectors. 

If the eigenvalue is +1, the stereographic projection from the 

direction of the eigenvector shows a symmetric image of the 

contact graph, corresponding to the transform found mapping 

the graph to itself. 

LŦ ǘƘŜ ŜƛƎŜƴǾŀƭǳŜ ƛǎ ҍмΣ ǿŜ ƘŀǾŜ ǘƻ ǇƛŎƪ ŀ ŘƛŦŦŜǊŜƴǘ ǾŜŎǘƻǊ 

pointing to the desired projection point. This vector has to be 

unchanged by the current transform, that is, it has to be 

orthogonal to the eigenvector, e.g.: 

  ÉÆ ώ πȡ ὼȟώȟᾀᴼ ώȟὼȟ π 

ÉÆ ώ πȡ ὼȟώȟᾀᴼ πȟ ρȟ π 

There are many other useful orthogonal directions for the 

projection. We provide 8 choices at k · 45° rotations starting 

from the choice above. 

Applying these simple rules for setting the projection points 

make the stereographic projections to show the symmetricity 

of the contact graphs without manual trials. 

There are also tools in our stereographic projection script, 

which may help to visualize the contact graph, in case when an 

isolated point happens to be too close to the projection point. 

The image of this point would be very far from the images of 

the other points, which are shown as a tiny cluster in the plot. 

One of the tools remove the isolated point from the image, the 

other tool reflects the projection point to the origin, which 

could clear up the picture. 

The gnuplot script below can be used to plot the stereographic 

projection with the projection point set by the eigenvectors 

ǘŀƪŜƴ ŦǊƻƳ ǘƘŜ ŦƛƭŜ άŜƛƎŜƴΦǘȄǘέ. 

N = 25.  Edge 1 - 2 ------------- > 
  11- 9 +  
 1: [ 0.35936  0.92762 - 0.10183]  
 
N = 26.  Edge 1 - 2 ------------- > 
  15- 2 -  
- 1: [ - 0.66800  0.46442  0.58146]  
 
N = 27.  E dge 1 - 2 ------------- > 
  1- 12 -  
- 1: [ 0.95145 - 0.30780  0.00000]  
 1: [ 0.30780  0.95145  0.0000 0]  
 1: [ 0.00000  0.00000  1.00000]  
  11- 22 -  
- 1: [ - 0.00042 - 0.00130  1.00000]  
  11- 27 +  
 1: [ 0.30780  0.95145  0.00137]  
 
N = 28.  Edge 1 - 2 ------------- > 
 
N = 29.  Edge 1 - 2 ------------- > 
 
N = 30.  Edge 1 - 2 ------------- > 
  4- 8 +  
 1: [ - 0.42386 - 0.75603  0.49877]  
  5- 28 +  
 1: [ 0.42386  0.75603 - 0.49877]  
  6- 15 +  
 1: [ - 0.90427  0.32205 - 0.28031]  
  26- 17 +  
 1: [ - 0.40771 - 0.33247 - 0.85043]  
  29- 27 +  
 1: [ - 0.49656  0.65451  0.57012]  
 
N = 31.  Edge 1 - 2 ------------- > 
  19- 4 +  
 1: [ 0.89153  0.11710 - 0.43755]  
  23- 6 +  
 1: [ 0.89153  0.11710 - 0.43755]  
  13- 8 +  
 1: [ 0.89153  0.11710 - 0.43755]  
  20- 17 +  
 1: [ 0.89153  0.11710 - 0.43755]  
 
N = 32.  Edge 1 - 2 ------------- > 
  10- 16 +  
 1: [ - 0.37125  0.55585  0.74378]  
  12- 22 +  
 1: [ - 0.1 5547 - 0.82693  0.54039]  
  27- 15 +  
 1: [ - 0.87052 - 0.48706 - 0.07051]  
  23- 19 +  
 1: [ - 0.37125  0.55585  0.74378]  
  32- 24 +  
 1: [ - 0.71505  0.33986 - 0.61090]  

 



L. Hars: Numerical Solutions of the Tammes Problem  59/180 

_(x,y) = x                          # helper for no - temp swap of var iables: a=_(b,b=a)  
dist(i,j) = x[i]*x[ j] + y[i]*y[j] + z[i]*z[j]  # cos_distance  = dot product (for console use)  
edge(i,j) = i!=j && NH[i] && NH[j] && dist(i,j) > d - 1e- 5 
 
if (ARGC > 0) {N = ARG1+0}  
if (ARGC > 1) {Alg = ARG2}  
 
set term wxt size 1024,1024 pos ition 10,10 font "Arial,14"  
set title "Stereographic projection of ".N." Tammes Points on the Sphere"  
set view equal xy;  unset border;  unset grid;  unset tics  
 
dta = Alg.' \ CircPack'. - N.'.txt'     # EDIT for path and file name  
txt = system('type '.dta)  
p =  txt[strstrt(txt,"@")+12:*]      # get coordinates  
 
array x[N]; array y[N]; array z[N]  
do for [i=1:N] {                    # numerical coordinates of the vertices  
    x[i] = word(p,3*i - 2)+0; y[i] = word(p,3*i - 1)+0; z[i] = word(p,3*i)+0 }  
d = z[2]                            # length of the e dges on the sphere  
 
array S[N];  array T[N]             # coordinates of projected spherical points  
array S0[N]; array T0[N]            # backup  
array Sp[N]; array Tp[N]            # temporary, used in PLOT.gp for hiding vertic es 
array NBs[N]; array NH[N]           # nmb of Neighbors = degree; is Node of High degree?  
 
do for [i=1:N] {NH[i]=1; NBs[i]=0}  # Nodes of High degree  
cnt = 1; while (cnt) {              # mark degree < 3  vertices , REPEAT:  remove paths to nowhere  
    do for  [i=1:N] {NBs[i] = 0}  
    do for  [i=1:N - 1] for [j=i+1:N] {  
        if (NH[i] && NH[j] && edge(i,j)) { NBs[i]=NBs[i]+1; NBs[j]=NBs[j]+1} }  
    cnt = 0; do for [i=1:N] {if (NBs[i] < 3  &&  NH[i]) {NH[i] = 0; cnt = cnt+1} }  
}  
 
es = 0; array E[300]; array F[30 0]  # draw edges as arrows, save endpoints in E[],F[]  
do for [i=1:N - 1] { do for [j=i+1:N] {  
    if (edge(i,j)) { es = es+1; E[es] = i; F[es] = j  
        set arrow es from S[i],T[i] to S[j],T[j] nohead lw 2} } }  
 
txt = system('type eigen.txt')      # get eige nvalues/vectors for  projection point  
txt = txt[strstrt(txt,"N = ".N)+34:]  
txt = txt[1:strstrt(txt,"N = ") - 1]  

The first part of the gnuplot script above sets a couple of helper functions and declares arrays, reads 

parameters from the command line, reads the coordinates of the Tammes points from files named 

CircPack-<N>.txt, removes edges to low degree points (recursively), sets the endpoints of the remaining 

ŜŘƎŜǎ ŀƴŘ ƻǇŜƴǎ ǘƘŜ ŦƛƭŜ ƴŀƳŜŘ άŜƛƎŜƴΦǘȄǘέΣ ŎƻƴǘŀƛƴƛƴƎ ǘƘŜ ŜƛƎŜƴǾŀƭǳŜǎ ŀƴŘ ŜƛƎŜƴǾŜŎǘƻǊǎ ƻŦ ǘƘŜ 

symmetry transforms. 

¢ƘŜ ƴŜȄǘ ǎŜŎǘƛƻƴ ƻŦ ǘƘŜ ǎŎǊƛǇǘ ǊŜŀŘǎ ǘƘŜ ŜƛƎŜƴǾŜŎǘƻǊǎ ŦǊƻƳ ǘƘŜ άŜƛƎŜƴΦǘȄǘέ ŦƛƭŜ ŦƻǊ ǘƘŜ ŎǳǊǊŜƴt N value, 

and sets the projection point of the stereographic projection accordingly: 
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pos = 1; nums = 0  
s1 = s2 = c1 = c2 = 2.  
while (t1=strstrt(tx t[pos:],"[")) {  
 
    pos = pos + t1 + 28  
    sg = txt[pos - 33:pos - 32]+0  
    A = txt[pos - 28:pos - 21]+0;  B = txt[pos - 19:pos - 12]+0;  C = txt[pos - 10:pos - 3]+0  
    print sg, ": [", A, B, C, "]"  
     
    A0 = B; B0 = (B==0 ? 1 : - A); C0 = 0  
    A1 = B*C0 -  C*B0;  B1 = C*A0 -  A*C0;  C1 = A*B0 -  B*A0 
     
    if (sg > 0) { xp = A; yp = B; zp =  C }  
    else { xp = A0; yp = B0; zp = C0 }  
 
    pm = pp = 1; sel = del = 0  
    call 'RROJ.gp'  
    call 'PLOT.gp'  
 
    pause - 1 " -- NEXT PROJECTION-- "  
}  

The code above takes a blƻŎƪ ƻŦ ƭƛƴŜǎ ŦǊƻƳ ǘƘŜ ŦƛƭŜ άŜƛƎŜƴΦǘȄǘέΣ ǿƘƛŎƘ ōŜƭƻƴƎ ǘƻ ŀ ƎƛǾŜƴ bΦ CƻǊ ŜŀŎƘ line 

ƛƴ ǘƘƛǎ ōƭƻŎƪΣ ǘƘŀǘ Ŏƻƴǘŀƛƴǎ άώέ ǘƘŜ ŜƛƎŜƴǾŀƭǳŜ ƛǎ ǊŜŀŘ ƛƴǘƻ ǘƘŜ ǾŀǊƛŀōƭŜ άǎƎέΣ ŀƴŘ ǘƘŜ о ŎƻƻǊŘƛƴŀǘŜǎ ƻŦ ǘƘŜ 

ŜƛƎŜƴǾŜŎǘƻǊ ŀǊŜ ǊŜŀŘ ƛƴǘƻ ǘƘŜ ǾŀǊƛŀōƭŜǎ άAέΣ άBέ ŀƴŘ άCέ ŦǊƻƳ ǘƘŜƛr fixed locations in the line. 

From these coordinates and the sign of the eigenvalue the projection point is determined, the projection 

is performed (call 'RROJ.gp') and the image is plotted (call 'PLOT.gp'). 

!ǘ ǘƘŜ άǇŀǳǎŜέ ŎƻƳƳŀƴŘ ǘhe script will wait for an Enter-keypress or clicking on the OK button on a 

popup message box, while the last displayed plot can be interactively edited, saved or copied to the 

clipboard, to be included in documents. 

¢ƘŜ ǾŀǊƛŀōƭŜ άǇƻǎέ ƛǎ ǎŜǘ ǘƻ ǘƘŜ ŎƘŀǊŀŎǘŜǊ Ǉƻǎƛǘƛƻƴ ƻŦ ǘƘŜ ŜƴŘ of the current eigenvector. If it is not 

increased, there was no symmetry fƻǳƴŘ ŦƻǊ ǘƘŜ ŎǳǊǊŜƴǘ bΣ ŀƴŘ ǿŜ Ƨǳǎǘ ƎŜǘ ŀ άǎŀŦŜέ ǇǊƻƧŜŎǘƛƻƴ point. It is 

done by finding the Tammes point P, which has the smallest sum of distances from P1 and P2. These 3 

points span a triangle, which has no other Tammes point inside, thus its barycenter is suitable for 

projection point. It is not on any edge and not too close to any Tammes point. 

if (pos==1) {              # No eigenvectors  
    pm = pp = 1; sel = del = 0; A = B = .1; C = 1  
    xd = - 2.0; id = 3      # P: smallest distance sum from P1=(0,0,1) and P2=(sqrt(1 - d**2),0,d)  
    do for [i=3:N] {       # avoid projection point P1 or P2 (happens at N = 5)  
        if (abs(x[i]+x[2])<1e - 5 && abs(y[i])<1e - 5 && abs(z[i] - d)<1e - 5) {cont inue}  
        if (abs(x[i] - x[2]*d)<1e - 5 && abs(y[i])<1e - 5 && abs (z[i] - 2*d**2+1.0)<1e - 5) {continue}  
        xt = z[i] + x[2]*x[i] + d*z[i]  
        if (xt > xd) { xd = xt; id = i }  
    }  
    xp = x[2]+x[id]; yp = y[id]; zp = 1.0+d+z[id]  # bari - center project ion point, not on  edges 
    A0 = yp; B0 = (yp==0 ? 1 : - xp); C0 = 0  
    A1 = yp*C0 -  zp*B0;  B1 = zp*A0 -  xp*C0;  C1 = xp*B0 -  yp*A0 
 
    call 'RROJ.gp'  
    del = 0; pm = 0  
    call 'PLOT.gp'  
}  
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The actual stereographic projection is performed by the subrouǘƛƴŜ ǎǘƻǊŜŘ ƛƴ ǘƘŜ ŦƛƭŜ ƴŀƳŜŘ άtwhWΦƎǇέΥ 

s01 = s1; c01 = c1; s02 = s2; c02 = c2         # save old rotation matrix  
 
w = sqrt(xp**2+yp**2+zp**2)  
if (w < 1e - 5) {xp = 0; yp = 1; zp = 0}  
else {xp = xp/w; yp = yp/w; zp = zp/w}         # angles for th e 3D rotati on - > 
 
m = sqrt(yp**2+zp**2); m = (m==0) ? 1. : m  
s1 = yp/m; c1 = zp/m                           # sin(ay), cos(ay)  
 
l = sqrt(xp**2+m**2);  l = (l==0) ? 1. : l  
s2 = xp/l; c2 = m/l                            # xq = xp, zq = m - > sin(az), cos(az)  
 
do for [i= 1:N] {                               # Project all the rotated spherical points  
    z1 = 1 -  s2*x[i] -  c2*s1*y[i] -  c1*c2*z[i]  
    if (z1 == 0.0) {z1 = 1.0}  
    S0[i] = S[i]; S[i]= (c2*x[i] -  s1*s2*y[i] -  c1*s2*z[i]) / z1  
    T0[i] = T[i ]; T[i]= (c1*y[i] -  s1*z[i])/z1 # S[i],T[i] < -  coordinates on the plane  
}  

We first find the rotation matrix that moves P1 to the given projection point (xp, yp, zp), then rotate and 

project all the Tammes points. 

If the angle between the new projection point and the y-axis and z-axis is —ȟ‰ (respectively) then the 

rotation matrix is: 

ÃÏÓ‰ ÓÉÎ—ÓÉÎ‰ ÃÏÓ—ÓÉÎ‰
π ÃÏÓ— ÓÉÎ—
ÓÉÎ‰ ÃÏÓ‰ÓÉÎ— ÃÏÓ—ÃÏÓ‰

 

We will also need its inverse when setting a spherical point as the new projection point, by selecting its 

projected image on the plane. It is simply the transpose of the rotation matrix: 

ÃÏÓ‰ π ÓÉÎ‰
ÓÉÎ—ÓÉÎ‰ ÃÏÓ— ÃÏÓ‰ÓÉÎ—
ÃÏÓ—ÓÉÎ‰ ÓÉÎ— ÃÏÓ—ÃÏÓ‰

 

 

The actual plot of the stereographic projection is performed by the subroutine stored in the file named 

άt[h¢ΦƎǇέΥ 

do for [i=1:20] {unset label i}; sel = 0  
do for [i=1:es] {set arrow i from S[E[i]],T[E[i]] to S[F[i]],T[F[i]]}  
if (nums) {set for [i=1:N] label 20+i at S[i],T[i]}  # reposition node numbe rs  
else {set for [i=1:N] label 20+i ''}  
 
do for [i=1:N] {Sp[i] = S[i]; Tp[i] = T[i]}  
do for [i=1:del] {Sp[dP[i]] = NaN; Tp[dP[i]] = NaN}  
plot sample [i=1:N:1] '+' using (Sp[i]):(Tp[i]) notitle with p oints pt 7 ps 1.5  

It first clears up the marks of any selected points (see in Section 9.4.2 about Interactions with the Plot), 

then draws the edges as headless arrows. If the indices of the Tammes points are shown on the last plot, 

the PLOT subroutine repositions them. The projected coordinates of the Tammes points are then copied 

to temporary arrays, from which the deleted points are marked hidden (by setting their coordinates to 

NaN = Not a Number values). In the end the points are plotted as samples. 
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9.4.2. Interactions with the Plot 

The 2-dimensional plot of the stereographic projection of a Tammes set for a given N and an 

eigenvalue/eigenvector pair, as described in the previous section, can be controlled as follows: 

¶ MOUSE button1: mark and select vertices (closest to the cursor) 

o click again: cancels the last point selection; can erase more points going backwards 

¶ Ctrl-Button1: sets the point under the cursor the new projection point (performing the inverse 

projection) 

¶ ENTER (while the window of the plot is active): 

o if 1 isolated Tammes point is selected: remove it from the plot; no effect if the point is 

not isolated 

o if 2 points are selected: rotate the plot, to make the line of the selected points vertical 

o if 3 or more points are selected: set projection point to the direction of the sum of the 

vectors of the selected Tammes points 

¶ 'n': toggle the vertex numbering on the plot 

¶ '`': toggle between the last and current plots 

¶ 'F1': toggle the projection point between + or ς of the eigenvector (Ψ+Ω is the default for 

eigenvalue = 1) 

¶ 'F4': cycle through 8 projection points (at 45°increment) orthogonal to the eigenvector (first 

direction is the default for eigenvalue = ҍ1) 

¶ 'a': fine rotation of the plot, counter-clockwise (Add ̄ /500 to the angle of the axes) 

¶ 'd': fine rotation of the plot, clockwise (Decrease the plotting angle by ̄/500) 

Below is the plot-controlling code section to be appended to the gnuplot script: 
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array sI[20]; array dP[20]    # selected points; deleted (isolated) points  
 

bind "ctrl - Button1" "u=MOUSE_X; v=MOUSE_Y; w=2./(u**2+v**2+1.); x0=u*w; y0=v*w; z0=1. - w; \  
    xp = c2*x0 + s2*z0; yp = - s1*s2*x0 + c1*y0 + c2*s1*z0; zp = - c1*s2* x0 -  s1*y0 + c1*c2*z0; \  
    call 'RROJ.gp'; call 'PLOT.gp'"  
 

bind "Button1" "sel = sel+1; mI = 0; mD = 1e308; \  
    do for [i=1:N] {sD = (S[i] - MOUSE_X)**2 + (T[i] - MOUSE_Y)**2; if (sD < mD) {mI = i; mD = sD} }; \  
    sI[sel] = mI; \  
    if (sel>1 && sI[sel - 1]==mI) {sel=sel - 2; unset label sel+1}; \  
    else {set label sel '' at S[mI],T[mI] point pt 6 ps 2.5}; \  
    re plot"  
 

bind "Return" "if (sel > 1 || (sel == 1 && !NH[mI])) { \  
    if (sel == 1) {del = del+1; dP[del] = mI}; \  
    else if (sel == 2) {x1 = S[sI[1]]; x2 = S[sI[2]]; y1 = T[sI[1]]; y2 = T[sI[2]]; \  
        s01 = s01 > 1.1 ? 0. : s01; r = sqrt((x2 - x1)**2+( y2- y1)**2); c = (y2 - y1)/r; s = (x2 - x1)/r; \  
        do for [i=1:N] {S0[i]=S[i]; S[i]=S[i] *c - T[i]*s; T0[i]=T[i]; T[i]=S0[i]*s+T[i]*c} }; \  
    else {xp=sum[i=1:sel] x[sI[i]]; yp=sum[i=1:sel] y[sI[i]]; zp=sum[i=1:sel] z[sI[i]]; call 'RROJ.gp'}; \  
    call 'P LOT.gp'}"  
 

bind "n" "if (nums = 1 - nums) {set for [i=1:N] label 20+i '  '.i at S[i],T[i]} \  
    else {set for [i=1:N] label 20+i ''}; \  
    replot"  
 

bind '`' "if (s01<1.1) {do for [i=1:N] {S[i]=_(S0[i],S0[i]=S[i]); T[i]=_(T0[i],T0[i]=T[i])}; \  
    s01=_(s1, s1=s01); c01=_(c1,c1=c01); s02=_(s2,s2=s02); c02=_(c2,c2=c02); call 'PLOT.gp'}"  
 

bind "F1 " "if (pp = 1 - pp) {xp=A; yp=B; zp=C} else {xp= - A; yp= - B; zp= - C}; call 'RROJ.gp'; call 'PLOT.gp'"  
 

bind "F4" "pm=pm+1;if (pm==1) {xp = A0; yp = B0; zp = C0}; \  
              else if (pm==2) {xp = A0+A1; yp = B0+B1; zp = C0+C1}; \  
              else if (pm== 3) {xp = A1; yp = B1; zp = C1}; \  
              else if (pm==4) {xp = - A0+A1; yp = - B0+B1; zp = - C0+C1}; \  
              else if (pm==5) {xp = - A0; yp = - B0; zp = - C0}; \  
              else if (pm==6) {xp = - A0- A1; yp = - B0- B1; zp = - C0- C1}; \  
              else if  (pm==7) {xp = - A1; yp = - B1; zp = - C1}; \  
              else if (pm==8) {xp = A0 - A1; yp = B0 - B1; zp = C0 - C1; pm = 0}; \  
        call 'RROJ.gp'; call 'PLOT.gp'"  
 

sr = sin(pi/500); cr = cos(pi/500)  
bind a "do for [i=1:N] {S0[i]=S[i];S[i]=S[i]*cr - T[i]*sr;T0[i]= T[i];T[i]=S0[i]*sr+T[i]*cr}; call 'PLOT.gp'"  
bind d "do for [i=1:N] {S0[i]=S[i];S[i]=S[i]*cr+T[i]*sr;T0[i]=T[i];T[i]= - S0[i]*sr+T[i]*cr};call 'PLOT.gp'"  

9.4.3. Usage 

Before running the stereographic projection script in the gnuplot console, we have to set two global 

configuration variables, or provide them as command line parameters: 

N = The number of points in the Tammes set, which is also used in the file name. 

Alg =  The name of the directory containing the result files of the numerical optimizations, 

corresponding to the problem encoding algorithm. 

¢ƘŜ ǎŎǊƛǇǘ ŀƭǎƻ ǳǎŜǎ ŀ ŦƛƭŜ άŜƛƎŜƴΦǘȄǘέ ƛƴ ǘƘŜ ŘƛǊŜŎǘƻǊȅ ƻŦ ǘƘŜ ǎŎǊƛǇǘΦ Lǘ Ŏƻƴǘŀƛƴǎ ǘƘŜ ǎȅƳƳŜǘǊƛŜǎ ŦƻǳƴŘ ŦƻǊ 

the current Tammes set, and the corresponding real eigenvalues, eigenvector pairs. 

10. Results of the Numerical Optimizations 

In this section the results of the numerical optimizations are presented, with numerical data 

(coordinates of the points, sorted by decreasing z, x, y values, so Pҍ1 and P0 appear on the top 

 sortslices(Q,  dims=1,  lt=(x,y) - >x[[3,1,2]]>y[[3,1,2] ])   ) and graphics, to help visualizing the 

spatial structure of the numerical solutions for the Tammes problem, with the number of spherical 

points b Ґ оΧсл. 
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Simple Julia programs can print out the numerical optima, the mini-max distances in the Tammes sets, 

where the cosines of the optimum distances have been put into the array opt[]: 

for i = 3:60  
    a = acos(opt[i])  
    f,d = modf(rad2deg(a))    # fractional degrees, whole degrees  
    f,m = modf(60f)           # fractional minutes, minutes; 60f = seconds  
    println("N = ",i)  
    ʐÐÒÉÎÔÆƽʏÃÏÓƽǯƾ ˮ˧ ʦƚʦʣÆƗ ǯ ˮ˧ ʦƚʮÆ ÒÁÄ ˮ˧ ʨÄ˶˧ʣʧÄ\ '%05.2f \ " \ n\ n",  
             opt[i],a, round(Int,d),round(Int,m),60f)  
end 

Another short Julia program is used to read the coordinates of the points of the Tammes sets from the 

result files, and put them on the clipboard, to be pasted into a document: 

using InteractiveUtils  
 
lss(x::String,y::String) = parse(Int,split(x,[' - ','.'])[2]) < parse(Int,split(y,[' - ','.'])[2])  
 
dir = "D: \ \ Documents\ \ Tammes\ \ MA\ \ "            # directory of th e files  
fls = filter!(t - > startswith(t,"CircPack - "), readdir(dir, sort=false))  
sort!(fls,lt=lss )  
 
for flname in fls  
    println( "N = ", parse(Int,split(flname,[' - ','.'])[2]))  
    fl = open(dir*flname,"r")     
    txt = read(fl,String)                       # read in the whole file  
    close(fl)  
    i0 = findfirst("@", txt)[1] + 12            # the beginning of the coordinates section  
    cds = "      x              y              z \ n" * SubString(txt, i0)  
    clipboard(cds)                              # put the coordinates on the Clipboard  
    pri nt(cds)  
    readavailable(stdin)                        # wait for ENTER  
end 

As discussed in the introductory Section 2.2, we cannot determine the true contact graphs from 

numerical data. In the graphics below those vertices are connected, which are άcloseέ, within 10ҍ5 of the 

cosines of the minimax angular distances. It means, connected points can be slightly farther from each 

other than the minimal distance in the corresponding spherical Tammes point set. 

With smaller tolerances, occasionally, true edges in the Tammes point set would not appear in the 

drawings, making the spatial structures of the points harder to interpret. Nevertheless, the edge-

tolerance can be set to any value in the listed programs, and one can re-plot the graphs to suit specific 

requirements. 
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10.1. Useful Equations for Calculating the Exact Optima 

In the few cases, when the exact solutions for the Tammes problem are known, in the subsequent 

sections we present simple formulae or programs to compute the mini-max distances at arbitrary 

precision. Below some useful equations are listed, with the following notations: 

¶ Á  the minimax Euclidean distance between Tammes points on the sphere 

¶ ‌  the minimax angular distance between Tammes points on the sphere, seen from the origin 

¶ ‰  the spherical angle of the regular triangle of side ‌ 

¶ ‍ȟ ‎  the two adjacent spherical angles of a spherical rhomb of side ‌ 

‏ ¶  the spherical angle of the square of side ‌ 

Á Ѝς ςÃÏÓ‌ 10.1 

ÃÏÓ‰
ÃÏÓ‌

ρ ÃÏÓ‌
Ƞ    ÃÏÓ‌

ÃÏÓ‰

ρ ÃÏÓ‰
 10.2 

ὧέί‌ ÃÏÔ
‍

ς
ẗÃÏÔ
‎

ς
Ƞ    ‎ ςÁÃÏÔÃÏÓ‌ẗÔÁÎ

‍

ς
 10.3 

ÃÏÓ‌
ρ ÃÏÓ‏

ρ ÃÏÓ‏
Ƞ    ÃÏÓ‏

ÃÏÓ‌ ρ

ÃÏÓ‌ ρ
ςÃÏÓ‰ ρ 10.4 

ὃὶὩὥ3ÐÈÅÒÉÃÁÌȤ0ÏÌÙÇÏÎ‌ ‌ Ễ ‌ ὲ ς“ 10.5 

From general spherical trigonometry we take the cosine and sine rules, with the (angular) edge lengths 

denoted by ὥȟὦȟὧ: 

ÃÏÓὧ ÃÏÓὥẗÃÏÓὦ ÓÉÎὥẗÓÉÎὦẗÃÏÓὥὦ᷃  10.6 

ÓÉÎὦὧ᷃

ÓÉÎὥ

ÓÉÎὧὥ᷃

ÓÉÎὦ

ÓÉÎὥὦ᷃

ÓÉÎὧ
 10.7 

From three edges of a spherical quadrilateral and the two angles lying on the middle one of the edges, 

the length of the fourth edge can be computed. (Apply the cosine and sine rules to the triangles on a 

diagonal.) When the angular edge lengths are denoted by ὥȟὦȟὧȟὨ, in circular order, Ὠ is computed as:  

ÃÏÓὨ  ÃÏÓ ὥ  ÃÏÓ ὦ  ÃÏÓ ὧ 
  ÓÉÎὦÓÉÎὥÃÏÓὧÃÏÓὥὦ᷃ ÃÏÓὥÓÉÎὧÃÏÓὦὧ᷃  

ÓÉÎὥÓÉÎὧÓÉÎὥὦ᷃ ÓÉÎὦὧ᷃ ÃÏÓὦÃÏÓὥὦ᷃ ÃÏÓὦὧ᷃  

10.8 

A useful special case is when 3 edges of a quadrilateral are equal to ‌Ȣ Denoting the two angles on the 

middle one of the 3 equal edges by ὼȟώ, from equation 10.8 we get: 

ÃÏÓὨ ÃÏÓ‌ ρ ÃÏÓὼ ρ ÃÏÓώ 
           ÃÏÓ‌ ÓÉÎὼÓÉÎώ 
           ÃÏÓ‌ÃÏÓὼ ÃÏÓώ ÃÏÓὼÃÏÓώ 
           ÓÉÎὼÓÉÎώ 

10.9 
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10.2. Graphic Plots 

We used 4 scripts (interpreted programs) for gnuplot to plot the diagrams, as discussed in Section 9, 

above. 

The plotted diagrams for each N value are arranged in 3x2 tabular form. In the left column 3D images 

are shown. From the top: 

1. straight edge wireframe 

2. circular arc wireframe and 

3. semi-transparent polygonal-face solids. 

In the right column, at position мΧо, stereographic projections of the connection structure of the 

circular arc wireframe drawing are shown (for N > 3). The projection points are chosen corresponding to  

the eigenvectors of symmetries, if any, or as the barycenters of manually selected polygons. 

Note that different problem encodings for the numerical optimizations give different Tammes point 

sets, but the shortest distances are equal (within the given tolerances). In the sequel we used the 

numerical optima of either the 3D or the Marsaglia encoding, whichever appear to be more symmetric. 
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10.3. N = 3 

Ŏƻǎόʰύ ҐҍлΦрлллллллллΣ ʰ Ґ нΦлфпофрмлн ǊŀŘ Ґ 120°00'00.00" 

ÃÏÓ‌  is exact. (The contact graph is a regular triangle on a great circle [28].) 

      x              y              z  

 0.000000000    0.000000000    1.000000 000 

 0.866025404    0.000000000   - 0.500000000  

- 0.866025404    0.000000 000   - 0.500000000  
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10.4. N = 4 

Ŏƻǎόʰύ ҐҍлΦооооооооооΣ ʰ Ґ мΦфмлсоонос ǊŀŘ Ґ млфϲнуϥмсΦофϦ.  ÃÏÓ‌   is exact. 

The contact graph is a regular tetrahedron [28]. Apply equation 10.2 with ‰ ρςπЈȟÃÏÓ‰ πȢυ. 

      x              y              z 

 0.000000000    0.000000000    1.000000000  

 0.942809042    0.000000000   - 0.333333333  

- 0.471404521    0.816496581   - 0.333333333  

- 0.4 71404521   - 0.816496581   - 0.333333333  
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10.5. N = 5 
Ŏƻǎόʰύ Ґ лΦллллллллллΣ ʰ Ґ мΦртлтфсонт ǊŀŘ Ґ 90°00'00.00" 

ÃÏÓ‌ π is exact. (5 of the 6 vertices of a regular octahedron [29]. Eq. 10.2 with ‰ ωπЈ) 
      x              y              z  
 0.000000000    0.000000000    1.000000000  
 1.000000000    0.000000000    0.000000000  
- 1.000000000    0.000000000    0.000000000  
 0.000000000    1.000000000    0.000000000  
 0.000000000    0.000000000   - 1.00000 0000 
 

  

  

 

The Tammes set is numerically ill-defined: 

Slightly moving a vertex from the equator toward 
the south pole (on the surface of the sphere) 
causes very little violation of the constraints (still 
remaining within the tolerances), but cuts edges of 
the contact graph: gradient = 0. 
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10.6. N = 6 

Ŏƻǎόʰύ Ґ лΦллллллллллΣ ʰ Ґ мΦртлтфсонт ǊŀŘ Ґ 90°00'00.00". ÃÏÓ‌ π is exact. 

The contact graph is a regular octahedron [28]. Apply eq. 10.2 with ‰ ωπЈ. 
      x              y              z  
 0.000000 000    0.000000000    1.0000 00000 
 1.000000000    0.000000000    0.000000000  
 0.000000000    1.000000000    0.000000000  
- 1.000000000    0.000000000    0.000000000  
 0.000000000   - 1.000000000    0.000000000  
 0.000000000    0.000000000   - 1.000000000  
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10.7. N = 7 

Ŏƻǎόʰύ Ґ лΦнмлмоуомнтΣ ʰ Ґ мΦорфлтфуфу ǊŀŘ Ґ ттϲрнϥмлΦорϦ 

See the exact solution in [29], showing mirror symmetry over a plane. 

It is easy to calculate the angle  of a regulŀǊ ǘǊƛŀƴƎƭŜ ƻŦ ǎƛŘŜ ʰ as shown on the figure below. Around 

vertex ὅ we get σ‰ ‍ σφπЈ, and the angles at the opposite vertices ὃ and ὄ of the outside rhomb 

are equal: ς‍ σ‰. Eliminating ‍ gives: 

‰
τʌ

ω
ψπϲȠ  ÃÏÓ‌

ÃÏÓ‰

ρ ÃÏÓ‰
лΦнмл моу омн тол сло му 

      x              y              z 
 0.000000000    0.000000000    1.000000000  
 0.977671668    0.000000000    0.210138313  
 0.169770903    0.962818638    0.210138313  
- 0.918710852   - 0.334383404    0.210138313  
 0.169770903   - 0.962818638    0.210138313  
- 0.555883600    0.466441724   - 0.68805 9257 
 0.398502623   - 0.334383404   - 0.854039460  
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10.8. N = 8 

Ŏƻǎόʰύ Ґ лΦнсмнлоутпфΣ ʰ Ґ мΦолсрнтмсн ǊŀŘ Ґ тпϲрмϥолΦртϦ 

See the exact solution in [29], showing mirror symmetry over a plane and 90° rotational symmetry. Due 

to the 90° rotational symmetry the two rhombs of the contact graph are squares and so σ‰ ‏ σφπЈ. 

Taking the cosines and applying equation 10.4, we get 

ÃÏÓ‏ ςÃÏÓ‰ ρ ÃÏÓσ‰ τÃÏÓ‰ σÃÏÓ‰ 

ςÃÏÓ‰ ρ τÃÏÓ‰ σÃÏÓ‰ is a cubic equation for ÃÏÓ‰. It has a root = 1, so we get the positive 

ÃÏÓ‰
Ѝς ρ

ς
Ƞ  ÃÏÓ‌

Ѝς ρ

σ Ѝς

ςЍς ρ

χ
лΦнсм нло утп фсо тпм ро 

      x              y              z  
 0.000000000    0.000000000    1.000000000  
 0.965283656    0.000000000    0.261203875  
 0.199916791    0.944354707     0.261203875  
- 0.882475409    0.391164527    0.261203875  
 0.199916791   - 0.944354707    0.261203875  
- 0.682558619   - 0.553190180   - 0.477592250  
- 0.282725037    0.553190180   - 0.783611625  
 0.482641828   - 0.391164527   - 0.783611625  
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10.9. N = 9 

cos(h ύ Ґ лΦооооооооооΣ ʰ Ґ мΦнолфрфпмт ǊŀŘ Ґ 70°31'43.61" 

ÃÏÓ‌   is exact. See the exact solution in [29], showing mirror symmetry over a plane, and 180° 

rotational symmetry around a line. 

The contact graph has 3 rhombical faces, each with an angle ‍ σφπЈσ‰. Therefore, their other 

angles are also equal, ‎ ρψπЈ‰. 

ÃÏÓ‌ can be expressed in two ways, using the identities 10.2 and 10.3. It results in an equation for 

‪ ‰Ⱦς after applying some basic trigonometric reductions: 

ÃÏÓ‌
ÃÏÓ‰

ρ ÃÏÓ‰

ÃÏÔ‪ ρ

ς
ÃÏÔ
σ‰

ς
ȾÃÏÔ

‰

ς

ÃÏÔ‪ σ

ρ σÃÏÔ‪
 

The 3rd and 5th terms provide a quadratic equation in ÃÏÔ‪: , having the root 

ÃÏÔ‪ υȾσ. From that we get ÃÏÓ‰  when π ‰ ωπЈ, giving the exact value ÃÏÓ‌ .  

      x              y              z  
 0.000000000    0.000000000    1.000000000  
 0.942809042    0.0000 00000    0.333333333  
 0.235702260    0.912870929    0.333333333  
- 0.824957911    0.456435465    0.333333333  
 0.235702260   - 0.912870929    0.333333333  
- 0. 785674201   - 0.608580619   - 0.111111111  
 0.589255651    0.456435465   - 0.666666667  
- 0.549971941    0.30 4290310   - 0.777777778  
 0.157134840   - 0.608580619   - 0.777777778  
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10.10. N = 10 

Ŏƻǎόʰύ Ґ лΦплпофпонрнΣ ʰ Ґ мΦмрпптфуоо ǊŀŘ Ґ 66°08'48.56" 

The exact ǎƻƭǳǘƛƻƴ ƻŦ ǘƘŜ ¢ŀƳƳŜǎҍмл ǇǊƻōƭŜƳ is presented, e.g. in [4], showing only one mirror 

symmetry over a plane. The mini-max distance can be calculated following the steps in that paper, 

where a cubic equation is derived for ὼ ÃÏÓ‰, for the angles of side-  hregular triangles: 

ψὼ σὼ υὼ ρ π 

¢Ƙƛǎ Ŝǉǳŀǘƛƻƴ Ƙŀǎ о ǊŜŀƭ ǊƻƻǘǎΣ ŀǇǇǊƻȄƛƳŀǘŜƭȅΥ ҍ1.069024413, 0.2879492732 and 0.4060751403. In the 

interval [0, 0.31] ὼ лΦнут фпф нто муу снс оп. 

The cubic equation can be solved exactly, even though resulting in a complicated expression: 

ό
ρ

σ
ÁÔÁÎ

τẗЍφψχ

τχχ
Ƞ  ὼ

ЍρςωÃÏÓό σЍτσÓÉÎό σ

ςτ
  

Converting to our standard measure for edge length: 

ÃÏÓ‌
ὼ

ρ ὼ
лΦплп офп онр нмс нрл тп 

      x              y              z  
 0.000000000    0.000000000    1.000000000  
 0.914584731    0.000000000    0.404394325  
 0.101026934    0.908987782    0.404394325  
- 0.841397575    0.358490376    0.4 04394325 
 0.263354009   - 0.87 5848101    0.404394325  
- 0.744490792   - 0.666330505    0.041678755  
 0.654028153    0.585365077   - 0.479160623  
- 0.426378376    0.729938829   - 0.534219792  
 0.678373208   - 0.504399648   - 0.534219792  
- 0.329471593   - 0.294882053   - 0.896935363  
 



L. Hars: Numerical Solutions of the Tammes Problem  78/180 
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10.11. N = 11 

Ŏƻǎόʰύ Ґ лΦпптнморфррΣ ʰ Ґ мΦмлтмпутму ǊŀŘ Ґ соϲнсϥлрΦунϦ 

ÃÏÓ‌
Ѝ

 is exact. 

The Tammes set consists of 11 of the 12 vertices of a regular icosahedron [8], showing mirror symmetry 

to various planes, and 72° rotational symmetry around a line going through the place of the dropped 

vertex. 

Five regular triangles meet at the topmost vertex: υ‰ σφπЈ, ÃÏÓ‰
Ѝ

, resulting in ÃÏÓ‌
Ѝ

. 

      x              y              z  
 0.000000000    0.000000000    1.00 0000000 
 0.894427191    0.000000000    0.447213595  
 0.276393202    0.850650808    0.447213595  
- 0.723606798   - 0.525731112    0.447213595  
 0.276393202   - 0.850650808    0.447213595  
- 0.276393202    0.850650808   - 0.447213595  
 0.723606798    0.525731112   - 0. 447213595 
- 0.894427191    0.000000000   - 0.447213595  
 0.723606798   - 0.525731112   - 0.447213596  
- 0.276393202   - 0.850650808   - 0.447213596  
 0.000000000    0.000000000   - 1.000000000  
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10.12. N = 12 

Ŏƻǎόʰύ Ґ лΦпптнморфррΣ ʰ Ґ мΦмлтмпутму ǊŀŘ Ґ соϲнсϥл5.82" 

ÃÏÓ‌
Ѝ

 is exact. 

The Tammes set consists of the vertices of a highly symmetric, regular icosahedron [28]. 

Five regular triangles meet at every vertex: υ‰ σφπЈ, ÃÏÓ‰
Ѝ

, resulting in ÃÏÓ‌
Ѝ

. 

      x              y              z  
 0.000000000    0.000000000    1.000000000  
 0.894427191    0.000000000    0.447213595  
 0.276393202    0.850650808    0.447213596  
- 0.723606798    0.525731112    0.4 47213596 
- 0.723606798   - 0.525731112    0.447213595  
 0.276393202   - 0.850650808    0.447213595  
- 0.276393202    0.850650808   - 0.447213595  
 0.723606798    0.525731112   - 0.447213595  
- 0.894427191    0.000000000   - 0.447213596  
 0.723606798   - 0.525731112   - 0.447213596  
- 0.276393202   - 0.850650808   - 0.447213596  
 0.000000000    0.000000000   - 1.000000000  
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10.13. N = 13 

Ŏƻǎόʰύ Ґ лΦрпнсоспусуΣ ʰ Ґ лΦффтннорфн ǊŀŘ Ґ ртϲлуϥмнΦмоϦ 

The contact graph shows mirror symmetry to a plane, and also 90° rotational symmetry around a line. 

An equation for the exact  value is derived in [33], based on a similar reasoning as in Section10.9: 

ςÔÁÎ
σ“

ψ

‰

τ

ρ ςÃÏÓ‰

ÃÏÓ‰
 

This equation can be turned to a polynomial equation of the variable ὼ ÔÁÎ, but it is of too high 

degree (deg = 18), so general exact polynomial solving ǘŜŎƘƴƛǉǳŜǎ ŘƻƴΩǘ ǿƻǊƪ. Nevertheless, numerical 

root finding methods yield ‰ at any desired accuracy. With 64-bit floating point numbers we get: 

‰ мΦнмм опс спм унм онн м. With the equation 10.2 we get h : 

  ÃÏÓ‌
ÃÏÓ‰

ρ ÃÏÓ‰
лΦрпн сос пус унф соу у 

matching the result of the numerical optimizations. 

The Julia programming language supports arbitrary precision floating point numbers. The simple loop 

below (bisection search) finds e.g. the 256-bit approximate solution for ‰ in less than a second. 

setprecision(256)  
f( x::BigFloat) = 2tan(3pi/8 - x/4)*cos( x)^2 - 1+2cos( x)  
 
x,y = BigFloat.((1.0,1.5))  
while x < prevfloat(y)  
    global x, y, z  
    z = (x+y)/2  
    f(z) > 0 ? x = z : y = z  
end 
println(" cos( ǯ)  = ",co s(z)/(1 - cos(z)))  

cos(h ) = 0.5426364868296384808038651497671948295976178527426098550749662427290855371307915 

For finding arbitrary precision solution with a symbolic mathematics system (e.g. Maple, Mathematica 

or Sage) a single command suffices. E.g. for 50 ŘƛƎƛǘǎ ǇǊŜŎƛǎƛƻƴ ǘƘŜ ŎƻƳƳŀƴŘ ƛƴ ²ƻƭŦǊŀƳΩǎ aŀǘƘŜƳŀǘƛŎŀΥ 

&ÉÎÄ2ÏÏÔǁʧ 4ÁÎǁʨȀƳʭ ˪ ØƳʩǂ ˮˮ ƽʦ ˪ ʧ #ÏÓǁØǂƾƳ#ÏÓǁØǂʉʧƗ ǅØƗ ʦƚʧʦʦǆƗ 7ÏÒËÉÎÇ0ÒÅÃÉÓÉÏÎ - > 50]  

 

      x              y              z  
 0.000000000    0.000000000    1.000000000  
 0.839967644    0.000000000     0.542636487  
 0.000000000    0.839967644    0.542636487  
- 0.839967644    0.000000000    0.542636487  
 0.000000000   - 0.839967644    0.542636487  
 0.704230457    0.704230457   - 0.090105092  
- 0.704230457    0.704230457   - 0.09010509 2 
 0.704230457   - 0.7042304 57   - 0.090105092  
- 0.704230457   - 0.704230457   - 0.090105092  
 0.000000000    0.676286561   - 0.736638641  
 0.676286561    0.000000000   - 0.736638641  
- 0.676286561    0.000000000   - 0.736638641  
 0.000000000   - 0.676286561   - 0.736638641  
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10.14. N = 14 

Ŏƻǎόʰύ Ґ лΦрсофрлоллоΣ ʰ Ґ лΦфтмсоптпо ǊŀŘ Ґ ррϲплϥмпΦлрϦ 

The exact solution for the Tammes problem for N = 14 can be found in [32], which shows mirror 

symmetry to a plane. In that paper the ŀǇǇǊƻȄƛƳŀǘŜ ǾŀƭǳŜ ƻŦ ʰ Ғ 55.67057° = 0.971634743 radians is 

given, which matches our numerical optimum. 

Again, a simple, always convergent one-variable bisection loop can find arbitrary precision solutions. 

Below the Julia function f( x)  returns the difference of the values of the spherical angle ὼ computed in 

two ways, according to  Figure 5. The input is x (= ), the angle of a regular spherical trƛŀƴƎƭŜ ƻŦ ǎƛŘŜ ʰΦ 

g(c::Float64,x::Float64) = 2acot(c*tan(x/2))  
 

function f(x::Float64)  
    c = cos(x)/(1 - cos(x))  
    x1 = pi -  x 
    x2 = g(c,x1)  
    x3 = 2pi -  2x -  x2 
    x4 = g(c,x3)  
    x5 = 2pi -  x -  2x4 
    return 2pi -  2x -  x3 -  g(c,x5)  
end 
 

x = 1.2 018; y = 1.2019  
while x < prevfloat(y)  
    global x, y , z  
    z = (x+y)/2  
    f(z) > 0 ? x = z : y = z  
end 
println(" Ȇ = ", ÚƗ ʏ ÃÏÓƽǯƾ ˮ ʏƗÃÏÓƽÚƾƳƽʦ- cos(z)))  

The function g(c,x) computes the angle ‎ from the other angle x (= ‍) of a rhomb, according to the 

identity 10.3, using the parameter ὧ ÃÏÓ‌, the angular length of the side of the rhomb. 

The Julia program above computes the optimum angle, written verbosely for easy comprehension. 

The optimum  Ғ 1.201 892 211 065 794 4 computed with 64-bit floating point numbers, resulting in 

ÃÏÓ‌  0.563 950 300 360 505 6 according to the identity 10.2. 

Here again one can use BigFloat variables for arbitrary precision results (see Section 10.13). 

      x              y              z  
 0.000000000    0.000000000    1.000000000  
 0.82 5808730    0.000000000    0.563950300  
 0.297781254    0.770250858    0.563950300  
- 0.813208532   - 0.143707834    0.563950300  
 0.297781254   - 0.770250858    0.563950300  
- 0.602317030    0.732164456    0.318039941  
- 0.489941075   - 0.868766405    0.072129582  
 0. 602317030    0.732164456   - 0.318039941  
- 0.938184685    0.136601949   - 0.318039941  
 0.924324277   - 0.143707834   - 0.353514764  
 0.335867655   - 0.868766405   - 0.363920117  
- 0.297781254    0.770250858   - 0.563950300  
- 0.408896999   - 0.482835190   - 0.774385837  
 0.266449375    0.136601949   - 0.954119824  

 

 Figure 5. Angles in the Tammes graph for N = 14 
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10.15. N = 15 

Ŏƻǎόʰύ Ґ лΦрфнслрфлнфΣ ʰ Ґ лΦфосрлсмрп ǊŀŘ Ґ роϲофϥнуΦнсϦ 

The numerical optimum for N = 15 is an interesting Tammes set. It shows a 120° rotational symmetry, 

(may not be true in the exact solution). 

 

Figure 6. Angles in the Tammes graph for N = 15 

Assuming the contact graph is 

what Figure 6 shows, we can 

compute ‌ at arbitrary precision 

with a bisection root-finding loop: 

seek ‰ (and the corresponding ‌) 

that states the equality of the 

values of the arc BC computed in 

two ways: 

One computation is based on 

equation 10.9 in the quadrangle 

with vertices B, C and the vertices 

at angles x and y, the other uses 

equation 10.6 in the ABC triangle. 

The optimum we found is 

 Ғ 1.189 527 730 614 086 3Χ 

It is computed with 64-bit floating 

point numbers, resulting in 

ÃÏÓ‌  0.592 605 902 925 073 3 according to the identity 10.2. 

¢Ƙƛǎ ǾŀƭǳŜ ƳŀǘŎƘŜǎ ǘƘŜ ƴǳƳŜǊƛŎŀƭ ƻǇǘƛƳǳƳ ŦƻǳƴŘ ŦƻǊ ǘƘŜ ¢ŀƳƳŜǎҍмр ǇǊƻōƭŜƳΦ 

      x             y             z  
 

 0.000000000    0. 000000000    1.000000000  

 0.805492547    0.000000000    0.592605903  

 0.299722384    0.747652818    0.592605903  

- 0.795297713   - 0.127748939    0.592605903  

- 0.290971865   - 0.857303406    0.424695472  

- 0.577372394    0.722221963    0.380836652  

 0.582440186   - 0.785725200    0.208325084  

 0.822497130    0.556400642   - 0.117969472  

- 0.825402647   - 0.519992338   - 0.219814557  

 0.029659335    0.970472075   - 0.239383113  

- 0.035504338   - 0.897229791   - 0.440134234  

- 0.707328549    0.512044232   - 0.487336668  

 0.831336355   - 0.267175667   - 0.48733666 8 

 0.334449510    0.388640579   - 0.858546461  

- 0.349712136   - 0.197388402   - 0.915827080  

r(c::Float64,b::Float64) = 2acot(c*tan(b/2))  
 

ÆÕÎÃÔÉÏÎ ÆƽÐƙƙ&ÌÏÁÔʫʩƾ        ʢ Ȇ 
    c = cos(p)/(1 -ÃÏÓƽÐƾƾ     ʢ ÃÏÓƽǯƾ 
    b = 2pi -  ʩÐ              ʢ ǰ 
    Ç ˮ ÒƽÃƗÂƾ                ʢ ǲ 
 

    x = 2pi -  2p -  g 
    y = 2pi -  p -  g 
 

    sx,cx = sincos(x)  
    sy,cy = sincos(y)  
    u = ((c*(1 - cx)*(1 - cy) -  sx*sy)*c + cx+cy - cx*cy)*c + sx*sy  
 

    z = 2pi -  3p 
    v = c^2 +(1 - c^2)*cos(z)  
 

    return u -  v              # p < p0: f(p) < 0  
end 
 

x = 1.189; y = 1.19  
while x < prevfloat(y)  
    global x, y, z  
    z = (x+y)/2  
    f(z) > 0 ? y = z : x = z  
end 
println(" Ȇ = ",z, " c ÏÓƽǯƾ ˮ ʏƗÃÏÓƽÚƾƳƽʦ- cos(z)))  



L. Hars: Numerical Solutions of the Tammes Problem  88/180 

 
 

 
 

 

 



L. Hars: Numerical Solutions of the Tammes Problem  89/180 

10.16. N = 16 

Ŏƻǎόʰύ Ґ лΦсмннфпсмсрΣ ʰ Ґ лΦфммуостнн ǊŀŘ Ґ рнϲмпϥофΦун" 

The contact graph shows mirror symmetry, and also rotational symmetry at 90°. 

      x              y              z  
 0.000000000    0.000000000    1.000000000  
 0.790629687    0.000000000    0.612294616  
 0.300254244   - 0.731397766    0.612294617  
- 0.403937 548    0.679654147    0.612294616  
- 0.782137956   - 0.115566085    0.612294616  
 0.448622671    0.788503897    0.420712852  
- 0.481883712   - 0.846963851    0.224589233  
- 0.772120503    0.608130974   - 0.18440891 3 
 0.917252682   - 0.353045139   - 0.184408913  
 0.2588 05369   - 0.934739982   - 0.243476790  
- 0.935761866   - 0.255085834   - 0.243476791  
 0.028630044    0.940658245   - 0.338145511  
 0.793996909    0.505199488   - 0.338145511  
- 0.303490492   - 0.533418063   - 0.789530 678 
- 0.312113197    0.341764363   - 0.886443722  
 0.45 3253668   - 0.093694395   - 0.886443722   

Figure 7. Angles in the contact graph for N = 16 

The found numerically optimal contact graph is 90° rotational symmetric, which makes the inner and 

outer rhombs to squares, as seen in the chosen stereographic projection. This allows us to express the 

angle ώ in two different ways, and the corresponding equations can be solved for ‰ at any precision by 

bisection search, as before. (With some trigonometric reductions, the equations can be turned to a high 

degree polynomial equation, but we could not find a simple closed form expression for the solution.) 

ὼ ς“ ς‰  ‏

ώ “ ‰Ⱦς ὼȾς 

Equation 10.4 states that: ‏ ÁÃÏÓςÃÏÓ‰ ρ, while the equations 10.2 and 10.3 give: 

ώ ςÁÃÏÔ 
ÃÏÓ‰

ρ ÃÏÓ‰
ẗÔÁÎ

ὼ

ς
 

r(c::Float64,b::Float64) = 2acot(c*tan(b/2))  
 

ÆÕÎÃÔÉÏÎ ÆƽÐƙƙ&ÌÏÁÔʫʩƾ        ʢ Ȇ ˱ Ȇʣƙ ÆƽȆƾ ˱ ʣ 
    c = cos(p)/(1 -ÃÏÓƽÐƾƾ     ʢ ÃÏÓƽǯƾ 
    d = acos(2cos(p) - 1)  
    x = 2pi -  2p -  d 
    return r(c,x) Ƶ pi + (p+x)/2  
end 
 

x = 1.0; y = 1.5  
while x < prevfloat(y)  
    global x, y, z  
    z = (x+y)/2  
    f(z) > 0 ? y = z : x = z  
end 
ÐÒÉÎÔÌÎƽʏȆ ˮ ʏƗÚƗ ʏ ÃÏÓƽǯƾ ˮ ʏƗÃÏÓƽÚƾƳƽʦ- cos(z)))  

The results are ˒  Ғ 1.181 253 034 639 236, and cos(h ) Ғ 0.612 294 616 482 696 5, matching the 

numerical optimum. 
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10.17. N = 17 

Ŏƻǎόʰύ Ґ лΦснулфппмрлΣ ʰ Ґ лΦуфмсфпппф ǊŀŘ Ґ рмϲлрϥнрΦмуϦ 

The contact graph shows mirror-, and 180° rotational symmetry. 

      x              y              z  
 0.000000000    0.000000000    1.000000000  
 0.778137138    0. 000000000    0.628094415  
 0.217618215    0.747087490    0.628094415  
- 0.684650038    0.369799582    0.628094415  
- 0.546516726   - 0.553910529    0.628094415  
 0.300193641   - 0.717900539    0.628094415  
- 0.385521583    0.921958743    0.036948410  
 0.799862662    0.600114663    0.009061651  
- 0.988962120   - 0.147891217    0.009061651  
 0.832007694   - 0.553910529   - 0.030762367  
- 0.190055506   - 0.981291283   - 0.030762367  
 0.200362132    0.788354692   - 0.581680234  
- 0.701906121    0.411066785   - 0.581680235  
 0.759927265    0.043548150   - 0.648547693  
- 0.564726599   - 0.510362379   - 0.648547693  
 0.281480333   - 0.673148445   - 0.683842082  
- 0.028488819    0.068129820    - 0.997269630  
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10.18. N = 18 

Ŏƻǎόʰύ Ґ лΦспусфруоннΣ ʰ Ґ лΦуспфнстфн ǊŀŘ Ґ пфϲооϥноΦфсϦ 

The contact graph is symmetric to a line, which goes through the midpoint of an edge. Lǘ ƛǎ άŀƭƳƻǎǘέ 

symmetric to a diagonal line of a couple of rhombic faces, but the symmetricity error is too large to be 

the consequence of rounding issues, or due to tolerances in the numerical optimizations: 

dist(12, 5) = 0.6486958  
dist(13,17) = 0.6364533  

όLƴ ǘƘŜ άŘƛǎǘέ ŦǳƴŎǘƛƻƴ ǘƘŜ ƻǊƛƎƛƴŀƭΣ ǳƴǎƻǊǘŜŘ ǾŜǊǘŜȄ ƴǳƳōŜǊƛƴƎ ƛǎ used.) 

      x              y              z  
 0.000000000    0.000000000    1.000000000  
 0.761047776    0.000000000    0 .648695832  
 0.299441844    0.699662990    0.648695832  
- 0.761032025    0.004896306    0.648695832  
 0.299441844   - 0.699662990    0.648695832  
- 0.503459794   - 0.757787115    0.415074600  
- 0.500576460    0.764066942    0.406970411  
 0.834520453    0.550578775    0.020943401  
 0.842602910   - 0.538413392    0.011461091  
 0.131289794    0.983840204   - 0.12174335 1 
 0.144373347   - 0.981555674   - 0.125318774  
- 0.987376784   - 0.004297648   - 0.158330721  
- 0.587178010   - 0.694073336   - 0.416514332  
- 0.592214914    0.686090105   - 0.422565810  
 0.785456581    0.011217909   - 0.618815091  
 0.165381539    0.534738404   - 0.828675 923 
 0.179785111   - 0.528514738   - 0.829668299  
- 0.473311610   - 0.005589653   - 0.880877333  
 



L. Hars: Numerical Solutions of the Tammes Problem  94/180 

  

  

 

 



L. Hars: Numerical Solutions of the Tammes Problem  95/180 

10.19. N = 19 

Ŏƻǎόʰύ Ґ лΦстоммсуутрΣ ʰ Ґ лΦуоноулфну ǊŀŘ Ґ пт°41'30.89" 

The contact graph shows mirror symmetry, and 19 is the smallest N, where one of the Tammes points 

can be isolated. 

      x              y              z  
 0.000000000    0.000000000    1.000000000  
 0.739536108    0.000000000    0.673116888  
- 0.297 070317   - 0.680084047    0.670249891  
 0.310258107    0.685048113    0.659127446  
- 0.754481463   - 0.013493182    0.656182640  
- 0.479187990    0.728329187    0.489811664  
 0.483695179   - 0.739239422    0.468576622  
 0.873875849    0.484509414    0.039895215  
- 0.7 92553227   - 0.608780963    0.03528628 5 
 0.947670864   - 0.316581775   - 0.041181459  
- 0.086782492   - 0.995253263   - 0.044042501  
 0.238851255    0.966343631   - 0.095551372  
- 0.981162762    0.165931778   - 0.098925629  
- 0.520006542    0.793939162   - 0.315045716  
 0.454996400   - 0.691153348   - 0.561502 739 
 0.700994851    0.064577584   - 0.710236548  
- 0.335611574   - 0.615506463   - 0.713103545  
 0.096153421    0.593805332   - 0.798842755  
- 0.579894605    0.150272024   - 0.800712536  
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10.20. N = 20 

Ŏƻǎόʰύ Ґ лΦстспттмоумΣ ʰ Ґ лΦунтунттрл ǊŀŘ Ґ 47°25'51.73" 

The contact graph shows mirror symmetry, and contains 2 (antipodal) points, which can be isolated. The 

graph also exhibits 120° rotational symmetry, around the line going through the isolated points. 

      x              y              z  
 0.00 0000000    0.000000000    1.000000000  

 0.736463632    0.000000000    0.676477138  

 0.297171252    0.673845627    0.676477138  

- 0.496639833    0.543808383    0.676477138  

- 0.613631780   - 0.407228093    0.676477138  

 0.297171252   - 0.673 845627    0.676477138  

- 0. 975075593    0.128178363    0.181101893  

- 0.276173862   - 0.943890938    0.181101893  

 0.834166303    0.543808383    0.091864143  

 0.176550896    0.982673824   - 0.056408663  

 0.970361981   - 0.234980186   - 0.056408663  

- 0.604627337    0.7 92391376   - 0.080880715  

 0.481044256   - 0.872957464   - 0.080880716  

- 0.810317513   - 0.528260917   - 0.253625574  

- 0.778215509    0.199111837   - 0.595596423  

- 0.131836295   - 0.792391376   - 0.595596423  

 0.617658410    0.409852301   - 0.671207256  

- 0.140909290    0 .671986746   - 0.727033964  

 0.557992441   - 0.400082554   - 0.727033964  

- 0.137126784   - 0.089395477   - 0.986511375  
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10.21. N = 21 

Ŏƻǎόʰύ Ґ лΦсффпфупоммΣ ʰ Ґ лΦтфсмллфнс ǊŀŘ Ґ прϲосϥптΦслϦ 

This is the smallest Tammes problem, where no symmetry is present in the numerical solution. 

      x              y              z  
 0.000000000    0.000000000    1.000000000  
 0.714634134    0.000000 000    0.699498431  
 0.214200767    0.681777072    0.699498431  
- 0.594556119    0.396490815    0.699498431  
- 0.606063295   - 0.378667700    0.699498431  
 0.095655601   - 0.708203326    0.699498431  
 0.727755168   - 0.636067087    0.256497712  
- 0.325999096    0.9241 73550    0.199067423  
 0.791194769    0.580747400    0.191685409  
- 0.436415360   - 0.888658540    0.14081063 0 
- 0.947001002   - 0.321181347    0.005625289  
- 0.891766478    0.450786724   - 0.039292221  
 0.977831034   - 0.061639058   - 0.200117706  
 0.229103010   - 0.93 9816865   - 0.253487813  
 0.279980311    0.916912468   - 0.284398577  
- 0.402520985    0.704494077   - 0.584521 130 
- 0.411233624   - 0.681164041   - 0.605724735  
- 0.747629979    0.014860771   - 0.663949224  
 0.589841903    0.358315481   - 0.723668809  
 0.539237546   - 0. 415222638   - 0.732675255  
- 0.048392925    0.014794099   - 0.998718809  
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10.22. N = 22 

Ŏƻǎόʰύ Ґ лΦтмлолснрусΣ ʰ Ґ лΦтулусомнл ǊŀŘ Ґ ппϲппϥнпΦруϦ 

The contact graph looks highly asymmetric, irregular, but not by much. Some deformations could make 

it look symmetric. 

      x              y              z  
 0.000000000    0.000000000    1.00000000 0 
 0.703892761    0.000000000    0.710306259  
 0.259534424    0.654298787    0.710306259  
- 0.487415581    0.507829766    0.710306259  
- 0.561831550   - 0.424040480    0.710306259  
 0.205061594   - 0.673360796    0.710306259  
 0.783122356   - 0.580143425    0.223948 612 
- 0.302611997   - 0.930814903    0.204962425  
- 0.189282371    0.965285813    0.179987452  
- 0.949395181    0.274840474    0.152024680  
 0.618751330    0.783873767    0.051852751  
- 0.881396564   - 0.471904599    0.021122168  
 0.992431926    0.121678537     0.0165 28941 
 0.279829039   - 0.916806626   - 0.284888257  
- 0.621028570    0.666929336   - 0.411738724  
 0.110480574    0.852714150   - 0.510561084  
 0.770915991   - 0.380809552   - 0.510561084  
- 0.421628210   - 0.741084697   - 0.522516147  
- 0.794439429   - 0.0484791 87   - 0.60 5405453 
 0.681547559    0.364904335   - 0.634300994  
 0.125582257   - 0.385353445   - 0.914183690  
- 0.202404348    0.301306601   - 0.931797624  
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10.23. N = 23 

Ŏƻǎόʰύ Ґ лΦтннупсфупфΣ ʰ Ґ лΦтснуунтфм ǊŀŘ Ґ поϲпнϥорΦутϦ 

The contact graph looks highly asymmetric, irregular. (The outside quadrilaterals on the 2nd and 3rd 

stereographic images below are not squares, even though their angles are close to be equal!) 

      x              y              z  
 0.000000000    0.000000000    1.000000000  
 0.691008131    0.000000000    0.722846985  
 0.288771880    0.627776264    0.722846985  
- 0.666029031   - 0.184112918    0.722846985  
- 0.112318818   - 0.681818685    0.722846985  
 0. 579009486   - 0.682195918    0.446493835  
- 0.740823908    0.502739964    0.445457592  
- 0.181834644    0.952128221    0.245739725  
 0.822543385    0.527029749    0.213686744  
- 0.652681088   - 0.727165454    0.212691795  
 0.024523684   - 0.997730404    0.062710677  
- 0.99 4584431   - 0.083093161    0.062428642  
 0.980826958   - 0.184628921    0.062375003  
 0.396340323    0.870854365   - 0.290735316  
 0.618762090   - 0.727859235   - 0.295557796  
- 0.323691026    0.819450968   - 0.472994957  
- 0.716300224   - 0.494990441   - 0.491831731  
 0. 819407260    0.292550571   - 0.492936006  
- 0.782974923    0.242077699   - 0.573017153  
- 0.039208580   - 0.765799497   - 0.641883024  
 0.462446173   - 0.255179770   - 0.849132983  
 0.197627858    0.449219166   - 0.871289487  
- 0.263503523   - 0.129133711   - 0.955976139  
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10.24. N = 24 

Ŏƻǎόʰύ Ґ лΦтнолтупсуоΣ ʰ Ґ лΦтснрпттоф ǊŀŘ Ґ поϲпмϥнсΦтсϦ 

The exact solution is presented in [30]. The points are the vertices of one of the 4 Archimedean solids of 

24 vertices, the so-called Snub Cube. At each vertex 4 regular triangles and a square face meet. (There 

are 13 Archimedean solids, which are convex polyhedra that have the same arrangement of regular 

polygon faces of two or more different types about each vertex, with all sides the same length.) 

The edge length of the Snub Cube with vertices on the unit sphere is well known (and can also be 

computed by solving the equation ψÃÏÓ‰ ψÃÏÓ‰ ρ ÃÏÓτ‰ ÃÏÓ‏ ςÃÏÓ‰ ρ):  

ὥ ς πȢχττ ςπφ σσρ ρφτ υπχ ω. 

It is expressed with the Tribonacci Constant, the sole real root of the equation ὼ ὼ ὼ ρ π: 

 ὸ ρ ρω σЍσσ ρω σЍσσ  ρȢψσω ςψφ χυυ ςρτ ρφρ 

These give the exact formula 

ÃÏÓ‌
ὸ ρ

σ ὸ
πȢχςσ πχψ τφψ σςχ σσρ υ 

We can see both 90° and 120° rotational symmetry (around different axes). 

      x              y              z  
 0.000000000    0.000000000    1.000000000  
 0.690765900    0. 000000000    0.723078468  
 0.289875335    0.627000653    0.723078468  
- 0.447477370    0.526233343    0.723078468  
- 0.447477370   - 0.526233343    0.723078468  
 0.289875335   - 0.627000653    0.723078468  
- 0.894954741    0.000000000    0.446156937  
- 0.132273300    0.967894019    0.213740363  
 0.823039201   - 0.526233343    0.213740363  
- 0.132273301   - 0.967894019    0.213740363  
 0.579750671    0.812340630    0.063181169  
- 0.776452395    0.627000653    0.063181169  
 0.980641235    0.185339977    0.063181169  
- 0.776452395   - 0.627000653    0.063181169  
- 0.955312501    0.000000000   - 0.295597742  
 0.400890565   - 0.867126709   - 0.295597742  
 0.085686495    0.867126709    - 0.490661895  
 0.823039200   - 0.286107287   - 0.490661895  
- 0.315204070   - 0.812340630   - 0.490661895  
 0.690765900     0.441660675   - 0.572519274  
- 0.558492599    0.526233343   - 0.641221089  
- 0.494064176   - 0.185339977   - 0.849440806  
 0.204188841   - 0.4416606 75   - 0.873637662  
 0.071915540    0.286107287   - 0.955495042  
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10.25. N = 25 

Ŏƻǎόʰύ Ґ лΦтптофуснусΣ ʰ Ґ лΦтнс658431 rad = 41°38'04.06" 

We see 120° rotational symmetry, which make projection from the centers of quadrilaterals and 

pentagons look irregular. The picture is nicest projected from the center of a triangle. 

      x              y              z  
 0.000000000    0.000000000    1.000000000  
 0.664375865    0.000000000    0.747398629  
 0.258077807    0.612201875    0.747398629  
- 0.595986827    0.293589836    0.747398629  
 0.260335536   - 0.611245203    0.747398629  
- 0.445370356   - 0. 601490014    0.663215658  
- 0.413903350    0.845282694    0.337907065  
- 0.922415862   - 0.186996772    0.337907065  
 0.797011048    0.528949770    0.291522778  
- 0.039221622   - 0.975664102    0.21573415 0 
 0.634520368   - 0.756018021    0.160688065  
 0.255256248    0.958534129    0.126714529  
 0.982414320   - 0.137133265    0.126714529  
- 0.667620525   - 0.744163595   - 0.022436119  
- 0.857823964    0.504124325   - 0.099983560  
- 0.287558970    0.887416744   - 0.360279 559 
- 0.916082025   - 0.150002914   - 0.371877466  
 0.642075279    0.660253543   - 0.389621091  
- 0.137429111   - 0.866590371   - 0.479723220  
 0.537622129   - 0.651217949   - 0.535609586  
 0.831757166   - 0.004451688   - 0.555121788  
- 0.575721257    0.357025498   - 0.735579926  
 0.104530267    0.535981600   - 0.837733339  
- 0.418326434    - 0.327028621   - 0.847381423  
 0.261098608   - 0.147522174   - 0.953973126  
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10.26. N = 26 

Ŏƻǎόʰύ Ґ лΦтрпнтумттмΣ ʰ Ґ лΦтмснпномн ǊŀŘ Ґ пмϲлнϥмрΦруϦ 

The contact graph is mirror symmetric to the plane of the common edge of the two hexagonal faces, 

containing an isolated point, each. 

      x              y              z  
 0.000000000    0.000000000    1.00 0000000 
 0.656554972    0.000000000    0.754278177  
 0.282295644    0.592767746    0.754278177  
- 0.583244227    0.301480684    0.754278177  
 0.102812782   - 0.648455059    0.754278177  
- 0.551787053   - 0.398508402    0.732613201  
- 0.286796565    0.852196661    0.437616935  
 0.700026021   - 0.597780736    0.390668352  
- 0.960696788   - 0.189345013    0.203002825  
- 0.518665833   - 0.834753619    0.184857105  
 0.344205044    0.928126758    0.141787194  
- 0.854383958    0.500637906    0.139247045  
 0.990369030   - 0.011884963    0.137941769  
 0.166824506   - 0.976289738    0.137941769  
 0.800794630    0.551422591   - 0.233797107  
- 0.410361921    0.876408980   - 0.252012685  
 0.64261795 4   - 0.705135293   - 0.299710500  
- 0.765809404   - 0.513332467   - 0.387331557  
- 0.166269380    - 0.867301354   - 0.469193835  
- 0.858726608    0.175089442   - 0.481593502  
 0.225809599    0.811321400   - 0.539228719  
 0.836303166   - 0.076798521   - 0.542861863  
- 0.321423 440    0.474506124   - 0.819469896  
 0.269923473   - 0.465424513   - 0.842924280  
- 0.3843102 61   - 0.219407570   - 0.896752999  
 0.328140715    0.229312625   - 0.916372954  
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