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1. Introduction

In 1973 my academic advisatrthe E6tvos Lorand Universitgaroly Borozky, suggested me to work on
the Tammes problem fdd = 10L.Danzersolved this problem in 196@], but hiswork was not published

| solved the correspondig circle packing problemith a reductiorenumeration technique on the
contact graph, angresented the work &the studentcontest inthe town Eger1974[1], whereit won
the first price.lt was also referenced in my doctoral dissertati®@77[2]. The papeonly got published
in an academic journah 198, with the statementli K I i  Reteivéd-Adgush 27, 198H4].

In 1974l also investigatethe Tammes problem for N = 23. The solution was conjectured to be the same
as for N = 24, buwith onepoint removed (as it is the cagor N = 5 and 6as well alN = 11 and 12). |

could immediately disprovthe conjecturewith contact graphsby reflecting one of theointsto the

line throughits two neighborsext to the removedoint, then more each of the remaining points one
by-one by a sufficiently smadlisplacemenbn the sphereincreasing the distances between the closest
pairsof points | wrote a Fortran program for numerical optimization, and arrived to the value
0.722846984X Tih2 blkine of thanini-maxangular distancéetweenthe 23 pointson the sphere

To gain some confidence that tfi@und numerical optimunwas the solution of the Tammes problem
for N = 23] restarted theoptimization fromdifferentrandom initialsetsof points. One restart was
possible a dagnthe computer of the University, 8aysa week. The achievabfew dozensuch random
restarts did not find anything better, but at sutdw random restarts our confidence in the optimality of
the numericalsolution was low, and the results got never pubdidh

Soon afterwards | moved work inthe industry, withmostof my results left unpublished. | only
worked in discrete geometry for aieyearsand publisheda couplemorerelated papers|3], [5] and
[6]. Now, in 2020 the COWI® pandemic forced us to stay home, arthtl finally time to rewriteand
run the numerical optimizatiorprograms | used6 yearsearlier. On myhome PC | cado millions of
random restartsproviding strongerconfidence in therue optimality of the found numericadolutions

Ourexperiments and the used methods are discussetthis documentwherewe:

- state theTammes problem

- proposerandomrestart numerical optimizationgor approximate solutions foit

- comparedozens opublicly availabl&@umerical optimizatioralgorithms

- discussseveral possiblproblem encodingfor numerical optimizations

- presentprogram code fodiagnose/debug/verification

- investigateuniform- and homogenous random spherigaitial point configuratiors

- search for symmetries in the contact graphs

- showvarious graphical representations of the resu#tad the programs plotting them

- listthe best bund Tammes point sets

- present simplearbitrary precisiormethods for computing thexad minimax distancesf the
¢ YYSa LINE o6 $4YThe rhethdds fordNm 10, 13,,1%and 16 seem to be new.)

All programs we wrote and presesd in this documat are explainedand listedin full. They are placed
into the public domainanyone cartry, modify, or use them for any purpogealthough without our
guaranties for correctness or fitness to any go@le hope that the presented information is useful.

This isa draft documentandany feedback is appreciated
See the latest version atttp://www.hars.us/Papers/Numericallammes.pdf
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2. The TammeProblem

The Tammes mblemasks to placa given numbeN points on the surface of a sphere such that the
minimum distance betweethese pointds maxinal. The problems named after a Dutch botanjg®. M.
L. Tammeswhoposed the problem in 1930 while studying the distrilbutiof pores on pollen grairg].

The Tammes problem can equivaleriyformulatedasfindingthe set of N congruent,pairwisenon-
overlappingargestcircleson a sphere(circle packing)

Several instances of the Tammes problere solved exactlylong agoFor N = 3, 4, 6 and 12 9§@28],
forN =5, 7, 8, Bee[29], forN=10see[1], [4] and[8], for N = 11 sef8], and forN =24 see[30].

More recently further progress has been made: for N = I33handfor N = 14 if32]. Other instances
remained unsolved.

Instead of the distancebetween pairs of points, we can use astyictly monotonic function of tlese
distances. Thesimplestis the cosine of the angles between the vectpointing to our pointsfrom the
center of thesphere. We will use the unit sphere centered at the otigihenthe cosine of this angle is
the dot product of the vectoro the two points

Forpointsé6 whohx andd o b iy , given by their Cartesian coordinates
AT ®6 W 0w aa
The Tammes probleris equivalent tofinding theminimum (over all setsh of N spherical pointsof the

largestA T @6 values (overall pairs of pointsA, B in the se). It isa typical minimaxoptimization
problem.

Maximum(.) and Minimun{.) are not differentiable functions, but the usual trick of employing an extra
variabled with inequality constraints as belownakesthe optimization problensmooth @ifferentiable)
inside of the optimizatin domain

Q  &Qe
Subject to
I o "ndAT &6 1Q
We will usefree, opensourcetools for nonlinear optimizatia, to get estimates for the smalle€, when
0 X b X cnd® ¢ KSNB optiNBatiordiggrhm @i forirép@sentifg eddodikhs
sphericalpoints. In the sequel we will digssvariousoptions and report our experiments with them.

2.1. Accuracy of thélumericalOptima

Thenumerical solutions of Tamme®intsmaygivepoints py their Cartesian coordinat@swhichdo
not exactlylie on the surface of the unit sphere. They canstightly off,but still withina distance from
the origini ¥ p -fp - ,where- isthe tolerance of the numerical optimizatiofhis is noa
problem: we can divide the coordinates by thetuali valug movingthe points oro the sphere.

These divisions slightly change the distances between the pointsitloubst byg-, which is the worst
case(occurringat antipodal point Accordingly, if the tolerance of the numerical optimization,iand
the smalkst numerical distance between the points computed by the numerical optimizat@rtle
true shortest distance between theonsideredspherical points i# the interval Q ¢-HQ  ¢- .
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There is another source of error, due the inexactcosine irnthe numerical formulation of the problem.
The accuracy of the angular or the Cartesian distance depmmtise angle and the tolerance of the
value of thecosine.

At asmalltolerance- for the numerical optimization we have the corresponding angular értor
AT1I01 AlO -
Within negligiblé 1 error: A 11 O p, and withn negligibleé 1 error OB 1T 1, whichgive
All071 OET AT|O -

I BE
Ly GKS AYyUiSNBailAydenNAY DSmayfowtp OFKad 0 oS K1
introduces another factor of maximum 2.2 increase of errors, but all togdtreenumerical
optimization results are within4t4times of their tolerances, specified beforehand. Waveset in all
our numerical optimizations the tolerance fp 1t , thus theshortestdistances between the points of
the numerically optimunTammessets are accurate to more than 9 decimal digits.

Notethat smaller tolerances only moderately increase the running tinhe numerical optimizations

We could set p 1t and still work with double precision floating point number representations. A
tolerance of 0 workspo, causing the optimizations be otvolled only by the rounding errorglowever,

at very small tolerances more numerical optimizations fail to converge, which necessitates more restarts
from random initial point sets, to be able f@rformthe same number of successful trial optimizations.

2.2. ContactGrapls¢ the Structure of the Numerical Solutions

Thecontact graphof a spherical point set is definedth edges betweemoint pairsat minimal distance

Even though thenini-max distancein the numerically generated Tammes point sets are ateuo a
given tolerancethe correspondingcontact graphglo not necessarilyepresent the combinatorial
structure of the true optimum setsThis is because edges alefinedbetween pointpairs atthe exact
mini-max distance, andven the slighteshumeiicalinaccuracy may result in falee missingedges

Thispresents a conundrum: when the contact graph of a numerically generated point set is drawn, we
need to set tolerances on the distances tecitleto connecttwo pointsby an edge or not. Settingo
smalltolerancesremoveedges, and isolated pointaayshow up in the drawing. Settino large
tolerances mayausefalse edges$o show, connecting points which are actuallytfaer from each otler.

The casat N = 5is particularly difficult becauseéhe numerical solution isnly weakly defined 4t

several lgations thegradient = 0) The optimum Tammes set consists of a point at the north pole, and 4
equidistant points on the equator. Movingmint from the equator toward the south poley a small
distancecauses very little violation of the constraints (reiming within the tolerances), buit destroys
edges of the contact graph.

Because of similar issuethe plotted contact graphsn this daumentonlyA Y RA Ol 0% ¢ QRAY S & =
helpingto visualize Tammes point sefheyare nottrue contact graphswithout mathematical
reasoning even thouglwhen defining edgeat a toleranceof 10*° we did notexpelienceobvious faults
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3. Computational Tools: Software and Hardware

As thehardware, a homebuilt PC was used, with

1 CPUAMD Ryzen 5 26064-bit sixcore Intel compatible processyr
1 Clock:3400 MHz
1 Memory:16 GB DRAM

Software

1 Operating gstem:Windows 10

1 Programing languagédulia 15 [24]

1 Nonlinear optimization libraryNLoptversion 2.6.325]

1 Julia interface to the NLopt libraritLoptJulia modulg26]
1 Interactive plotting programgnuplot 5.5[27]

Resourceusefor a single optimizatiothread

1 CPU:9.5%
1 Memory: < 250 MB (N=80)

One can run multiple optimization threads in parallel. We did not see significantslam when

running up to6 independentnumerical optimization processés our platform,together with some
everyday tasks, like email, document editing,. &ae to hyperthreading support, the CPU can gracefully
handle 10 threads, but with proportional slowdown com@aito 6 optmization threads.

4. OptimizationTechnique

In 1974l usedarandomrestart numerical optimizatiotechnique(based on theNeldergtMead method
[34]), to find the global optimum among the many local optinkdowever, usinglso thegradients(of
the constraints and the objective functipgreatlyimprovethe speed of convergence

The basic structure of the optimization remained the safter 46 yearsA pseudorandm number
generator provides random initial point populati®on the sphere. Fromach ofthese, a numerical
optimization is started, which convergt a local optimumor fails or does notfind a solutionwithin
reasonable time limitsThis process thenrestarted tens of thousands of tinsat each experimentand
the bestlocal numericabptimumis returned as the likely global optimum.

4.1. Numerical OptimizatioAlgorithm

Global optimization algorithmis the NLopt librarnare so slowor large number ofariables that
nothing seems to happefor daysof continuous computationsEven thouglwe can makehe objective
function evaluationgo print out heartbeat information, no significant progress is appardyiter a few
trials we decided t&keepour orighal approach ofocal optimization algorithmgestarted many times
from random initial sets of points

Gradients can be used bychl optimizatioralgorithms. Theencoding of the Tammes problerwhich
we tried arealmost everywherdalifferentiable thusboth types ofalgorithmscan be triedwhich use,
and which @ not use gradientExperiments showedhat gradients make the optimization orders of
magnitude fasterand to fail less frequently
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In the NLopoptimizationlibrary thereare 10gradientusing locabptimization algorithms. Only 3 of
them works with norinear constraints

1 LD _MMA
1 LD_CCSAQ
1 LD_SLSQP

The first twoalgorithmsfrom this listwere slower than the lasbne, and faiédto convergetoo many
times onTammes problemd\ot only he algorithmLD_SLSQSequential Leassquares Quadratic
Programminywasmuch faster and convergemore often butit wasalsothe only algorithm, whicltan
directly handle equation constraints. After an initial evaluatgmase we decided touse it exclusively in
our experiments.

4.2. SpeedupPossibilities

Several ideas have bn tried for improving the speed of the numerical optimizatioas discussed
below. The first dea of twastage optimizations did not work well, but the other two showed merits for
larger Tammes problems. They are exploi@ther in another documenf35].

4.2.1. Two-Stage Optimization

Working withalarge number of variables (finding the best placement of many points) is time
consuminglt was a natural idea for speeding up the numerical optimization with astage approach:

1. Performa large number of largeolerance (fast) randonnestart numerical optimizations, and
2. Improvethe best local optimunby further optimizingit asstarting valueof smaller tolerance.

Unfortunately, this did not work, for a couple of reasons.

a. The large tolemnce optimum often violatethe 2" stagesmall tolerance constraintst start
b. The small tolerance numerical optimization starts with mowrnigh-dimensional search point
by large steps andmayget away from thesuspectedocal optimum It canevendiverge

To avoid the last problem, we tried testart the small tolerance optimization with thenost promising
initial random populationwhichhad led to the best large tolerance point set. This did not work, either,
because the gradual improvement stefjpgsm the sameinitial populationare different depending on the
tolerances leading to a different often inferiamecondocal optimum.

It looks likefor asuccessfulwo-stage optimization strategyhe internals of the library optimization
algorithms ha to be tweaked.However, setting small tolerances causes only little slow down (~10%
when going from 8 to 3decimal digit tolerances), because in the vicinitaddcaloptimum the
convergence of the numerical optimization acceleratasst of the comptation time is spent to get

the multidimensional search point close to a local optimixperiments showedhat the best strategy
is simply setting the desired tolerances upfrovte used tolerances 1, but one can easily repeat the
work with smaller or largetolerances(Most of the time a tolerance as small as*¥@vorked just fine,
but with very small tolerances more numerical optimizatidail to converge, and so more random
restarts are neede for the same number of successful trials.)
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4.2.2. DisregardindPoirt-Pairs at Largkntial Distances

In the initial population of spherical points, the distances between pairs of poamt be computed, and
consider onlythosein the constraints which are nottoo large (by setting various thresholds for
experimenting).

The idea is thastarting froma homogenous initial populatioof spherical point§see Sectio%.4) the

numericaloptimization may not neetb move points by much, JNSE A SNIBA Yy 3 GKS a Ot 2aSyS:

thus point pairs at large initial distances Mikely remain far during the optimization.

Thismodification did provide improvementdut setting a distanceéhreshol, whichnoticeablyreduces
the number of constraits, also miesthe number of necessary random restakasger (to find the true
optimum). The numerical optimizations producedmeinvalid Tammes sets, which had to be discarded.

The straightforward impleentation taked 0  time during initialization of a numerical optimization
step, which is just a small percentage of the ovenalinerical optimizatiorime. Neverthelesssome
speedups were achieved for larger N values (88@.

4.2.3. AdaptiveExclusiorof FarAway Poinfairs

Amoresuccessfubariationof the idea of Sectiod.2.2wasto dynamically excludingome point pairs
from the constraintsThosepoint pairswere excludedwhich arefar away at theime of evaluating the
constraint This ismoretime consumingbecauseat each evaluations of the constraini® have to look
at all distances to be abke find the point pairsat short distances

The number of constraints cannot chandiering a numerical optimaion run, thus we have to sehis
numberto a fix vale, likeC =2.375N, and selector constraintshe number of theconsideredclosest
point pairs accordinglyThisisrelativelyslow,an/ 0 time algorithmworking on  distancesOne
can replaceit with more sophisticated method®r findingcritical pointpairs,includngthe spherical
Voronoi diagramor Delaunay triangulationbut the overall running time would still be dominated by
the numerical optimizationgThe bespublishedalgorithms forthe more sophisticated methodske

/ 01 TOCtime, whichwould providebarely noticeablespeedupsfor large N values

It is also possible to combine these last two idddseyare discussed imore details ir{35].

5. Problem Encodirgy

There are various ways tncode the locations of the spherical points into arrays of numbers for the
numerical optimizations. We tried 6 methods, but there aegtainly mae. Each encoding has its
advantages and drawbacks, whigte discused in thissection

5.1. 3DCartesiarCoordnates

Using 3 dimensional Cartesian coordinatéxdty is the most straightforward encoding: put the
unknown coordinates of the poin (i = 1..N}o be arranged on the spherandGhthe cosineof the
angleat whichthe closest pair is seen from the origin in an axpyof 3N+1 entries:

X[BNH]N Q
X[3ib2, 3ib1, 3N whohx foril' M Xb @
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We have the followingonstraints:
F 2 NJ A E &2 Kx3b1]*2 + x[3i]*2 == IThepoints are on the sphere)

F2NJ A I mMXbb @8F E2p-eGRMAIX[RjXLIp+K[IEX(3 BR-]
(X[3N+1]is the cosine of the smallest spherical angle between the ppints

5.1.1. Simplifications

There are a couple of trivial simplifications possible:

1. Fix the point Pto the North Pole: (0,0,1). It can be achieved by setting the upper and lower
bounds for the corresponding variables to 0, 0 and 1, respect{eeljgardcode their alues)
2. Fix the point Pto the & dplanewith @ T, and choose thandexing of the pointssuch that
the minimal spherical angle occurs betweeraRd B. Having tha
BRI EwnB8X Ewp®XIOXEmcB80 I 6&lNIomb
Accordingly, x[3N+1] can be replacedvit E oc 8 @ Ewn8 OFy 68 FAESR G2 &l NI
free@dl NA I 6f Sa (2 0SS dzaSR Ay GKS 2LIWAYATIFGA2Y A& STT

5.1.2. Program Code

The constraints ancheir gradients are easy to compute, as the following Julia functions show:

w=[ -2;-1;0]

function f(x::Vector, grad::Vector) #cos(a) ->min, a=spherical angle -> max
length(grad) > 0 && (grad[:] = zeros(3N); grad[6] = 1) #in - place update!
return x[6]

end

function eqx2_constraint(x::Vector, grad::Vector ) # P2: x2=sin(a)>0, y2=0, z2=cos(a)
length(grad) > 0 && (grad[:] = [0;0;0; 1;0;x[6]/sqrt(1 - X[6]"2); zeros(3N -6)])
return x[4] - sgrt(1 - x[6]"2)

end

fu nction eq_constraint(x::Vector, grad::Vector, i::Integer) # setfori=3:N

if length(grad) > 0
grad[:] = zeros(3N)
grad[3i.+w] = 2x[3i.+w]

end
return sum(x[3i.+w].*2) -1

end

function dot(x::Array{Float64}, y::Vecto r{ Float64})
sum(x:].*y[:])

end

# set for i=1:N -1, j=i:N, (i,))'=(1,2) ->
function constraint(x::Vector, grad::Vector, i::Integer, j::Integer)
if length(grad) > 0
grad[:] = zeros(3N)
grad[3i.+w] = X[3].+w]
grad[3j.+w] = x[3i.+w]
gradl6] -=1
end
return dot(x[3i.+w], X[3j.+w]) - Xx[6]
end
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The bounds for the optimization variables are given by:

lower_bounds = [0;0;1; 0;0; -1; -ones(3N-6)]
upper_bounds = [0;0;1; 1;0;+1; ones(3N  -6)]

5.2. 2DDiskProjectedo the Sphere

Instead of using 3 dimensional coordinates, we can just use planar coordidfteggo & p, and
compute

W P W
5.2.1. Problems with the 2D Encoding

We could save aboua third of the optimization variables, and the corresponding equality constraints,
but there are serious drawbacks:

1. Computing the wvariablesis not differentiable on the whole perimeter of the unitdt circle

2. The inner working of the optimization algorithms oftatiemptsto computewoutside of the
unit circle, where it isindefined. It causes domain exceptioofisthe square roatunless sme
extra measures areakento prevent it.

3. Extra careis neededo choosethe signs of theovariablesin a continuous, differentiable way.

5.2.2. Improvaments ofthe 2D Encoding

We tried differentoptionsto mitigate the above prolems

1. The size of the @limensgonal diskcan be reduced afti o & p - for some smalb. This
makes the computations differentiable, bab suchsolutions to the Tammes problewill be
found, wheremore than 2points happen to be on thgreat circle vith w 1T (We fixed P, and
P, on this great circleandhoped that no other points have to balwaysthere. Nevertheless,
most of the time, the optimization still divergd

2. Instead of computing the square roas is we tried variants, which prevent negative

arguments. Theincluded @ T A @fit, andOE @1 s. These prevente@rrorsfrom
the square root functionand no numericaloptimizationaborted anymoredue to domain errors
of the square rootbut thenumber offailed optimizatiors did notimprove.(Probably, beause
the computed direction and distance of moving an intermediate multidimensieealchpoint
of the optimization now ofterbecomesnrong.)

3. The simplest rule to set thegnof the wvariables is tdkeep their sign from the initial random
point set, that is, to keep the points in their original hemispherd by the XZ planéThis did not
work well Otherexperimentalvarians includedto checkif acomputedwvariable gets too small
during the optinmization, and flip its sign if it doe@f this valuevas smalln the optimum it
would stay around 0Alittle smarteridea wouldonly flip the sign if theovariablewas small a
couple of times, or if it gets progressively smaller. Stilhmarovementswere observed

4. Another idea was to compute the gal derivatives of the square root function cloteits
singularity with onesided numerical approximation, instead of the exact derivatives, which
might not exist, or which can be hugéwas alsaunsuccessfuh redudngthe number of
divergent numeigal optimizatiors.
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All of theseattemptsfailedto some degreeThe optimization algorithms still did not converge at most
initial point populations.Still to try isto move the fixed point$.; and R to slightly different positions,
such thatno numericd optimum will include point$oo close to the singularities.

The reader is encouraged &xperiment withfurther ideas, which might eventually make the 2D disk
encoding to worlbetter.

5.2.3. ProgramCode

Belowis the Julia code for thebjective function and fothe constraintsincluding their gradients

The free coordinates of thé\ spherical point®f the Tammes problerare mappedo theH b &t o
parameters of theaumericaloptimization problem a$ollows.

1 Xx[1]N Q(the cosine of the angle the closest paifrpointsis seen from the originf the sphere)
T Implicit (hardcodedp mip and0  Vp QiR
T x[2], x[2i+1]N ohx F2 NJ A2.I MXb

The constraints that o s inside aircle (which might be slightly smaller than the unit circie the
last constraints. This makes it easier to play with the tolerances for these constraints, facilitating
experiments So far, nsignificantimprovements in the convergence$ the numerical optimizabns
were found, byvarying these constraints
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y =zeros(N -2) # global array with signed y coordinates
sq(x) = sqrt(max(x,0)) # TEST: sqrt(x); sqrt(abs(x)); sart(max(x,0)); sign(x)*sgrt(abs(x))...

function  f(x::Vector, grad::Vector) # cos(a) ->min, a = spherical distance - > max

length(grad) > 0 && (fill'(grad,0.0); grad[1] = 1.0)

return x[1]
end

# all pairs: cos(distance) < cos(a) = x[1], (x,y) in unit circl e

function constr(res::Vector,x::Vector,grad::Matrix) #size = (N+3)(N -2)/2

global N, y; N::Integer; y::Vector

dyx, dyz = zeros.((N -2,N-2))

fori= 1:N-2

y[i] = copysign(sq(l -X[2i"2 - x[2i+1]"2),y[i])

end

x0 =sqrt(l -x[1]*2)

if length(grad) > 0

filll(grad,0.0)
fori=1:N -2
dyx[i],dyz[i]=[x[2i],x[2i+1]]./y[i]] # negative derivatives -dy/dx, -dy/dz
end
k =[0] # scalar var in accessi bleinside  Julia loops
fori=1:N  -3,j=i+1:N -2 # distances PJi] - P[i]
k[1] +=1
grad[ 1, k[1]] = -1
grad[ 2i Kk[1]] = X[ 2j] - yl]* dyx[i]
grad[2i+1,k[1]] = x[2j+1] - ylil * dyz[i]
grad[ 2j K[1]] = x[ 2i] - Il dyx[j]
grad[2j+1,k[1]] = x[2i+1] - Y[l * dyz[j]
end
fori=1:N -2
k[1]+=1 # distances  P[-1] - P[i]
grad[ 1, k[1]] = -1
grad[2i+1,k[1]] = 1
k[1]+=1 # distances P[0] - P[i]
grad[ 1, k[1]] = - X[2i]*X[1]/x0 + x[2i+1] -1
grad[ 2i ,k[1]] = x0
grad [2i+1,k[1]] = x[1]
end
fori=1:N -2 # (X,y) in unit circle
k[1] +=1
grad[ 2i ,k[1]] = 2x[ 2i]
grad[2i+1,k[1]] = 2x[2i+1]
end
end
k=[0 ]
fori=1:N -3,j =i+LN -2 # distances PJi] - P[] < x[1]
k[1] +=1
res[k[1]] = x[2i]*x[2j] + Y[i]*Y[]] + x[2i+1]*x[2j+1] - X[1]
end
fori=1:N -2
k[1]+=1 # distances P[ -1]- P[i] < x[1]
res[k[1]] = x[2i+1] - X[1]
k[1]+=1 # distances P[ 0] - Pli] < x[1]
res[k[1]] = x0*x[2i] + x[1]*x[2i+1] - x[1]
end
fori=L:N -2 # (u,v) in unit circle , for tuning tolerance
k[1] +=1
res[k[1]] = x[2i]"2 + x[2i+1]*2 - 0.995 # PREVENT Y = 0 SINGULARITY
end

end
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5.3. Marsaglialransform
Mavmrsvaglia proposed a transfornvhich mapshe points 0f) inside the unit 2D disk, to the 3D points
ahuhg on the spherd13]. This transforrrhas uniform areal density
6 0 pt+ p o p

® c6p 6 U

G® cUp 6 U

@ p ¢O6 U
Note that the transform is not defined when 0 p, that is the spherical pointtirth p is

missing from the imagélo keep our points.Pand R fixed as before, we flip the sign @f so thisflipped
Marsaglia transform h@no singularity whemusedwith numericaloptimizations.

5.3.1. Inverse of the Mrsaglia Transform
For the initial point population on the UV plane we need the inverse of the Marsaglia transform (unless,
we generate the initial pointdirectlyon this plane; whichwould also bea valid option).

Given a point on the unit sphere witts iCartesian coordates ofuftx , the point 6f) in the UV plane,
which yields ¢huhx by the Marsaglia transform is computed as follows:

From the definition of the transform -, thatallows rewriingthe defining equéon

Al r r r 't'd)
® ¢o 6 ot=
co p &

Sjuaring thisgivesa quadraticequation ford. When solvedit also yields:

N I I I « B I I
0 : ; N : ;
Cw QW Cw QW

These expressions are not defineddor w 1 « p,whereweset 0 T

The positive sigrof the outer square roathasto be taken because the definition of the transform sets
the same signs fay anda as well agor 0 andw Because- -, the samevalueof the € inside the

square root has to be taken farand foru. Welook now, which sign is righdandwhen:

P P ® W ,p P O ®
R T o
CKFG FIABSa (KS &AMLIS N2 ISKYProtidalyaSS d bas2 NSF

¢ p L p o W

. p OEQIp o w_. ,p OEQIp »
w : ; nNu : ;
O CW O CW

This alsgroves that the Marsaglia transform isd-1 from the internal points of the unit circle to the
points i the sphere, excludgits South Pd.
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5.3.2. Dis/Advantages

The spherical points with  p is excluded from the transform domain, but that would only odour

our fixed point R, (which also prevent point® getclose to it)therefore the constraints of the

numerical optimizations are everywreecontinuously differentiable.

The constraintsequiringthat the 6h) planar pointsareA Y 8 A RS G KS dzy A i OANDE S NBJ
O2yaidNrAyltaz 6KAOK ¢S R2y Qi ySSR F2NJ GKS LINRof SY
Working with these gtra constraints slows down the optimization, somewtaten though we can

remove these nomhear constraints (by mapping the points outside of the unit circle to the spherical

point (0,0,1))the systemwould not be differentiable on the boundary poingxperiments showethat

the consequenceare insignificanta couple of percent more numedtoptimizationdail to converge.

This changeavas only implementedor larger Tammes problemand for the Thomson problem, where

the speedup was significant. Theearediscussed ifi35].

In any case he Marsaglia transform basqaoblemencoding provides robust, smoo#mnd uniform
mapping from planar points to spherical poineerywhere, with little time penaltymaking it our
preferred method

5.3.3. Program Code

Belowis the Julia code for the objective function and for the constraints, including their gradients.

We mapped theN spherical point®f the Tammes problei 2 G KS Hbb o LiuhricdlSGSNE 2 F
optimization problem as follows:

1 X1]N Q(the cosine of the ang the closest paiof pointsis seen from the origiof the sphere)

T Implicit (hardcodedp mip and0  Vp QiR

T x[2i], x[2i+1N 6 F , the flipped Marsaglia transform of spherical poigtftold ¥ 2 NJ A2.T M X Db
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function  f(x::Vector, grad::Vector) # cos(a)
length(grad) > 0 && (fill'(grad,.0); grad[1] = 1)
return x[1]

end

function XYZR(x::Vector) #
N = (3+length(x))>>1
X,Y,Z,R = zeros.(fill(N
fori=L:N -2
s = x[2i]"2 + x[2i+1]"2 #
R[i] = r = sqrt(abs(1 -s))
X[i 1=2x[2i]*r
Y[i] = 2x[2i+1] * r

-2,4))

Z[i]=2s -1
end
return X,Y,Z,R
end
function constr(res::Vector,x::Vector,grad::Matri X)

N = (3+length(x))>>1
Xu,Xv,Yv = zeros.(fill(N
X,Y,Z,R = XYZR(x)
fori=1:N -2

# size(grad):(N+3)(N
-2,3)

->min, a = spherical distance -> max

Marsaglia transform

2D points [u,Vv]: u[i]~x[2i], v[i]~x[2i+1]
#sqrt();sqrt(abs()

)isart(max(,0));sign()*sqrt(abs())

# coordinates of the SPHERICAL POINTS

-2)/2rows of 2N - 3 entries

# PARTIAL DERIVATIVES -

Xu[il=  -2%2x[2i]*2 +x[ 2i+1]*2 -1)/R[i] # dX/du
Xvlil=  -2*x[2i]] *x[2i+1] / R[i]  # dX/dv =dY/du
Yvlil= - 2*(2x[2i+1]"2+x[2i]*2 -1) / R[i] # dY/dv
end
Yu = Xv #dZ/du = 4u, dZ/dv = 4v
X0 =sqrt(l -x[1]"2)
if length(grad) > 0 # GRADIENT
filll(grad, 0.0)
k =10] # (scalar k is not accessible inside loops)
fori=1:N -3,j=i+LIN -2 # distances PJ[i] - P[j]
k[1] +=1
grad[ 1, k[1]] = -1
grad[ 2i, K[1]] = Xu[i]*X[j] + Yu[il*Y[j] + 4x[ 2i ]*Z[j]
grad[2i+1,k[1]] = XV[i]*X[i] + YV[i]*Y[]] + 4x[2i +11*Z[j]
grad[ 2j, K[1]] = Xu[j]*X[i] + Yu[j]*Y[i] + 4x[ 2] I*Z]i ]
grad[2j+1,k[1]] = XV[I*X[]] + YV[]*Y[i] + 4x[2j+1]*Z]i]
end
fori=L:N -2
k[1] +=1 # distances P[ -1]-P[i]
grad[ 1, k[1]] = -1
grad[ 2i, K[1]] = 4x[ 2i]
grad[2i+1,k[1]] = 4x[2i+1]
k[1] +=1 # distances P[0] - P[i]
grad[ 1, k[1]] = - X[1])/X0 * X[i] + Z]i] 1
grad[ 2i , k[1]] = XO*Xu[i] + 4x[1]*X[ 2i ]
grad[2i+1,k[1]] = XO*Xv[i] + 4 X[1]*x[2i+1]
k[1] +=1 # inside unit circle
grad[ 2i, k[1]] = 2x[ 2i ]
grad[2i+1,k[1]] = 2x[2i+1]
end
end
k =1[0] # CONSTRAINTS--
fori =1N-3,j=i+1N -2 # distances PJi] - Plil < x[1]
k[1] +=1
res[k[1]] = X[T*X[] + Y[*Y[] + Z[i1*Z[i] - X[1]
end
fori=1:N -2
k[1] +=1 # distances P[ -1]- P[i] < x[1]
res[k[1]] = Z]i] - X[1]
k[1]+=1 # distances P[ O] -PIi] <x[1]
res[k[1]] = X0*X[i] + x[1]*Z[i] - x[1]
k[1] +=1 # (u,v) is inside unit circle
res[k[1]] = x[2i]* 2 + x[2i+1]"2 - 1.0
end

end
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5.4. CylindricaProjection

Cylindrical projection is often used in cartography. It maps the points of the sphere, (except the North
and South Poles) to the points of a rectangle, by projecting perpendicularly fro(htnth-Souh) Z
axis to a surrounding cylinder, which is then alaing a vertical line, and unrolled to a flat rectangle.

The cylindrical projection, like the Marsaglia Transform has uniform areal density. The spherical points
ofvhd , where @ & p,are mapped to pointsof) on the UV plane the following way:

6 anv A O Afw
Here the2-argumentinverse tangent functiod O Adw returns the angle from th@ositivecaxisto
the vector of coordinatesafto . Thisangleischosenin  “ A (or Tit* at some implementations)

5.4.1. Inverse
Expressing the inverse thfe cylindrical projection is straightforward:
ov  pphon  ff
® p o6tATWQw p o6 tOBNG O

5.4.2. Dis/Advantages

The inverse cylindrical projean is not defined (andho extension would be differentiable) at the points
rimh p . This could cause that the numerical optimizations cannot find the true optimum, when both

of these exceptional points arecessarilyn the optimal Tammes arrangemetiior simplicity, \& fix P;

to rimdp , therefore N = 6 and N = 12 ate exceptionakases to be handled separately

The optimum point sets for these casage known With other N values theumericaloptimizations
work, sothe cylindrical projectionvith fixed B work, albeit somenumerical optimizatiosfail to
converge, and so more ifal point populations are needed to find the global optimum.

A workaroundwas to move R slightly, so the singularityould not affectfinding the global optima. The
constraints will then be more complex andlower;thus, no speedup is expectetlie to fewer divergent
numerical optimizations

On the other hand, no constrairfenly bounds) ar@eededfor ensuringthe rectangularshape of the
domain @s opposed t@.g. a @cle containing the planar points in the Marsaglia transform), matting
optimizationproblemsfaster and smallewith this encoding

5.4.3. Program Code
Ly GKS Wwdz Al O2RS 0 $e@BIZNWEY 082S Ra2@iiey I i KISt IS RAT A
The Julia functiondelow compute theobjective function, the constraints, and their gradients.
The N spherical points of the Tammes problare mappedi 2 G KS Hbbo LI NI YSGSNB 27
optimization problem as follows:
1 Xx[1]N Q(the cosine of the anglthe closest paiof pointsis seerfrom the originof the sphere)
1 Implicit (hardcodedp mip and0  Vp Q htQ
1 x[2i], x[2i+1N 6 [ , the cylindrical projection of spherical pantohwfr F2 NJ AL2.T M Xb
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function f(x::Vector, grad::Vector) # cos(a) ->min,a=  spherical distance - > max
length(grad) > 0 && (fill'(grad,.0); grad[1] = 1)
return x[1]

end

function XYZCS(x::Vector)
N = (3+length(x))>>1
X,Y,Z,C,S = zeros.(fill(N -2,5))
fori=1.N -2
r =sqrt(1 - Xx[2i]*2) # Planar pnts [u,t]: u[i]~x[2i], t[i]~x[2i+1]
sc = sincos(x[2i+1])
Y[i],X[]] =r .* sc # SPHERICAL POINTS, from cylindrical
Z[i] = x[2i]
S[il,C[i]=sc ./r # C= coslr, S= sinlr
end
return X,Y,Z,C,S
end

function constr(res::Vector,x::Vector,grad::Matrix)
global N; N::Integer

Xu,Yu = zeros.(fill(N -2,2)) # grad: (N+1)(N -2)/2 rows of 2N - 3 entries
X,Y,Z,C,S = XYZCS(x)
fori=1:N -2 # PARTIAL DERIVATIVES
Xu[i]l= - x[2i]*C[i] # dX/du
Yulil= - x[2i]*S]i] #dY/du
end #dX/dt=-Y,dY/dt=X, dZ/du=1,dZ/dt=0
X0 =sqrt(1 -x[1]*2)
if length(grad) > 0 # GRADIENTS
filll(grad, 0.0)
k =[0] # (scalar k is not accessible insid e loops)
fori=1:N  -3,j=i+1:N -2 # distances PJi] - P[i]
k[1] +=1
grad[ 1, K[1]] = -1 # dD(i,j)/d x[1]
grad[ 2i, k[1]] = Xu[i]*X[i] + Yu[il*Y[i] + Z[]] # dD(i,j)/d u[i]
grad[2i+1,k[1]] = =YX+ X[*YT # dD(i,j)/dt[i]
grad[ 2j, K[1]] = Xu[jI*X[i] + Yu[j]*Y]i] + Z[i] # dD(,j)/dulj]
grad[2j+1,k[1]] = =YX+ X1V # dD(i,j)/dt[j]
end
fori=1:N -2
k[1]+=1 # distances P[ -1]-P[i]
grad[ 1, k[1]] = -1 # dD( - 1,i)/dx[1]
grad[ 2i, k[1]] = 1 # dD( - 1,i)/duli]; Jdtfij=0
k[1]+=1 # distances P[0] - PJi]
grad[ 1, k[1]] = - X[1)/X0*X[i] + Z[i] -1 # dD(0,i)/dx[1]
grad[ 2i, k[1]] = X0*Xul[i] + x[1] # dD(0,i)/duli]
grad[2i+1,k[1]] = - X0*YT[i] # dD(0,i)/dt[i]
end
end
k= [0] # CONSTRAINTS--
fori=1:N -3,j=i+1:N -2 # distances PJi] - Plil < x[1]
k[1] +=1
res[k[1]] = X[iT*X[] + Y[*Y[] + Z[iT*Z[i] - X[1]
end
fori=1:N -2
k[1]+=1 # distances P[ -1]-P[i] < x[1]
res[k[1]] = Z][i] - X[1]
k[1]+=1 # distances P[ 0] -P[i] <x[1]
res[k[1]] = X0*X[i] + x[1]*Z[i] - x[1]
end

end
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5.5. Stereographi®rojection

The Stereographic Projectiuses straight line ¥ N2 Y (G KS &b 2 N, thraughdheé = G KS LJ
spherical pointsto projectto points on they Tplane Thepoint Tirp has no image defined on the
plane.This projection is popular, becauses of great circles map to straight lines.

TheStereographi@rojection cfudtt © 6h) is defined as

wherew ® a panda p.

5.5.1. Inverse

Elementary calculations show that the inverse transform of the stereographic projection is
‘ GO , b , C
© T o ® T oY P s
5.5.2. Dis/Advantages

The spherical points with  p is excluded fom the transform domain, but that would only occur for
our fixedpoint P, therefore the constraints of the numerical optimizations are everywhere
continuously differentiable.

On the other hand, thémage regiorof 6h) values are largayhich can sl downcertainnumerical
optimization algorithmsvith limited step sizeswhen moving their search points toward local optima.

None of thepointsin anoptimum Tammes configuration of spherical poiate closerto P, than R,
thusthe planar projectedpoints 6h) areall insidethe image of the corresponding circlEhese
requirementswould needb b monlinearconstraints butfrom an enclosing square we can deriymper
and lower bounds for the variablgthat are good enough

Bounds canot be derived from he best known, or so far fourtaestQvalues because most initial
random point sets would violate these bounttoweverthe boundscan beset to a sufficiently large
constantvalue,evento infinity, with little change of the convgence speed or the pportion of
successful numerical optimizations our optimization program we first generate the initial population
of spherical pointsthen compute the + boundfor all 6 coordinatesfrom R asthe valuebelow:

w P
P a p

of p G
of p a

5.5.3. Program Code
2SS YILWSR GKS b ALKSNAOFf LRAyda 2F GKS ¢FYYSa LIN
optimization problem as follows:
1 X[1]N Q(the cosine of the angle the closest pafrpointsis seen from the origiof the sphere)

f Implicit (hardcodedp rinip andO Vp Q hitiQ
x[2i], x[2i+1N 6 ) , the stereographic projection of spherical pointsftolt F2NJ A I MXbbLH @

=
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function f(x::Vector, grad::Vector) # cos(a) ->min, a = spherical distance - > max
length(grad) > 0 && (fill'(grad,.0); grad[1] = 1)
return x[1]

end

function XYZQ(x::Vector)
N = (3+length(x))>>1

X,Y,Z,Q = zeros.(fill(N -2,4))
fori=L:N -2
Qlil=q= 2 [ (x[2i]"2 + X[2i+1]"2 + 1)# Planar points [u,v]: u[i] ~ x [21], V[i] ~ x[2i+1]
X[i]=x[2i]*q
Y[i] = x[2i+1] * g # coordinates of the SPHERICAL POINTS
Zlil=1 - q
end
return X,Y,Z,Q
end
function constr(res ::Vector,x::Vector,grad::Matrix)
global N;  N::Integer
Xu,Xv, Yu,Yv, Zu,Zv = zeros.(fill(N -2,6)) #grad: (N+1)(N -2)/I2 rows of 2N - 3 entries
X,Y,Z,Q = XYZQ(x)
fori=1:N -2
g = Q[i]*2 # PARTIAL DERIVATIVES ---
Xulil=( -x[2i]*2 +x[2i+1]*2 + 1) *q # dX/du
Xv[il=  -2*x[2i] * x[2i+1] * q # dX/dv = dY/dv
Yv[i]= (x[2i]*2 - X[2i+1]*2 + 1) *q #dY/dv
ZUufil=2 * x[ 2i 1*q # dZ/du
Zv[il=2* X[2i+1] * q # dz/dv
end
Yu = Xv
X0 =sqrt(1 -x[1]*2)
if length(grad) > 0 # GRADIENT S -
filll(grad, 0.0)
k =10] # (scalar k is not accessible inside loops)
fori=1:N -3,j=i+LIN -2 # distances P[i] - P[j]
k[1] +=1
grad[ 1, k[1]] = -1
grad[ 2i, k[1]] = Xu[i]*X[i] + Yu[il*Y[i] + Zu[i]*Z[j]
grad[2i+1,k[1]] = XV[iI*X[j]] + YV[i]*Y[j] + ZV[i]*Z[j]
grad[ 2j, K[1]] = Xu[jI*X[i] + YU[iI*Y[i] + Zu[j*Z[i]
grad[2j+1,k[1]] = XV[iI*X[]] + YV[]*Y[i] + Zv[j]*Z[i]
end
fori=1:N -2
k[1] +=1 # distances P[ -1]- PJi]
grad[ 1, Kk[1]] = -1
grad[ 2i, K[1]] = Zu[i]
grad[2i+1,k[1]] = ZV][i]
k[1] +=1 # distances P[0] - P[i]
grad[ 1, k[1]] = - X[1)/X0 * X[i] + Z[i] -1
grad 2i, k[1]] = XO*Xu[i] + x[1]*Zu[i]
grad[2i+1,k[1]] = XO*XV[i] + x[1]*ZV[i]
end
end
k=[0] # CONSTRAINTS
fori=1:N -3,j=i+1LN -2 # distances PJi] - Plil < x[1]
k[1] +=1
res[k[1]] = X[iT*X[] + Y[*Y[] + Z[iT*Z[i] - X[1]
end
fori =1:N-2
K[1] +=1 # distances P[ -1]- P[] < x[1]
res[k[1]] = Z]i] - X[1]
K[1] += 1 # distances P[O] -P[i] <x[1]
res[k[1]] = X0*X[i] + x[1]*Z][i] - x[1]
end
end
# ... in the restart - optimization loop:
p = sqrt((1+xinit[1])/(1 - Xi nit[1])) # max distance SP ( (sin(a), 0, cos(a)) )
opt.lower_bounds =[ - 1.0;fill( -p.2N-4)]
opt.upper_bounds = [+1.0;fill(+p,2N -4)]
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5.6. PolarCoordinate

The spherical points can naturally be expressed with thelin8nsional polar coordinate¥he angular
distance between them is still compuwtevith Catesian coordinates, thus conv@onsbetween the two
point-representationsare needed Below is the transform from polar to Cartesian coordinates:
w ATORATWO
© ATodOBI
¢ Omi

6 —R-non
CCn

5.6.1. Inverse

From Cartesiato polar coordinates the transform is:
6 AOEI
0 A0 A
xEADA & a p
Here again the 4juarter inverse tangent function is needed, which returns the aigle “ i
measuredbetween the vector afto and the positivewaxis.

5.6.2. Dis/Advantages

The constraints and their derivatives all need trigonometric functions, which ar@stovecompute than
square root, which iself somewhatlower than the arithmetic operations (multiplications, divisions).
However, while the gradnt matrix has 0  nonzeroelements, they can be computedthi 0
trigonometric functionevaluatiors. Thecomputationtime is dominated by the large number ather
operations, making the polar coordinate encoding competitive to other encodings.

The numerical ofimizationscanmove alongslowly, or even fail to convergat saddle pointswhere the

partial derivatives are @ncertaingreat circles on the sphetee partial derivativeglo vanish. Even

though the Tammes problem encoded with polar coordinates haverywhere continuously
differentiableconstraints manynumerical optimizationgncounterconvergece problems

The trigonometric functions are periodisp no bounds are needed for the angéd®, but bounds can

be setto any valuesnot smalleri Ky G KS&S LISNA2R& dworkalmstre G A YSa | NH
optimizations can smootiilgo over thé period boundariesshould it be required by the internal

improvement step®f the numerical opthization algorithmInfinite (unboundedyanges worktoo.

5.6.3. Program Code

2SS YILWSR GKS b aLIKSNRAOIFf LJ2A parameterFof thekn@medcal Y Y Sa  LIN.
optimization problem as follows:

1 X[1]N Q(the cosine of the angle the closest pafrpointsis seen from the origiof the sphere)

1 Implicit (hardcodedp mip and0  Vp Q htQ

x[2i], x[2i+1N 6 h) , the projective cordinates of spherical pointsohold F2NJ A I MXbbH @

=
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function f(x::Vector, grad::Vector) # cos(a) - > min, a = spherical distance - > max
length(grad) > 0 && (fill'(grad,.0); grad[1] = 1)
return x[1]
end
function  XYZCS(x::Vector) # reconstruct spherical points from vector x
N = (3+leng th(x))>>1
X,Y,Z,Cu,Su,Cv,Sv = zeros.(fill(N -2,7)) #trigonometric values for computing gradient
fori=1.N -2
Su([i],Culi] = su,cu = sinco s(x[2i]) # Planar points (u[i],v[i]): (x[2i],x[2i+1])
Sv[i],CvJi] = scv = sincos(x[2i+1 )
Y[i],X[i] = cu .* scv # Cartesian coordinates from Polar
Z[i]=su
end
return X,Y,Z,Cu,Su,Cv,Sv
end
function co  nstr(res::Vector,x::Vector,grad::Matrix)
global N; N::Integer
Xu,Yu = zeros.(fill(N -2,2)) #grad: (N+1)(N -2)/2rows of 2N -3 entries
X,Y,Z,Cu,Su,Cv,Sv = XYZCS(X)
fori=1:N -2 # PARTIAL DERIVATIV ES ---
Xu[i]= - Su[i]*CvI[i] # dX/du
Yu[il= - Su[i]*Sv[i] #dY/du
end #dX/dv= -Y,dY/dv=X, dZ/du=Cu,dZ/dv=0
X0 =sqrt(1 -x[1]*2)
if length(grad) > 0 # GRADIENTS ---
filll(grad, 0.0)
k =1[0] # (scalar k is not accessible inside loops)
fori=1:N  -3,j=i+1:N -2 #d istances P[i] - P[j]
k[1]+=1
grad[ 1, k[1]] = -1 # dD(i,j)/dx[1]
grad[ 2i, k[1]] = Xu[il*X[j] + Yu[i]*Y[j] + Cu[i]*Z[j] # dD(i,j)/duli]
grad[2i+1,k[1]] = -YIPX[] + X T*Y[] # dD(i,j)/dv[i]
grad[ 2j, k[1]] = Xu[j]*X[i] + Yu[[]*Y[i] + Cu[j]*Z[i] # dD(i,j)/du[j]
grad[2j +1Kk[1]]= =YX+ X[I*YI # dD(i,j)/dv[j]
end
fori=1:N -2
k[1] +=1 # distances P[ -1]-P[i]
grad[ 1, k[1]] = -1 # dD( - 1,i)/dx[1]
grad[ 2i, k[1]] = Cul[i] #dD( - 1,i)/duli]; /dv[i]=0
k[1]+=1 # distances P[0] - P[i]
grad[ 1, k[1]] = - X[1)/X0*X[i] + Z][i] -1 # dD(0,i)/dx[1]
grad[ 2i, k[1]] = X0*Xu[i] + x[1]*Cul[i] # dD(0,i)/duli]
grad[2i+1,k[1]] = - X0*YTi] # dD(0,i)/dv[i]
end
end
k =[0] # CONSTRAINTS--
fori  =1:N-3,j=i+1:N -2 # distances PJi] - Plil < x[1]
k[1]+=1
res[k[1]] = X[iT*X[] + Y[iI*Y[] + Z[i1*Z[] - X[1]
end
fori=1:N -2
k[1]+=1 # distances P[ -1]-Plil<x 1]
res[k[1]] = Z]i] - Xx[1]
k[1]+=1 # distances P[ 0] - Pli] < x[1]
res[k[1]] = XO*X[i] + x[1]*Z][i] - Xx[1]
end
end
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6. Initial Population

Therandomrestart numerical optimization methodseedgeneratingmillions of sets ofrandom initial
pointson the sphere, called (initighopulation Starting from these random sets as initial values
standard local numerical optimizationethods(from the NLopt library) ge performed, and the best
resultsof these restarts ee printed. After sufficiently many restartthey reachthe global optimaat
probability 1, the solutions for the Tammes problefunfortunately, the necessary number of restarts is
unknown.)

6.1. (Pseudo)&ndom Numbers

Pseudorandom numbers, which satisfy stard statistical randomness tests proved to be suitable.
Comparisors of true random numbers and algorithm generated pseudorandom numbers showed no
difference (on average) in speed or in the number efations needed for finding the global optm

6.1.1. Restartafter Disruption

ForeachNn~ [3,60] valueand for each of the above discusseamerical encodings of the Tammes

problemtens of thousands of numerical optimizatewere performed startingfrom random initial

point sets. An interruption (caused by power outage, grandchildren,lOB b i ST dzNEHSyY (i 2 G KSNJ
could cause days ebntinuouscomputationto get lost. Tdhelp recovering from such eventse used a
restartable,bit-mixer basegseudorandormumber generation

Bit-mixers[21] behave like hash fugtionsfor fixed size input and outpuSeveral such softwaseased
algorithms are discussed [iB2] and[23]. Sandard statistical tests cannot distinguish their output from
true random, even when #hinput is a simple counte&uch pieces afataserve as inpytwhich identify
the place in the processghe count of theiteration, the usenumber in the iterationanda seed.

Therestart number: thecurrent iteration count(i_current ) and the iteration count of the bestfound
point set(i_best ) are saved in a disk file, and flushed at each change. After an interruption only the
iterationi_best has to be recomputeéto recreate the best point set), amdsumethe restartsfrom
i_current+1 , with just ore repeated numerical optimization proceduinterruptions happen rarely,
sothe complexity and time overhead of saving the besint sets,too, is notjustified.)

6.1.2. Pseudorandom Numbers Generated byN#iiters

The following functior(x,y) was usedor bit-mixer, written in the programming language Julia:

ré4(n::Unsigned,d::Integer) = (n<<d) | (h>>(64 -d)) #unsigned 64-bit rotation to the left
function h(x::Integer, y::Integer) # software bit - mixer of RAX construction
X,y = UInt64.(  unsigned.([x,y]))
fori=1:7

X = xor(x,r64(x,5), r64(x,9) ) + 0Ox49A8D5B36969F969
y = xor(y,r64(y,59),r64(y,55)) + 0x6969F96949A8D5B3
end
return x+y

end
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The above definedunctionh is very fast, using onRtotation Additionand XOR=>RAXstructure),and
passeghe standardstatisticalrandomness tests, as discussed22] and[23].

Note that Julia alsprovidesa built-in hash functionyhich could be used for our purposdsjt it may
chang with softwareversbnsor with computing platforms. Using our own code is better for cross
platform compatibility helpingto repeatthe experimentson other64-bit computerarchitectures.

6.2. Projecting Random Points from the Unit Cube

The simplest way toemerate random points on the sphere isdtart with generatng uniform random
points inside the cube of side length 2, centered at the origin. It means, generating 3 uniform random
numbersin the [1,1] interval for theCartesiarcoordinates of the pointsThese random points then can
be projected to the sphere by dividing their coordinates with the length of the vector connecting them
to the origin (except th@racticallynever occurring point (0,0,@whichshould berejected).

Thisworksfor our purpo®s but the distribution of the points on the sphere is not uniform: around the
direction of the main diagonals of the culibe density of the points is3 times more than around the
directions of the coordinate axe$his is not a hge difference (~70%), but certain initial point
constellations would occur more often, wasting some of the expensive (time consuming) optimization
processedy repeatedly prodcing the same results

6.3. Uniform DensitfRandom Spherical Points

Several algorithrm have been proposed for generatingiform random points on the spher&ee an
overview in[9]. The simplestand fastest of thalgorithims of [9] was chosen, sdiscussedelowin
section6.3.1. Note that the running time and memory use of these procedures are negligible compared
to numerical optimization procedusztherefore other algorithmgould also be used without any
significant difference in performance or code size.

6.3.1. Cylindrical ProjectiofUniform Areal Density Spherical Points)

w p o0AID

w p 6 OEF
a o
with— g No~  pip .

The corresponding Juliariction is:

function srnd(i::Integer, j::Integer) # uniform pseudorandom spherical points by hashing
t = (significand(Float64(h(i+0xC90FDAA22168C235,j))) -1.)* 2pi
u = 2significand(Float64(h(i,j+0x5A827999FCEF3242))) -3.

s=sgrt(l -u"2)
return [s*cos(t); s*sin(t); u]
end

The functionconveristhe integer resuls of the bitmixerh() to 64-bit floating point numbes, andtake
their mantissaby thefunctionsignificand() . They areclose to uniformly distributed in the interval
[1, 2), ifthe bit-mixer provided uniformunsignedntegers These geshiftedto the desired interval.

L. Hars: Numeric&8olutions of th&ammes Problem 27/180



6.4. | 2Y23Sy2dza t 2Lz | GA2yaY aAlOKStf Qi

Putting Nuniform randompoints on the spherevasstraightforward. However, in such population of
points, thereare clusters (pointsclose to each othgrand large empty areaat high probabilityOne
could start the numerical optimizations fronot uniformrandom, but more homogenous initial
population, because the optimum point arrangememis not have clusters

One icka was to use Poissatisc samplingwhere no points are less than a minimum distance apart. An
efficient algorithm is presented if20] for large number of pointsThis producepopulations withno
clusters of high densityOf course the generated points are not independent of each other, and they
are not uniformly distributed.

a A (i OK S fcdnddlate abg&righin is a straightforward approximatiohthe Poisondisc distribution
Having generated a few points of the final sggnerate a number ofiew candidatepointsand pick the
one furthest from all previous sampleBlore precisely:

- Start with any point, and in eacliurther stepdeliverone morerandom point
- In eachsubsequenstepgenerateM uniform randomcandidate points
0 Hind the shortest distance from the alreagiacedpoints andall the candidate poirg
o0 Selecthe candidate, which has the largest oetle shortest distancs, discarding the
20KSNJ abm. OF yYRARF (Sa
The following is gnuplot 5.5 graphidemonstration of the idedn the unitsquare with complex
numbers representinglanarpoints. The results arsimilar on the sphere.

set term wxt size 800, 800 position 10, 10
unset grid # remove grid, tics...
unset tics

set key off

set view equal xy
set xrange [0:1]
set yrange [0:1]

if (lexists("N")) {N = 500} # number of random points
if (lexists("M")) {M = 6} # number of Mitchell ca ndidate points
r =rand(1) # set seeds
array z[N]
z[1] = rand(0) + {0,1}*rand(0)
do for [i=2:N] { # generate homogeneous random points
c=0
do for [j = 1:M] { # try M random candidate point s
zc = rand(0) + {0,1}*rand(0)
d=15 # upper bound for minimal distance
do for [k=1:i -1]¢ # get shortest distance to set points
if (d > abs(zc -z[K])) { d = abs(zc -z[K) }
}
if (c<d){c=d;zz =2zc}
}
z[i]=zz

}
plot sample [i=1:N:1] '+" using (real(z[i])):(imag(z[i])) pt 7
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The above script plots thgoint populations with N = 500 points and M = 1aAd 6 Mitchell candidate

points, respectivelyKigurel). Already at M = @ve see nadenseclusters,or large empty areas.

L

Figurel. Mitchell sampling with N =500, M =1,2,6

Figure2 shows homogeneous random points on tghere

However starting the « °
optimizatiors with populations e O
generated bitchellQa | f 32 o
did not provide improvementgid .
not makefinding the numerical .
optima for the Tammes problem S . ®

consistently soonerthat is, at ® o
fewer random restarts. 8 . o .

Below we detaib set of x e
experimentsanvestigatinghis.

We pickedpolar coordinates for B. L)
the encodingof the numerical e ©

optimization problens (see in % o
Sections), and the number of S .

circles to pack on the sphere S ® L
N=15,23,31, and 43andran the L ey — .
optimizationswith valuesfrom - °
M =1 (uniform distribution) to , < .
M =40, andrecordedthe number .

of restarts until the true optimum

. . . Figure2. Mitchell sampling on the spherd:= 80, M =10
is reachedlisted inTablel.

The running time was mostly independent of, Mithin £10%

Note that the cas of N = 31 spherical pointgas includedn the trials. It seems to require many more
restarts than other N values, possibly because ttaeseveral local optima, almost as god as the global
(true) optimum point configuration.
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M N =15 N =23 N =31 N=43
1 5 3 282 132
2 17 1 514 717
3 1 4 980 250
4 5 1 1000+ 99
5 10 2 1000+ 12
6 10 2 1000+ 97
7 11 3 1000+ 111
8 12 3 487 516
9 7 1 183 40
10 9 3 612 101
11 11 5 717 287
12 19 1 145 89
13 10 1 1000+ 384
14 10 1 672 228
15 10 2 1000+ 108
16 10 4 1000+ 118
17 10 2 137 31
18 10 2 137 31
19 29 4 137 133
20 34 1 1000+ 568
21 25 1 1000+ 151
22 25 3 1000+ 151
23 25 3 1000+ 179
24 11 3 691 165
25 5 3 116 596
26 5 2 181 108
27 5 1 181 108
28 5 1 181 135
29 5 1 192 277
30 5 1 1000+ 125
31 3 1 1000+ 127
32 3 1 600 22
33 3 5 600 218
34 5 3 111 225
35 1 5 100 106
36 6 1 111 144
37 18 1 111 1
38 18 1 982 233
39 1 1000+ 352
40 8 1 1000+ 167

Tablel. Effects of the nmber ofMitchell candidates on how many restarts finds the global optimum

There is no clear trend observableTiablel. Certain M values reduce the number of restarts necgssar
for finding the global optimumothers increase thisumber. The effects seem to be random.

However, the Mitchell algorithm for small number of circles to be packed on the sphere (in our case
N=o0 X cignegligibly small, therefore we kept this algonitfactive (with M = 10) for selecting the
initial populdions for the random restarts of the numerical optimizations. Setting M = 1 disables
MitchellQ @gorithm, while larger M values produce more homogenous initial point populations
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7. Structure of the Optnization Program

We wrote a separate Julia program fmach encoding of the Tammes problem. They accept the same
input parameters of the same format (Sectiéri), and provide outpufiles of the same structure
(Section?.5) ¢ stored in directories of ha-coded names. Another Julia program collects and print
statistics (Sectioid.5) from all the result files in a given directory, which dren tabulated and plotted

in diagrams.

7.1. Parametes

A single integer command line argunte@an be given to the Julia aptization program, the value of N,
the number of points of the Tammes problem. If it is not present at launching the program, it asks the
user to enter N, terminated by the ENTER key on the keyboard.

Other parameters are cuently hardcoded, including:

MAXTERS the number of restarts of numerical optimizations from random population of points
mxeval: initial value of the expected number of evaluations of the objective function

seed: the seed of the pseudorandom number genésat(change, when multiple inshces run)
eps: the tolerance of satisfying constraints and finding the optimum

if length(ARGS) > 0 # N = number of circles packed on the sphere
N = parse(Int,ARGS[1])

else
print("Enter N: ") ; N=parse(Int,readline())

end

(2 < N <1000) && error("2 < N < 1000 needed, got $N")

MAXITERS = N <20 ? 10_000 :

N <30 ?20_000: # number of random restarts

30_000
mxeval = 5N # sta rting value of estimated #evaluations of f()
seed =0 # seed for hash - counter RNG (UInt64)
eps=1e -10 # tolerance in optimizations

In addition, thenumber of Mitchell candidates (MLO, see Sectiod.4) is hardcodedand thedirectory
of the outputfilesisfixed, e.g.to & 3Dbcument§TammesMarsaglide @

7.2. Initial Population

As discussed in Sectiéprandom initial populations fospherical points are generated, represented by
their Cartesian coordinates. Twoore tasksare needed (1) rotate themaround the origirsuch thatthe

closest pair gets t®; = timip andPo= OERPATIO WVp QhtQX FyR o6HO YI LI GKS
points to the encoded domaifwith Qattached) for usingin the numerical optimization.

7.2.1. Rotation

First we find the closesttwo points in the random population. They will be chosen asufitl P, with
their coordinates harecoded

Next, wecompute the matrix taotate these 2 pointgo their special places
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P.= T[h'[hD
Po= OEFMAITIO Wp QHQ.
For simplicity, we perforrthree separaterotations’yY iY AT "X around thectth A bxis,

respectively(which are matrix multiplications of the Cartesiemordinates) The overall rotation matrix

isthen'Y Y tY t'Y.
Below is the Julia code foomputingthe rotation matrix'Y. The closesttwo pointsto be fixedare
u whohr andv  whohy . After rotating the other points, they are referred to asP; and R.

The first rotationY makesw T, the secondotation’Y makesw  1(keepingw ), and the last

rotation’Y makesw T while keepingy ®© TU

We need to find the desired rotation angles, which are straightforward from the coordinates of the

points to be movedThe rotation matrices (by the angle are:

P m AT-6 n OEF A6 OB+ m
Y — T AI—Q NOE—,I-, Y — nop T, Y — OE+ AlOn

nm OB+ Al-O OB+ m AT-© Tt T p
closest=  -ones(3) # closest points (i,j) and th eir distance

fori=1:N -1,j=i+1:N
t= X[PX[] + YOY[] + Z[i*Z[)]
t > closest[3] && (closest[:] = [i, ], t])

end
i,j = Int.(close st[1:2]) #i<j
u = [X[LY0LZL; v = [X01YEL.ZE0
ifj < N1 #iand j are small: replace P[i] and P[j]
X[ Y[I.Z[i] = XIN L,Y[N],Z[N]
X[, Y[L.Z[] = XIN -1,Y[N -1],Z[N -1]
elseifi <N -1 #iis small, j is large: replace PJi], not wi th P[j]
k=2N-1 - j
X[i], Y[il,Z[i] = X[k], Y[K],Z[K]
end #i=N -1,j = N:no replacement needed

s,c = u[2:3] ./ sqrt(u[2]*2+u[3]*2)

R=[100;0c -s;0s] # Rotate around axis x: uy < 0
u=R*u

s,c = u[1:2:3] ./ sqrt(u[1]*2+u[3]"2)

R=[c0 -s5;010;s0c]*R # Rotate around axis y: u.x <- 0,too
u=R*v

s,c = u[1:2] ./ sqrt(u[1]"2+u[2]"2)

R=[scO;c -s0;001]*R # Rotate around axisz: v.y <- 0,too
(R*V)[1] < 0 && (R[1,:].*= -1) # Reflect if needed: v.x >0

In thelast stepwe flip the signof the firstrow of the rotation matrix if needed, to makev Tt
There are divisions in the program with values, wihieoreticallycould becomeO. It happenavhen

two 64-bit pseudorandom numberare both 0. This practically never happsnbut one can still test for
this exceptionsimilarly tothe program coddisted in Sectio®.4.1(checkinghere if the coordinate we
want to make 0 is already 0).
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7.2.2. Mapping to the Code Domain

Having the twghard coded R and R) fixed points in their correct plageotate all the othelinitial
points accordinglyand then apply the desired mapping (encoding) éb ttpe spherical points to the
domain of the numerical optimization.

In case of the stereographic projection this mapping is—Ip —. The Julia code below
implementsit.
x = zeros(2N - 3) # numerical optimization variables
X[1] = closest[3]
fori=1.N -2 # Rotate the initial random points P[1...N -2], fixed P[-1], P[0]
p, g, r =R*[X[i],Y[i.Z[i]
x[2i]= p/(1 -r)
X2i+1 ]= q/(@ - r)
end

7.3. Optimiation Process

Thesearch foroptimum Tammesets ofpoints consists of setting configuration data atieen loop
through a predetermined number of iteratiord the randomrestart numerical optimization

7.3.1. Configuration

TheJulia instructions for the configurations are (e.g. for theesdgraphic projection problem
encoding):

s =pwd()* \\SR\CircPack - $(N).txt"  # output filename
fl = open(s,"w"); printin("Output: $s")

pos=0 # position for updating status information

opt = Opt(:LD_SLSQP, 2N -3) # OPTIMIZATION ALGORITHNMNLOPT_LD_SLSQP
opt.min_objective = f

opt.ftol_abs = eps # eps is set in the header ,e.g. tole -10
inequality_constraint!(opt, con str, fill(eps,((N+1)*(N -2))>>1))# the function for constr aints
fm = 1.0; xm = zeros(2N -3); tm =time() # init cos(angle), encoded point s, and starting time

7.3.2. Optimization loop

The Julia code for the optimization loop is:
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for iter = :MAXITERS
global fm, xm, s, mxeval, pos

isready(chnl) && break # break at a keystroke

xinit = init(N,iter,seed) # init() provides feasible initial population

p = sqrt((1+xinit[1])/(1 - Xinit[1])) # max coordinates  of SP transform of (sin(a),0,cos(a))
opt.lower_bounds =[ - 1.0sfill( -p,2N- 4)]

opt.upper_bounds = [+1.0 fill(+p,2N -4)]
opt.maxeval = ceil(Int,20mxeval)  # stop at 20 times of average num of function calls

minf,minx,ret = optimize(opt,xinit) # ==== OPTIMIZATION ====

OK = verify(minx)

if OK && ret!=:FORCED_STO P && ret!=:FAILURE & & ret I= :MAXEVAL_REACHED
mxeval = 0.97mxeval + 0.03opt.numevals

end # update the expected number of evaluations of f
s = @sprintf("lter#%6i, time =%9.2f", iter, time() -tm);
print("  \ e[2K\ e[G$s") #info ->console : repeatedly overwrite current line

write(fl,"# $s"); flush(fl); seek(fl,pos) # for RESUME: overwrite last iter info in fl

if OK && minf<fm - 0.01*eps # ignore too small improvements
fm = minf; xm[:] = minx
@printf(", =% 1.12f \ n", fm)
@printf(fl,"# %s, f=% 1.12f \ n", s,fm); flush(fl)
flush(fl); pos = position(fl) # flush optimum, move seek position (saved at a bort)
end
end

7.3.3. Restricting the nuimer of evaluations of the objective function

Experiments showethat at certain initial point populations thigied optimization algorithms fail to
converge put spendalong time to try. To prevent wasting time withake futile optimization attempts
we %t a limit for the maximum number afvaluations of the objective functigmvith

opt.maxeval = ceil(Int,20mxeval) |

The limit isset to 20 times of the expected number faifnction evaluationsOne can experiment with
different limits. The number of occasidnmnecessarilyborted slow convergence cases would be
reduced with largetimits, but the more frequent runaway cases, returning no useful output, would be
stopped later.

7.3.4. The expeadnumber of evaluations of the objective function

The number of evaluaihs of the objective function during numerical optimizations was tabulated. It
showedthe number ofsuch functiorevaluationsh y i K S NJBN/ rHdSt of2hE time bAXcordingly,
in the header of the programme setthe initial value

mxeval = 5

In the opimization loop we update this estimate by exponential averadiogeflect the true average
for the actualsetup)

Imxeval = 0.97mxeval + 0.03opt.numevals |

only considering theactual number of function evaluationsgt.numeval$ when the numerical
optimizaion was successful (the results verified and the status of the optimization algorithm did not
show abnormal behavior).
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7.4. Interrupt/Stop

For larger N values the optimizationgmess could take days running time. It is desirable to be able to
interrupt, and stopit gracefully: printing out the current state (iteration number, elapsed time, local
optima, and the coordinates of the best Tammes point set found so far). Thege altoto resume the
work later.

Julia does not have builh asynchronous keyboa input, so we have to program onand check at each
randomized restart of the numerical optimization whether a stop was requetga keystrokg

Below is the setup of amsynchronous task monitoring the standard input (keyboard), and dead t
keycodeof the pressed kethrough a channedchnl €:

ccall(;jl_tty_set_mode,Cint,(Ptr{Cvoid},Cint),stdin.handle,1)==0 ||

throw("Terminal cannot enter raw mode.") #need raw terminal mode to catch keystrokes
const chnl = Channel{Array{UInt8,1}}(0) # unbuffered channel for key codes
@async put!(chnl,readavailable(stdin)) # async task catching a keystroke

In the random restarhumerical optimizatioloop we just need to check Ehnkhas anything in it
waiting, and if yes (a key hasdn pressed) break out of the loop:

isready(chnl) && break # break at a keystroke (after last optimization finishes) |

7.5. UpdatingFlushinghe Statusinformation

After each random restart (iteratioaf the loopof the numerical optimizatios), status infemation is
printed on the console (standard outpaf the Julia environment and also into the output file
constantly overwritten thereviousinformation, untilan improvement is found

The output file isopened/created before the loop started. Thtarting time is savedy tm = time()
such that thetime used for the numerical optimizatiaa the difference of the current and starting time

When a numerical optiization finds a point set, which has larger distabheeveenits closest pair of
points, the distance is added to the current status information printed in both the console and into the
output file, and a new line started. These optimum vahladsnot be overwritten:

fm = minf; xm[:] = minx # save the optimum distance and point set

@printf(", f=% 1.12f \ n", fm)

@printf(fl,"# %s, f=% 1.12f \n", s,fm)

flush(fl); pos = position(fl) # flush, move seek position (preserved info at abort)

The output file is flushed after every update, that is, its content is moved from the oipfifier to the
LIKe@aAOltf RAA]l® ¢CKAA SyadzaNBa GKIFG | FidSNhd KINR
information is on the physical disk, so oren ©ntinue the optimization at the point of the last

successful numerical optimizatiorzdr peformance reasonsie optimumpoint setfound earlieris not
saved thusthe correspondingestiteration has to be repeated to recreate tlptimum set.)

After every restart the current iteration number and the elapsed time is printethe console, andlso
saved in the output file.
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s = @sprintf("lter#%6i, time =%29.2f", iter, time() -tm);
print("  \e[2K\ e[G$s") #info ->console : repeatedly overwrite line
write(fl,"# $s"); flush(fl); seek(fl,pos) # for RESUME, overwrite last iter info in fl

The cryptic string\ e[2K\ e[G$s" we print, is the ANSI control sequence for the console, deleting the

current line and moving the insertiopoint to the leftmost position in this lindollowed by the
interpolated(inserted)d (i N ¢naA Gil-alé $42 .0his wag the last output lirewaysshows the

current informationwithout scrolling constantlyupdated. The same effect is achievedtia output file

gAOGK aSS{Ay3zr GKIG A&z Y2@Ay3a (KSvhichyasstNdehy LI2AY
time a new improvemenvasfound for the Tammes point set.

7.6. h dzii LResulikiles

Because the status information is always overwrittentil animprovement is found by a random

restart of the numerical optimizations, the output filee dot growexcessiveNarge, but still contain all
crucialinformation.

I SNB Aa Iy SEI YLt S @irgPadl6kxE, fodirirbyl thizdndofkebtSthumérical SR &
optimizations with stereographic projection problem encoding

#lter## 1, time = 239 f= - 0.000000000000
#lter# 4, time= 255, f= - 0.000000000006
#lter# 13, time= 255, f =-0.000000000008
#Iter# 66, time= 259, f= - 0.000000000020
#Iter# 988, time= 3.16, f= - 0.000000000023
#lter# 20 78, time= 3.83, f= - 0.000000000027
# lter# 10000, time = 8.61 ----  stopped ----

# COS(angle) = - 0.0000000000 2689 @ (x,y,z) =
0.000000000 0.000000000  1.000000000

1.000000000  0.000000000 -0.000000000
-1.000000000  0.000000000 -0.000000000
0.000000000  -0.000000000 - 1.000000000
-0.000000000 1.000000000 0.000000000

-0.000000000  -1.000000 000 0.000000000

Ad | véas insertedn front of each linecontaining statusnformation, such that theemployedplotting
program (gmiplot) candistinguishsuchstatus information fronpoint coordinates.

The Julia instructions printing and saving thend best overall point sein the endor at a stop request
(keystroke)are below(using the stereographic projection encoding)

printin (" ----  stopped ---- "); write(fl,"# $s ---- stopped ---- \n")

t = @sprintf(" COS(angle) =% 1.14f @ (x,y,z) = \ n", fm)

print(t); write(fl,"# $t")

s = @sprintf("% 1.9f % 1.9f % 1.9f \'n", 0,0,1); print(s); write(fl,s)

s = @sprintf("% 1.9f % 1.9f % 1.9f \n" sgrt(1 - xm[1]*2),0,xm[1]); print(s); write(fl,s)

X,Y,Z = XYZQ(xm)

fori=1:N -2
s = @sprintf("% 1.9f % 1.9f % 1.9f \n" X[, Y[i,Z[i])
print(s); write(fl,s)

end
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7.7. Diagnose; Debug Functionalities

We can print debug/diagnose informatiowhich can be of great help while experimenting

7.7.1. Gradient Verification

Our objective function always contains just a single variable (x[1]), thus the gradiefitd® frt , while
the constraints are more complex. Checking the correctness of the grademtse done with
comparisons tomumerical estimates of the derivatives:
I "@Bo QoBhy ®h Qo @8
T ¢ Q
for sufficiently smallQvalues (One sided estimates of the derivatives wouldrk, too, albeit at lower
accuracy.)

The gradient checking code is normally commented out, only after a significant change in the program
we have to activate itemporarily,to confirm that no errors are inbduced.Belowis an example of the
gradientcomputation andchecks, for the stereographic projection problem encoding

First, we need a function to compute the X, Y, Z coordinates ffgrand \fi], (which arecontained in
x[2i], x[2i+1]) It is done withthe function below usingthe inverseof the examplestereographic
projection:

function XYZQ(x::Vector)
N = (3+length(x))>>1
X,Y,Z,Q = zeros.(fill(N -2,4))
fori=1:N -2
Qlil=q= 2 [ (x[2i]*2 + x[2i+1]"2 + 1) # Planar points u[i]~x[2i],V[i]~x[2i+1]
X[il=x[2i]*q
Y[i] = x[2i+1] * q # coordinates of the SPHERICAL POINTS
Z[l=1 -4
end
return X,Y,Z,Q
end

The constraits and their derivatives are computed as follows:
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function constr(res::Vector,x::Vector,grad::Matrix )
global N; N::Integer

Xu,Xv, Yu,Yv, Zu,Zv = zeros.(fill(N -2,6)) #grad: (N+1)(N -2)/2rows of 2N -3 entries
X,Y,Z,Q = XYZQ(X)
fori= 1:N-2
q = 2Q|[i]*2 # PARTIAL DERIVATIVES ---
Xu[il=( -x[2i* 2 +x[2i+1]"2+ 1) *q # dX/du
Xv[i]= -2 *x[2i] * x[2i+1] * g # dX/dv = dY/dv
YV[i]= (x[2i]*2 - X[2i+1]"2+ 1) *q # dY/dv
Zulil=2*x[2i]*q # dz/du
Zv[i]= 2 * x[2i+1] * q # dz/dv
end
Yu = Xv
X0 =sqgrt(1 -x[1]*2)
if length(grad) > 0 # GRADIENT---
filll(grad, 0.0)
k =[0] # (scalar k is not accessible inside loops)
fori= I:N-3,j=i+1:N -2 # distances PJi] - Pl
k[1] +=1
grad[ 1, k[1]] = -1
gradf 2i, k[1]] = Xu [i1*X[] + Yulil*Y[j] + Zuli*Z[j]

grad[2i+1,k[1]] = XV[IT*X[i] + YV[il*Y[i] + ZVIiI*ZIi]
grad[ 2j, K[1]] = Xu[i*X[i] + YU[]*Y[i] + Zu[i*Z[i]
grad[2j+1,K[1]] = XV[I*X[i] + YV[i]*Y[i] + ZV[]*Z[i]

end

fori=1:N -2
k[1]+=1 # distances P[ - 1] - P[i]
grad[ 1, k[1]] =-1

grad] 2i, k[1]] = Zul[i]
grad[2i+1,k[1]] = Zv[i]

k[1]+=1 # distances P[0] - Pi]
grad[ 1, k[1]] = - X[1]/X0 * X[i] + Z[i] -1
grad[ 2i, k[1]] = XO*Xu[i] + X[1]*Zu]i ]
grad[2i+1,k[1]] = XO*XV[i] + x[1]*ZV[i]
end
end
k =1[0] # CONSTRAINTS--
fori=1:N -3,j=i+1:N -2 # distances PIi] - Pl < x[1]
k[1]+=1
resfk[1]] = X[]*X[] + YO*Y[] + Z[iT*Z[i] - X[1]
end
fori=1:N -2
k[1]+=1 # distances P[ - 1] - P[i] < x[1]
res[k[1]] = Z][i] - X[1]
k[1]+=1 # distances P[ O] Pl <x[ 1]
res[k[1]] = X0*X[i] + x[1]*Z[i] - x[1]
end
#=== CHECK GRADIENT (DRB3) HERE===#

End

In the end of the above function, where the comment indicates, the following gradient checks can be
inserted(which is seldom used, thus unoptimized):
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k = [0]; h =1e-9
fori=1:N -3,j=i+1.N -2 # distances PJi] - P[j] < x[1]
k[1] +=1
form=12N -3
x[m] -= h; X,Y,Z=XYZQ(x); r1 = X[i[*X[j] + Y[iI*Y[i] + Z[iI*Z[j] - x[1]
x[m] +=2 h; X,Y,Z = XYZQ(x); r2 = X[iI*X[j] + Y[iI*Y[] + Z[i1*Z[j] - x[1]
xm] -=h
if I( -1le-6 < grad[m,k[1]] -(r2 -r1)/2 h <1le-6)
printin("lter: ",(i,j,k,m)," grad = ",grad[m,k[1]]," MUM = ",(r2 -rl1)/2 h)
end
end
end
fori=1:N -2
k[1] +=1 # distances P[ - 1] - P[i] < x[1]
form=12N -3
x[m] -= h; X,Y,Z=XYZQ(x); rl = Z]i] - X[1]
X[m] +=2 h; X,Y,Z = XYZQ(X); r2 = Z[i] - X[1]
xm] -=h
ifI( -le-6<gradimk[l ]] -(r2 -r1)/2 h <1le-6)
printin("lter: "( - 1,i,k,m)," grad = ",grad[m,k[1]]," MUM = ",(r2 -r1)/2 h)
end
end
k[1]+=1 #distances P[0] -P[ij<x [1]
form=12N -3
X[ m] -= h; X,Y,Z = XYZQ(x); r1 = X0*X[i] + x[1]*Z][i] - x[1]
x[m] +=2 h; X,Y,Z = XYZQ(x); r2 = X0*X[i] + x[1]*Z][i] - x[1]
x[m] -=h; -1le-8<grad(m,k[1]) - (r2 -r1)/2 h <1e-8]|| printin((0,i,m))
if I( -1le-6 < grad[m,k[1]] -(r2 -r1)/2 h <1le-6)
printin("lter: *,(0,i,k,m)," grad = ",grad[m,k[1]]," MUM =" ,(r2 -rl1)/2 h)
end
end
end

7.7.2. Verification of theResults of th&lumericalOptimizations

When a numericboptimization algorithm concludes, threturned optimum sometimes violates the
constraints. The return code of the algorithm may or may not indicate the problem, therefore we must
always verify thdeasibility of thereturned solution. If the verificationfails, we just reject the solution,

and restart the optimization from another random initial point population.

However, too manyailed verifications could indicate programmingerror or a theoretical weakness in
the encodimy of the optimization problenPrinting information about thencounteredfailures can help
finding suchissues

Setting the variabl®IAGto true , orfalse controls the printing of the diagnostics.
Theverify functionis listed belowfor the stereograpli projection encoded optimizatn problem:
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function verify(x::Vector) # check if x[] is feasible
N = (3+length(x))>>1
OK =trues(1) # (scalar is not accessible inside loops)
X,Y,Z = XYZQ(X)
X0 =sgrt(1 -x[1]"2)
fori=1:N -3,j=i+1.N -2
if X[*XO1+YII*YO1+2Z[T*2Z[0] - X[1] > eps # points are too close
DIAG && OK[1] && printIn(" - FAIL - >"); OK[1] = false;
DIAG && printin(
"cos(dist[$i,$]): SX[]*X[j TFYIPFYOI+ZI*Z0]) > $(x[1]) = cos(a)")
end end
fori=1.N -2
if Z[i] - X[1] > eps # P[ - 1] and PJi] are too close
DIAG && OK[1] && printIn(" -~ FAIL -- ->"); OK[1] = false;
DIAG && printin( "cos(dist[ - 1,$i]): $(Z[i]) > $(x[1]) = cos(a)")
end
if XO*X[i] + x[1]*Z[i] - X[1] > eps # P[0] and P[i] are too close
DIAG && OK[1] && printin(" - FAIL -- >"); OK[1] = false;
DIAG && printin("cos(dist[0,$i] ): $(XO0*X[i] + x[1]*Z[i]) > $(x[1]) = cos(a)")
end
end
if IOK[1] && DIAG # Print the erroneous point set
@printf(" cos(a) = % 1.9f \ n"x[1]);
@printf("% 1.9f % 1.9f % 1.9f \n% 1.9f % 1.9f % 1.9f \n", 0,0,1, X0,0,x[1]);
fori=1:N -2 @printf("% 1.9f % 1.9f % 1.9f \ n", X[i],Y[i,Z[i]) end
end
return OK[1]
end

8. Results of the Experiments

Below wetabulatethe results of he experimentsThe numbeof restartsnecessary to reacthe global
optimum (from random initial populatios) is listed inTable2, with 99,999 indicating when the
conjecturedglobal optimum was not reached.

The number of random restarts was set to:

- 10,000 for N < 20
- HnZnnn FTBNI b I' HAXH
- onznnn ¥2NJ b x on

8.1. Collecting Data for Statistics

The following simple Julia program collects the statistics from individualvilishcontain the results
of the restarted numerical optimization$he result filegsee Sectiof7.6) of all experiments were saved
in directoriesfor the different problem encodinggndnamed asCircPack - <N>.txt ,<N>= 3, 4 X
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using Printf

opt=[ -1.0000000000, -1.0000000000, - 0.5000000000, -0.3333333333, 0.0000000000, 0.0000000000,
0.2101383127, 0 .2612038749, 0.3333333333, 0.4043943252, 0.4472135955, 0.4472135955,
0.5426364868, 0.5639503003, 0.5926059029, 0.6122946165, 0.6280944150, 0.6486958322,
0.6731168875, 0.6764771381, 0.6994984311, 0.7103062586 , 0.7228469849, 0.7230784683,
0.7473986286, 0.7542781771, 0.7583892108, 0.7732302623, 0.7802814159, 0.7815518751,
0.7911186133, 0.7936166149, 0.8063976136, 0.8109843372, 0.8159377715, 0.8172481853,
0.8248924802, 0.8265832594, 0.8339913224, 0.83716207 25, 0.8412363430, 0.8433315516,
0.847208865 4, 0.8482013783, 0.8542494741, 0.8575341669, 0.8591223614, 0.8592922951,
0.8666914790, 0.8681732091, 0.8714843649, 0.8729667088, 0.8761898040, 0.8770043064,
0.8807850465, 0.8817315784, 0.8843637376, 0.886555 7452, 0.8878557371, 0.8894735676];

function  Iss(x::String,y::String) # "less than" function for numerical ordering
nx = split(x,[' -2l
ny = split(y,[' -1 D2
return parse(Int,nx) < parse(Int,ny)
end
dir= "D:\\ Documents\\ Tammes\ SR\ " # EDIT f orthe directory of result files
fls = filter!(t - > startswith(t,"CircPack - "), readdir(dir, sort=false))

sort!(fls,lt=Iss)

for flname in fls
nx = parse(Int,split(flname,[' - Di2D
printh  x<10?"$nx":nx," ")
fl = open(dir*flname,"r" )

txt = readuntil(fl,"@")

optd = parse(Float64,txt[end -17:end - 1))

print(isapprox(optd, opt[nx], atol=1e ) I | # MARK better or worse
tm = findlast("tim e =" txt)

printf("% 1.10f %7.0f ", optd, parse(Flo at64,txt[tm[end]+1:tm[end]+9]))

iter = 99 999

feq = findfirst("f =", txt)
while feq != nothing

if isapprox(parse(Float64,txt[feq[end]+1:feq[end]+16]), opt[nx], atol=1e -9)
iter = parse(Int,txt[feq[1] -27:feq[1l] -22))
break
end
feq = findnext("f =", txt, feq[end])
end
printin(iter)
close(fl)
end
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N OPTIMUM 3D 2D Marsaglia | Cylindrical | Stereographi Polar
3 | -0.5000000000 1 1 1 1 1 1

4 | -0.3333333333 1 1 1 1 1 1

5 0.0000000000 3 99999 1 1 1 1

6 0.0000000000 6 99999 1 1239 1 1

7 0.2101383127 1 2 1 1 1 1

8 0.2612038749 1 1 1 2 1 2

9 0.3333333333 1 4 2 3 1 1
10 | 0.4043943252 1 4 1 1 1 2
11 0.4472135955 1 99999 2 193 1 1
12 0.4472135955 1 99999 3 99999 1 1
13 0.5426364868 2 4179 29 17 41 5
14 | 0.5639503003 2 22 5 6 2 4
15 0.5926059029 16 39 38 13 4 9
16 0.6122946165 1 51 2 5 4 5
17 0.6280944150 1 217 1 1 1 1
18 0.6486958322 1 122 1 1 1 1
19 0.6731168875 1 1084 2 1 3 1
20 | 0.6764771381 1 36 2 1 1 1
21 0.6994984311 41 5186 1 42 28 14
22 0.7103062586 1 1731 4 13 3 4
23 0.7228469849 1 64 3 3 6 3
24 | 0.7230784683 1 141 1 2 2 5
25 0.7473986286 189 99999 211 30 312 30
26 0.7542781771 76 343 18 77 1 49
27 0.7583892108 4 2020 9 2 5 1
28 0.7732302623 8 16606 10 34 22 28
29 0.7802814159 26 99999 10 5 34 39
30 | 0.7815518751 1 1232 2 2 5 1
31 0.7911186133 322 99999 358 2129 120 612
32 0.7936166149 3 7016 3 1 7 4
33 0.8063976136 184 99999 908 1159 82 306
34 | 0.8109843372 34 99999 181 44 13 88
35 0.8159377715 537 99999 340 352 40 53
36 0.8172481853 2 1818 1 4 4 2
37 0.8248924802 37 99999 3 13 68 103
38 0.8265832594 4 5318 4 19 5 8
39 0.8339913224 63 99999 8 310 432 99
40 | 0.8371620725 15 99999 90 203 198 21
41 0.8412363430 99999 101 449 42 51
42 0.8433315516 99999 80 48 13 27
43 0.8472088654 99999 106 2156 67 101
44 | 0.8482013783 99999 18 24 7 8
45 0.8542494741 99999 132 51 261 147
46 0.8575341669 99999 531 1353 253 253
47 0.8591223614 11993 7 17 22 11
48 0.8592922951 99999 4 5 3 6
49 0.8666914790 99999 1547 2421 1470 1996
50 | 0.8681732091 99999 727 1603 1231 249
51 0.8714843649 482 373 323
52 0.8729667088 135 3004 158
53 0.8761898040 309 68 185
54 | 0.8770043064 641 2137 60
55 0.8807850465 684 2623 1392
56 0.8817315784 50 398 1
57 0.8843637376 110 318 247
58 0.8865557452 11890 11711 1171
59 0.8878557371 1044 224 404
60 | 0.8894735676 1123 17722 3397

Table2. NumericalOPTIMAand the number oRESTART®eded to findhemat various problem encodings
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N 3D 2D Marsaglia | Cylindrical | Stereographi Polar
3 18 5 4 5 5 5
4 42 5 5 5 6 6
5 34 6 5 6 6 6
6 46 8 6 8 9 8
7 30 9 7 11 13 13
8 41 11 9 14 17 17
9 60 12 12 20 25 26
10 103 14 17 25 34 33
11 242 16 22 27 48 42
12 313 18 27 34 57 64
13 281 26 a7 76 92 92
14 363 28 65 97 129 124
15 595 34 93 134 192 190
16 606 36 125 162 241 237
17 730 39 167 205 311 309
18 1039 44 216 247 399 386
19 1504 52 289 325 513 504
20 2714 104 683 715 1214 1189
21 5128 122 1009 1014 1666 1594
22 6676 136 1276 1333 2114 1925
23 7114 150 1414 1463 2347 2112
24 5822 163 1505 1557 2566 2231
25 11424 186 2193 2087 3462 3122
26 11696 199 2586 2489 4205 3786
27 27180 220 3035 2801 5138 4402
28 20936 254 3805 3330 6054 5411
29 24668 269 4632 3929 7226 6559
30 35607 446 7978 6407 13202 11201
31 50545 489 9894 7884 15441 13007
32 51509 540 10727 8907 17664 13942
33 69789 592 12751 11144 19517 16447
34 79671 641 14989 12945 23864 19790
35 89582 700 17470 14859 27164 22210
36 80263 727 18509 16229 30118 24447
37 115902 790 22705 19163 34820 29313
38 125456 857 26032 20725 40587 33387
39 138877 938 28763 22357 43818 36739
40 160821 1008 33217 26166 51499 42847
41 1034 37178 28138 56363 47295
42 1119 42681 30822 64452 54023
43 1203 48895 34748 73688 60627
44 1300 53593 38225 81711 67789
45 1402 59620 44666 89270 74606
46 1475 65102 49045 98631 80991
47 1635 71009 53714 108119 88556
48 1723 76213 55672 113414 94090
49 1805 88681 63732 126642 107991
50 1931 99587 70327 138936 119817
51 106743 76342 131149
52 116869 81859 142372
53 127866 88604 156769
54 139567 96466 169745
55 150385 106062 183473
56 164023 115614 200532
57 175978 123967 215227
58 192159 134131 232207
59 208615 145828 247497
60 221388 156977 262645

Table3. RUNNING TIM& thenumericalrestart-optimization at various problem sizes and encodings
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In Table 3 the time (in secondsjs listed, which the numerical optimization took for theesetnumber of
restarts, as listed in the beginning of this section. For reference, one hour is 3,600 seconds, and one day
(24 hours) is 86,400 seconds. Accordingly, with 3D encoding dftimenegroblem, the case N = 40

took almost 2 days of continuous work on the uséi Phe longest running tinie the tableis at Polar
Coordinate encodinr N = 60: 262,645 seconds, over three days.

The running time is increasing little faster than by tHepéwer of the problem size. Extrapolating
accordingly would give the runninigne estimates (in computation hours) of the numerical
optimizations with Marsaglia encodinig, the table below, with 8,000 restarts

N =80 N =100 N =150 N =200 N =250

116 189 462 869 1420

The last entry is almost 2 months of continuous computaba a single PC, using one thread. If faster

[t Qa leR FdzaMRX02NBaxX YR mnn adzOK t/ Qad ¢2N] O02yO0d
the time would reduce to below an houdowe\er, the number of locabptimais expected to increase

exponentially with N thus the number of restarts shouddsobe increasedimilarly.A couple of million

restarts still could be performed in a few days, especially with the speedup ideas discuggd in

82. ¢KS ad4.Sadé¢ 9yO2RAYy13

Onecan seeertainencodings beintgsssuccessful

- 3D: having 30% more variables and constraint, this encoding is much slower thathéhe

- 2D:too few numerical optimizations convergefdr most N values the numerical optiniaund
were inferior to theones found byther encoding

- Stereographicto reach global optima iloes not take consistently fewer restarts tham.,the
Polar @ordinate- or the Cylindrical projection encoding, but it runs slower

Our experiments indicate that among the 6 encodingstried,three perform comparatively welthe
Marsaglia transformthe Cylindrical Projectiorandthe 3-dimensional Polar Coordines. Either one of
them looks suitable for finding numerical optima for the Tammes Probdsmer forN valueswvell over
200.

As discussed aboveynmning manyparallel processes (each with a different randomness seed)amy
ordinary PCsr a fewlarger conputers, the globalnumerical optimum is expected to be foundhours,
or dayseven for N > 250

8.2.1. The Number of RestartotReach the Global Optimum

For the best 3 encodinggnuplotcanplot the number of restartmeeded to find the global optima
takingthe data fromTable2 (savedin a text filed A GbD&ENE

set terminal wxt size 800,500 font 'Ari al' 16
plot'D: \ Documents\ Tammesiters.txt' \
using "N":"Marsaglia" with lines title "Marsaglia" Ic "red", \
using "N":"Cylindrical" with lines title "Cylindrical", \
using "N":"Polar" with lines title "Polar" Ic "black"
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Figure3. Number of restarts to find the global optimurs. N

Figure3. shows that theMarsaglia transform anBolarcoordinate encodingreach the global optimum
after significantly fewer rasirts than the Cylindrical Projecti@ncoding, at most N values.

8.2.2. The OveralRunning Time

Plotting the running times shosthe oppositeof the number ofnecessaryestarts to reach the global
optimum. The best3 curvesare plotted wth gnuplot(after Table3g | & alF SR Ay GKS FAE S

set terminal wxt size 800,500 font 'Arial' 16
plot 'D: \ Documents\ Tamme'sruntime.txt' \
using "N":"Marsaglia” with lines title "Marsaglia” Ic "red", \
" using "N":"Cylindrical" w ith lines title "Cylindrical”, \
"using "N":"Polar" with lines title "Polar" Ic "black"
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Figure4. Running timef completingall the preset number of restarts. N

Figured. shows that the Blar Coordinate encoding takes more time than tithers,and theCylindrical
Projection encodings the fastestwhen performing all the preset number of restaBut, because the
numerical optimization with Cylindrical Projection encoding reaches titeatjbptimum after more
restarts,at most N valuegswe need to sethe number of restarts to higher valgefor the same
confidence in the optimality of the result$his would offseanyspeed advantage, making thethree
encoding of similaroverallspeed.

8.2.3. Convergence Rate

Adding three lines of code to our Julia pragy, we can savand printthe number of times the
employedNLopt numerical optimization function returns with certain exit code:

### ... (at the beginning of the program:) ...
D=Dict{Symbol, Integer}() # create an empty dictionary

### ...  (after optimization, in the loop:) ...
D[ret] = get(D,ret,0)+1 # count how many times the symbol returned in "ret" occurs

### ... (before exit: print and write D to output file) ...
printin(D); for key in keys(D); write(fl,"$key: \t$(Dlkey]) \n"); end

We chose N = 25 and N = 31, two values, which required relatively many iterations to reach the global
optimum. Table4. shows the number of times theariousexit cales wee returnedat the three best
problem encodingsafter 1,000 random restarts
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FAILURE FTOL_REACHELD ROUNDOFF_LIMITI MAXEVAL_REACH
al N& Il 3f A 15 975 10 0
al NBEI 3f A 45 919 35 1
/| 8t A Y RNR 0 571 0 429
| 8f A YRNR 0 344 5 651
t2fF NLHp 6 787 2 205
t2fF Nbowm 5 689 16 290

Table4. Frequencies of Return Codes of numerical optimizations

Successful numizal optimizations exit with the code FTOL_REACHED (the tolerance for the objective
function was reached), corresponding to the shaded coluniraime4. The exit code
ROUNDOFF_LIMITED means tbandoff errors limited progressn this case, the optimization still
typically returns a useful result.

MAXEVAL_REACHR@icatesno convergenceintil the numerical optimization functioperforms
internal iteraions 20 times more than expected from the averagRILURE indicates no conyence,
and ittypicallycausesarly termination in which cas¢he algorithm appears to be faster, bitt
successfully processdewer random initial populations

In thenumber of convergent optimizations, the clear winner is the Marsaglia transformdamg.owith

98.5% and 95.4% success rates. It is followed by the Polar coordinates encoding, with 78.9% and 70.5%
success rate, while the Cylindrical projection encodingdezhly 57.1% and 34.9% convergence rates
(probably, because at the south pole tleds a singularity)

Accordinglythe safest choice is the Marsaglia transform encodifwghich has no singularity, but more
nonlinear constraints than the others). It @lbwed by the Polar coordinates encodjnghich hasio
singularitiesgither, but has zero derivatives, where numerical optimizations experience difficulties.

The Polar Coordinate encodimgedsrelatively few evaluations of thelowtrigonometric functiors,
with insignificantioss of speedHowever this would not necessarily holhen sichnumerical
optimization functiorswould beused whichtake advantage of the sparsity of the gradients

9. Visualizing th€oint Sets

We used gnuplot 5.27] for the graphigresentation of the resultsbecause it is free, fagpowerful
and interactive allowingrelatively simple scripts for plohg.

The point sets, resulting from the numerical optimizations are visualizdddifferent methods each
showing differentinformation about the Tammes sets

The input is in the rast files of the numerical optimizations discussed above; the output istdrpk
graphic window.
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9.1. WireframePlotwith Straight Edges

The spherical points are shown projected to a plane, by parallel lines from a viewing direction. To
visualize spatial cdigurations, we determine the distance of the points from this plane, anevdaager
and darkerdots for points closer to the viewer.

Vertices (points of the Tammes sets) are drawn as small circle okj@dtsd T AEAAO E AEOAI AAX

For visualizing the strugte of the pointsets, we draw linebetween pairs of pointsvhich are at the
minimum distanceThe used plotting program, gnuplff7] cannot directly drawinesof valyingwidth,
therefore we have taraw lines by segments, el of different widthand darknessThese change with
the distance from the viewer, similgito the sizes of dots, representing spherical points.

Line segments are drawn by headless arro@sd O AOOT x B 11T EAAARA

Care has to btaken to first draw the ling farther from the viewerWhen their projected images
intersect, the closer lines cover the more distant ones. It is done by sorting thedidgéances of the
midpoints of the edges, and draw the edges in the order of thedantiss.

A background shadeichage of a balffrom the file ball.png)s also drawn, indicating thenit sphere

Below is the complete gnuplot script, drawing the wireframe projection of the spherical point set, with
edges between the closest pairs of paint S F 2 NG-ingittie BdptRréthe gnuplot console, we have
to seta fewconfigurationvariables:

Alg = Thename of the directorngontaining the result files of the numerical optimizations,
corresponding to the problem encodirdgorithm

N = Thenumber of points in the Tamme®s It isalsousedin the file name
uu = Thenumber ofedgesegments whichdefaultsto uu = ceil(20+90/N)
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dta ='D: \Documents\ Tammes'.Alg." \CircPack'. - N.".txt'# EDIT for path and file name

txt = system('type '.dta) #read dt afile
p = txt[strstri(txt,"@")+12:*] #stringp< - coordinates (after'@")
set term wxt size 1024, 1024 position 10, 10 font "Arial,14
set title "3D Wireframe of the ".N." point Tammes Set on the Sphere
unset border ; unset grid; unset tics ; set key off # remove border (axes), grid, tics , key
setxrange [ -1:1] ; set xrange [ - 1:1]; set xrange [ -1:1]
setpixmap 1'D:  \t\balls \ball.png' # background image of a ball
set pixmap 1 at screen -0.005, -0.005,0 size screen 1.01,1.01 back
splot sample [i=1:1:1] '+" using (0):(0):(0) # create plot area, mark the origin
set view 60., 30., 1.7, 1.0 # initial viewing angles, zoom factors
array X[N]; array y[N]J; array z[N]; array V[N] # co ordinates , distances from viewer
do for [i=1:N] {

X[i] = word(p,3*i -2)+.0 # numeric coordinates of vertices

y[i] = word(p,3*i -1)+.0

z[i] = word(p, 3*i )+.0 } # z[2] = cos(edge<)
wd(i) = V[i]*3. 5+5 # line width proportional to view dist
cd(i) = ceil((1 - V[i])*85)*0x010101 # gray level of vertex i . ~view distance
av(x,y,q)=(1 -g*x+qg*y # averaging with weight g in [0, 1]
es=0; array F[199]; array T[199] # number of edges; EDGEends (N < 66)
do for [i=1:N - 1] for [j=i+1:N] { # check if Pi and Pj are connected

it (<[] + y[il*y[i] + z[i]*z[j] > z[2] Z le-5){

es = es+1; Fles] =i; T[es] = j # endpoints ->FT

}oo}
first = 1; array D[es] # view -distances : sorting -drawing edges
while (1) { # RE- DRAW 3D GRAPH

if (first) {first =0}

else {

pause mouse # wait for MOUSE ( in iteration >1)

if (exists("MOUSE_BUTTON") && MOUSE_KEY == 2) {break}

}
al = GPVAL_VIEW_ROT_X*pi/180; a2 = GPVAL_VIEW_ROT_Z*pi/180

xn =sin(al)*sin(a2); yn = - sin(al)*cos(a2); zn = cos(al) # current view direction

do for [i=1:N] {VIi]= x[iP*xn+y[il*yn+z[i]*zn} #V < - view distances of Vertices

do fo r[k=1:es] { DIK] = V[F[K]] + V[T[K]] } #D < - 2view dists of edge midpoints
do for [i=1:es -1]1{jMin =i # Insertion sort . distant edges  1st

do for [j=i+1:es] {if (D[j] < D[jMin]) {iMin = j} }
t = D[i]; D[i] = D[jMin]; D[jMin] = t

t = F[i]; F[i] = F[jMin]; F[ Min] =t
t = T[i]; T[i] = T[Min]; T[Min] =t }

do for [k=1:es] { # DRAW EDGES, closest ones last (on t op)
i = F[K]; j = TIK] v Ix=xqi]; fy = yli; fz = 2[i]
do for [u=1:uu] { w=(u+.0)/uu # uu SEGMENTS, varying width and color
tx =fx;ty =fy; tz =1z
fx = av(x[il.x[]l,w); fy = av(yli Ly[l.w); fz = av(z[i],z[j],w)
set arrow k*uu - uu+u nohead front  \
from fx,fy,fz to tx,ty,tz \
Iw av(wd(i),wd(j),(u -1)(uu -1)) \
Ic rgbcolor ceil(av(cd(i)>>16,cd(j)>>16, (u-1.)/(uu -1.))*0x010101
} } # DRAW VERTICES, closest ones larger ->
do for [i=1:N] { set object i circle at x[i],y[i],z[i] \
fillcolor rgbcolor cd(i) fill solid size (1+wd(i))/ 500 }
replot
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9.1.1. Edges

The drawing algorithm for the lines is very simple: determine thedistance from the endpoints of
the edge, and interpolate for the midpoints of the uu line segments. This will determine the width and
the darkness (gralevel) of each line segment.

9.1.2. Interactionswith the Plot

Three dimensional gnuplot graphs react to med R NJ- Jirdekagtialrss, by rotating the image.
However,it changes the viewing angle, therefaaéter amousedragrotation the plothave tobe
redrawn with new point sizes, line thickness values and gray levels. It isafterahe release of the
mouse button,detected in the script bgpause mouseé &

Pressing theniddle mouse button stops the update, and-eetivates the gnuplot command terminal
The gnuplot instructiomoing it is:

if (exists("MOUSE_BUTTON") && MOUSE_KEY == 2) {break}

9.2. Wireframe Plowith Circular Arc Edges

Usingarcs of great circlegeodesicsjo connectthe closest pairs of pointsouldlook more natural, like
regions on theglobe However, drawing (and projecting to the viewing plane) true circular arcs of
varying width and darkess is difficult. Instead, we draw conjosggments obtraight lines between
spherical points inserted between the endpoinstting their width anddarknesgparameterss easier

Instead of equal angular distances we use equidistant points on the ctingdines, projected to the
sphere. At sufficiently large number of such points their uneven distribution is not noticeable.

Determining the linavidths and darkness of the line segments approximating a circular Bttteisnore
complex than a simpleierpolation from the endpoints of the arc, as we did in the Secidrabove

We determine the viewing distance of the midpoints of the arc segments. At sufficiently many segments
these arcs are short, thus the spherical ainédr midpoints are clos@.he viewing distance of these
midpoints can be directly converted to gray levels and linewidths.

The following function determines the viewing distance of a pintz ), when(xn,yn,zn )is the
normal vector of the plane, to wite the Tammes points aragected. Itis in F1,1] for points on the
unit sphere:

\ WE(X,y,Z) = X*Xn + y*yn + z*zn # distance of the point (x,y,z) from the projection plane \

With this function only the edge drawing loop nesdd be altered in the script ddection9.1:
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do for [k=1:es] { # DRAW EDGES, closest ones last (on top)

i=F[K]; j=TIK]

fx =x[i]; fy = y[i]; fz=z[i]; fn = 1.0

do for [u=1:uu] { w=(u+.0)/uu  # uu SEGM ENTS, w/ gradual change of width and color
tx=1fx;ty=fy;tz=1fz;tn=fn
fx = av(x[il.x[i.w); fy = av(y[i].y[il.w); fz = av(z[i],z[j] W)

fn =sqrt(fx**2+fy**2+fz**2)
fx = fx/fn; fy = fy/fn; fz = fz/fn

set arrow k*uu - uu+u nohead front from fx,fy,fz to tx,ty,tz \
Iw wi(fx+tx,fy+ty,fz+tz)*2+5 \
Ic rgbcolor ceil((2 - wt(fx+tx,fy+ty, fz+1z))*33)*0x010101

}

9.3. Surface Plots

The drawing program we used, gnuplot, taslt in functionality for drawing surfaces, defined (ot
necessarily planagolygons

9.3.1. Faces

2SS O02ddZ R FAYR aFlFO0Sa¢ NBfEIFIGSR G2 GKS ¢FYYSa LRAyD
geodesicsarcs segments of great circledrawn between pairsf points at the minimal distanc&hese

circular edges are hard teandle sowe worked insteadwith straight lines conneatgtheir endpoints.

These straight edges define adBnensional solid, which is not necessarily a polyhedron, because the

verticesof the faces are not alwaym a pane.

Eliminating Vertices of Low Degree

Before going ahead with finding faces, all vertices are removed, which have fewer than 3 neighbors
(have degrees less than 3). These vertices do not belong to faces, and canibatet] by moving the
low degree veex by a sufficiently small displacement. In case of

- Degree = 1: move away from its sole neighbor,
- 583aINBS I WYy 2yS 2F (KS +y3atSa 2% (KS (g2
direction of the bisector othis largeangle.

(V)
Pl
L
(V)
Q¢

Removing edgesac make more vertices of degree less than 3, therefore, we have to repeat this
procedure until no mee edges are excluded.

This theoretical possibility, which isolagachpoints, which are not fixed by their neighbok actually
occur in several numert Tammes sets

Face Finding

The edges are represented by lists of neighboring vertatéschedto every vertex. This way every
edge is directed, and listed twice, once at each diregtistedat both endpoints.

The faceconstructionsconsist of pickig a directed edgéuntil all are used up)and find its leftmost
neighbor (the one, which has the sitest angldrom the left), and repeat this until the starting vertex is
reached again.
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The angle between 2 linsegments has to be measuredy.,clockwi®, in the full Tit“ interval. The
dot product of the vectors of these lines gives the cosinénefangle, but thenverse cosings
ambiguouspecausawo angles , measured clockwise or anticlockwjggve the same cosine.
The sign of the determinant: i o

W w a

W W a

®w W a
built from the coordinates oftte 3involvedpoints whohx , @hohy , and oo  distinguishes
between the twoangles If the determinant is positive, the vectors form a rigand configuration,
otherwise a lefthand configuration. In theecond case the angle computed with the inverse cosine
function has to be subtracted froiw’ .

Note that the cosine of the equal aegl of the edgefseen from the origihis z[2],the zcoordinate of
Po, which isalsothe objectiveof the numerical optimiation. Fromit the length of the edge can be
computed e.g.,by using the cosine theorerlc ¢AT| O

The dot product of two edge vectors has to be divided by the square ofttig[2] ), to get the cosine
of their angle Or,we can use thecaledup cosineeverywhere

A slight speedup of the angle computation is possible. Instead of the angle, any mignfoiaction of
the angle suffices to find the smallest antgethe left side of the directed edgdn the gnuplot script we
used an increasing furion pieced togetheby 2 scaled upcosine functions:

det(ij,k) = VT2l - z{iPyOD) (K] + (z[iT*[] - X[T*z[il)*y[k] + (x[iT*y(] - Y[ *z[K]
cosang(i.j,k)= ((x[]] - X[)*(xi] -X[K]) + (¥li] - YI*(y(i] -YIKD) + (z[] - Z[i)*(z[}] - Z[K]))
angle(i,j, k) =det(i,jk)>07? 4*7[2] - 4- cosang(i,j,k) : cosang(i,j,k)

9.3.2. ProgramUsage

Before the cal(load <scriptfile>) ofhe projectiongnuplot script the followingvariableshave to be set
N: the number of points in the Tammes probleaiso used in the filenanseof the coordinatesand

Alg the directory namecontaining the dad files with the corresponding encodiatgorithmof the
Tammes problem

As the output, a projected image of the surface is drawn, which helps visualizing the Tammes ppint sets
with any solated points marked by black dotsght sources arget, illuminaing the visible sides of the
semitransparentpolygonal face (with thecoverededges shining through). The image can be rotated by
moving the mouse, while the left mouse button is presgmuplot liveupdates he lighting effects.
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set term wxt size 1024, 1024 position 10, 10 font "Arial,14"
set title "Polygon Faces of ".N." Tammes Points on the Sphere"

dta=Alg." \CircPack'. -N..txt' # filename: EDIT if needed

txt = system('t ype '.dta) # read the entire file

p = txt[strstrt(txt,"@")+12:*] # get part with  coordinates  of the Tammes points
unset border ; unset grid; unset tics # remove border (axis lines), grid, tics

set key off

set view 60., 30 ., 17,10 # initial viewing direction, zoom factors

setxrange[ ~-1:1] ; setyrange[ -1:1]; setzrange[ -1:1]

array x[NJ; array y[N]; array z[N]
do for [i=1:N] {

x[i] = word(p,3*i -2)+.0 # numeric coordinates of the cente rs of the circles
yli] = word(p,3*i -1)+.0
z[i] = word(p,3*) + .0 # z[2] is cos(min_angle) ~ edge length
Y, zz=4*z[2] -4
det(i,j,k) = (y[i*z[]] - 2[i TY[il)*x[K] + (Z[i]*x[]] - x(irz[i)ryIk] + (x[i*y[] =YD *zlk]
cosang(i.,j.k) = ((x[i] - X[)*(x[i] - X[K]) + (vIil -yl (vl -yIK]) + (2] - Z[i])*(z[i] -z[K])
# increasing function of angle in [0,2pi], instead of acos(cosang) and 2pi - acos(cosang)
angle(i,j,k) = det(i,j,k) >0 ? zz- cosang(i,j,k) : cosang(i,j,k)
# edge drawn only between Nodes of degree > 2, dotproduct of points > z[2] -eps
edge(i,j) =i!=j && NH[i] && NH[j] && X[iI*x[j] + y[iI*y[] + z[i]*z[j] > z[2] -le-5
array NBs[N]; array NH[N] # Neighbors = degree of verti ces
do for [i=1:N] {NH[i] = 1} # Node s of High degree (> 2)
cnt = 1; while (cnt) { # mark vertices of degree<3, RE PEAT delete open paths

do for [i=1:N] {NBs[i] = 0}
do for [i=1:N  -1] for [j=i+1:N] {if (edge(i,j)) { NBsJ[i] = NBs[i]+1; NBs[j] = NBsJ[j]+1} }
cnt = 0; do for [i=1:N] {if (NH[i] && NBs[i] <3) {NH[i]=0; cnt=cnt+1}}

edges=1; array N1[N+1]; array NB[500]  # First/All Neighbors ( all degrees < 6 =>#edges <= 2.5N)
do for [i=1:N] {
N1J[i] = edges
do for [j=1:N] {
if (edge(i,j)) { NB[edges] = j; edges = edges+1 }

};  NI1[N+1] = edges

# big DOTS to m ark isolated points ->

do for [i=1:N] {if ('NHI[i]) { set obj i circle at x[i],y[i],z[i] front fc 'black’ size 0.005 Iw 5}}
array h[N] # FIND /SAVE POLYGOIRACES- >
set table $Polygons # data block for tabulated polygons
do for [i0=1:N] for [j=N1[i0]:N1[i 0+1]-1]{if (NB[[] >0) { # find an unused edge (i,NB[j])

k=" NB[j; NB[j] = - NBI[j]

clen =2; h[1] =i0; h[2] = k # first 2 nodes of a face

i=i0

while (k '=1i0) {

minang = 9.9 # find the leftmos t unused edge

do for [m=N1[K]:N1[k+1] -1
if (NB[m ]>0 && NB[mM]!=i&& (a=angle(i,k,NB[m])) < minang) {minang = a; minm = m} }

i =k; k=NB[minm] # move to the next edges of the current face
NB[minm] = - NB[minm] # mark current edge (at its endpoint) as use d
clen = clen+1; h[clen] = k
}
splot sample [I=1:clen:1] "+ using (X[h[I]]):(y[h[l]]):(z[h[1]]) # faces -> Table $Polygons
unset table
set pm3d depth border Ic "black" lw 2.5 lighting primary 0.05 specular 0.05 spec2 0.01

splot $Polygons with polygons fc ‘#16CCCCCC'
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9.4. Stereographic Projection

Stereographic projection showgell the combinatorial structure of the point sets, but theadial
constellations of thgoints are harder to dedudtom the image Geodesics (as of geat circle$ are
mapped to straight linedf the projection point is inside a convex face bordered byeaiges
connecting points at minimal distance, the line segments of the projestigdsdo not cross

Vertices at concave angles cani@de isolated pointgby moving them slightlyin the direction of the
bisectol), we did notisolate themin the data visualization programand so we may see crossing edges

The visualization program dobandlesimpler caes ofisolable points, whichare not fixed by their
neighbors Before the projectiorwe exclude edges to nodes of degree < 3. These edges can be
eliminated by moving the low degree vertex by a sufficiently small displaceméhbut degeasing the
minimad distance between pointsas described in Secti@3.1

In the Tammes sefaund by numerical optimizationsye did notgetisolated pointsvhentolerances
largerthan 0.04were usedor accepting distancessanminimal However thesehuge tolerancesesult in
spurious edgeslNe usedtolerancesof 1e-5 instead which seem to represent reasonable traoffs.

9.4.1. Symmetries of the Contact Graph

When verifying thevalidity of numerical optima, and at calculating theikact characteristics, knowing
about symmetries of the contact graph could be helpful. For finding such symmetries two approaches
come to mind, as discussed below.

APPROACH I: determine all possyiplest of symmetries, using spherical faces

One can listhe possible types of symmetry of contact graphs, and search for them. Simple reasoning
reduces the number of possibilities for the plane, lineenter points of the symmetries, to be chosen
only from a small finite set:

1. point reflection: only about therigin of the sphere
2. planar reflection/mirror images: the plane must contain the origin, and also
a. contain a vertex of the graph, halving 2 andiesveenedges
b. orthogonal to an edge, through its midmbi
3. rotation about a line, which goes through the arigf the sphere, and also goes through either
a. avertex (rotation angle = k*360°/d = degree of the vertek, = 1,2), or
b. midpoint of an edge (180° rotation), or
c. the barycenter of a regular polygon fa¢rotation angle = k*360f/f = the number of
edgesof the face. If is odd=> k=1jf fis everr=>k =1 ,2)

The results would directly show the symmetries, but the necessary prograniarifigding themis
quite complex.
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APPROACH lI: consideringitige of theP1P> edge of the graph

Another possibilig for finding symmetries was to pick a directed edge of the contact geaphPiP.
(denoted as RP, in other places of this document@ynd considesymmeties,whichmapsadirected
edgeto it. (Of coursesymmetriesmapall Tammes pointso Tammes point3 Thereare two such
transforms on the sphereboth general rotatiors. They diffein keepingor changingrientation, i.e., by
that the two hemisphere®f the target edge arélipped overor not. See also in Sectich3.1

Accordingly, the followingan be done

- For every directed edge determitiee orientation pregrvingrotation moving this edge to,P,
0 use the edge in both directions
o chose to flip or not the Y coordinates (flip or not the East and West hemispbER#; ¢
RSYy23GSR @& Awb el KXSNJ2d6dzi Lidzi 2 F GKS LINPINI Y RAaOd
- Check if the Tammes puiset maps to itselfexcludingvertices, which can be made isolagand so
havng no fixed positions.

As at generating the initial population of the numerical optimization, the transform is made of 3 simple
rotations aroundcoordinate axesviththS G NA 32y 2 YSGOINA O Fdzy OiArz2ya 2F (GKS

Note 1. It istheoretically possible that a face contains an isolate point, buitaips to another face,
which does not. Thidid not happenin the numerical optimizationgnd it would beunexpected,
becauseanisolate point coulcbe added to theempty face, making the Tammes set the same with N
andN+1, excepan extra point added.

Note 2. here is a potential problem witbxcludngisolable points
- If PLor Ris isolablethe target edgeof the symmetrydoes not exist.

It can happen wheniPr B has degree less thady a rare case. We can fix the problem by rotating
another edge to the f® position and renumber the nodes. This would involve writing program code for
fixing a very rar@roblem, which can also be avoidéy picking another input dta set for the offendig
case €.g.,from the optimization results using a different problem encoding).

TheSymmetnyFindingJuliaProgram

The symmetryfinding programuses APPROACHI iterpreting the resuling symmetriesn terms of
APPROACH lsgsaightforward.

Theprogramreads all properly named result files from a directory, in their natural order. Then the
coordinates of the Tammes points are extracted, the edges are determined, and the isolable points are
marked forexclusion from further procesgin

Nexteverytransformthat maps an edge to B ischecked, to see they alsomap the Tammeset to

itself. For that wehave to compare twaetsof floatingpoint coordinates. Roundingnd number
representationerrors makesuchcomparisons uncertairtherefore weONB | (1 S dA NIPINISY @ &F A y 3
arrays:scale up the coordinates by 6 decimal plagesitiply by 16), round them to the nearest

integers and sort the resulting coordinalist lexicographically. If two coordinatistsrepresent

isomorphic point ses, the sorted integefingerprintarrays are equal, entrgy-entry.
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using Printf

dir="D: \\Documents\\ Tammes\ MA\ "
eps=1le -5
fls = filter!(t - > startswith(t,"CircPack

sort!(fls, It = (x,y)

for flname in fls

edge(i,j)=i'=j && HDI[i] && HD[j] && P[i,;]' * P[i,;] > P[2,3]

N = parse(Int,split(flname,['
printin("N = $N. Edge 1

P = zeros(N,3);
E =f1ill(0,3N); F = copy(E)
HD = trues(N)

fl = open(dir*flname,"r")

- > parse(Int,split(x,['

p = copy(P)

# directory of the files

-,

readdir(dir,sort=false))

| 2]) < parse(Int,split(y,[ -52i2D)

-eps

) )

>)

# coordinates of INPUT/transformed Tammes points
# degrees <=5, #edges <= 2.5N
# is point of High Degree?

# filenames in natural order

txt = readuntil(fl,"@"); readlin

fori=1:N
L = readline(fl)

e(fl)

# read the coordinates of the Tammes points

P[i,:] = parse.(Float64,[L[1:15],L[16:30],L[31:end]]).+ o #" -0.0" ->"0.0"
end
while true # iteratively exclude points of degree < 3
DEG = fill(O,N)
fori=1:N  -1,j=i+LN # calculate/update degrees of points
if edge(i,j) DEG]i] +=1; DEG[j]+=1 end
end
nodrop = true
fori  =1.N
if HD[i] && DEGJi]<3 HDIJi] = nodrop = false end
end
nodrop && break # often no need to repeat
end
edges=0 #edges: E[K] -- F[K]
fori=1:N -1,j=i+1:N
if edge(i,j) edges+=1; E[edges] =i; F[edges] =) end
end

fori=1:N HD[i] && (P[i,:] =[0,0,0]) end
SO0 = sortslices(round.(Int,P./.1eps ), dims=1)

# FIND SYMMERIES: pick every edge in both directions,
# rotate it to P1 - P2, with or without flipping the Y coordinates
# check if the resulting transformation maps the graph to itself

printin()
close(fl)

end

In the place wherethé 6 6 { , a a 9 @k @iMést indicates, insert thiwop printed below It
takes all edges onby-one, determines the rotatiomeflection transform, which moves it ta/P,
(excluding the identity transforin transforms thevhole Tammes set (excluding the isolablems), and
creates the orresponding fingerprint array of the scaled up, rounded and sorted coordinates. If it is

equal to the original fingerprint array, a symmetry is found, and the originating edge is printed out, with

+ or¢ indicating if the hemisphes of PP, are swapped pnot.
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for k = 1:edges, rev = (false,true), yflip = (false,true)
u=P[EK]]; v=P[F[K],]
rev && ((u,v) = (v,u))

R=[100;010;001.0]

ifu2]'=0

s,Cc = u[2:3] ./ sqrt(u[2]*2+u[3]"2)

R=[100;0c -s;0sc] #Rotate around axis X: u.y < -0
end
u=R*u
if u[l]'=0

s,Cc = u[1:2:3] ./ sqrt(u[1]*2+u[3]"2)

R=[c0 -s;01 0;s0c]*R #Rotate around axis Y: u.x < - 0, too
end
u=R*v
ifu2]'=0

s,c = u[1:2] ./ sqrt(u[1]*2+u[2]"2)

R=[scO;c -s0;001]*R # Rotate around axis Z: v.y < - 0, too
end
(R*V)[1] < 0 && (R[1,:] .*= -1) # Reflect if needed for transformed v: v.x > 0
yflip && (R[2,:] .*= -1) # Reflect Y coordinates if requested
isapprox(R,[1 0 0; 01 0; 0 0 1.0],atol=9eps) && continue # ldentity transform
R =R'/.1leps
S = sortslices(round.(Int,P*R) , dims=1)
if SO ==

i,j = rev ? (FIK],E[K]) : (E[K],F[K])

@pintf(" %d  -%d %3$n", i, j, yflip 2 "+" . " -"
end

end

Running the above program will tell, if a numeric Tammes set has symmetries, and how mahg, but t
kind of symmetry is hard tmterpret. For telping with this task, some basic linear algetaa beused

Since the symmetries are made of rotations and reflectitmsy can bede<scribedas rotationmatrices
with real eigenvaluesf £1. Real eigenvectorsorrespondingo these eigenvalueare thevectors
representing the symmetrieghese eigenvector@re either kept fixed by the symmetries, thiey get
reflected over the origim SA ASy @t dz§ I' Lm0

For enhancing the output with this information, we add the following few commands to the Julia
program above, just before the second la&sB Y R¢ RANBOUA BSY

using L inearAlgebra
G = eigen(R)
fori=1:3
t = round(G.valuesi],digits=6)
if (t== -1.0||t==1.0) && all( - le- 6 .< imag.(G.vectors[.,i]) .< 1e - 6)
a,b,c = real.(G.vectors[:,i])
@printf("%2d: [% 1.5f % 1.5f % 1.5f] \ n"/real(t),a,b,c)
end
end
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The complete Julia programms assembleds aboveprintslong
output on the console, whicbhanbe copied and pastel to a file
for reference namedd SA ISy oG EG ¢ @

Part of the output is shown to the right. For each vertex N, th
size of the Tammes set is shown, followed by the note that t
found symmeties map edge #- to the edge listed in each
NEO2 NR® 0 ¢ KS8péF MNERbe SdgfiBPy ke (9
SR3IS A& F2ff 2 sWthabtBe twiob & 2 NJ
hemispheres of the edge are swapped, or not (mirror reflecti
to the plane of the edge andhe origin).

1 or 3 lines follow (the number of real roots of the cubic
characteristic polynomial), shomg the real eigenvalues (1)
and the corresponding eigenvectors.

If the eigenvalue is +1, the stereographic projection from the
direction of the eigenvetor shows a symmetric image of the
contact graph, corresponding to the transform found mappin
the gragh to itself.
LT GKS SA3ISYydlrtdzS A& bmI 4§
pointing to the desired projection point. This vector has to be
unchanged by tl current transform, that is, it has to be
orthogonal to the eigenvector, e.g.:

EGE mofufg © G chim

E&E g ofufn © mhphm
Thereare manyother usefulorthogonal directions for the
projection. We provide 8 choicesd k -45° rotationsstarting
from the choice above

Applying these simple rules for setting the projection points
make the stereographiprojectionsto show the symmetricity
of the contact graphs without manual trials.

There arealsotools in our stereographic projection script,
which may help to visualize the contact graph, in case when
isolated pointhappens to be&oo close to the pragction point.
The imageof this pointwould be very far from the images of
the other pointswhich areshown asa tiny cluster in the plot.

One of thetools remo\e the isolated point from the imagehe
other tool reflectsthe projection point to the originwhich
could clear up the picture.

N =25. Edgel -2 ------------- >
11-9 +
1:[0.35936 0.92762 -0.10183]
N=26. Edgel -2 ------------- >
15-2 -
-1:[ -0.66800 0.46442 0.58146]
N=27. E dgel-2 ------------- >
1-12 -
-1:[0.95145 -0.30780 0.00000]

1:[0.30780 0.95145 0.0000 0]
1: [ 0.00000 0.00000 1.00000]
11-22 -

-1:[ -0.00042 -0.00130 1.00000]
11-27 +
1:[0.30780 0.95145 0.00137]

N=28. Edgel -2 -------mm---- >
N= 29. Edgel -2 -------m-mmm- >
N=30. Edgel -2 -------m-mmm- >
4-8 +
1:[ -0.42386 -0.75603 0.49877]
5-28 +
1:[0.42386 0.75603 -0.49877]
6-15 +
1:[ -0.90427 0.32205 -0.28031]
26-17 +
1:[ -0.40771 -0.33247 -0.85043]
29-27 +
1:[ -0.49656 0.65451 0.57012]
N=31. Edgel -2 --------mmm- >
19-4 +
1:[0.89153 0.11710 -0.43755]
23-6 +
1:[0.89153 0.11710 -0.43755]
13-8 +
1:[0.89153 0.11710 -0.43755]
20-17 +
1:10.89153 0.11710 -0.43755]
N=32. Edgel -2 --------mm- >

10-16 +

1:[ -0.37125 0.55585 0.74378]
12-22 +

1:[ -0.15547 -0.82693 0.54039]
27-15+

1:[ -0.87052 -0.48706 -0.07051]
23-19 +

1:[ -0.37125 0.55585 0.74378]
32-24 +

Thegruplot script below can be used ot the stereographic | 1:[ -0.71505 0.33986  -0.61090]
projection with the projection point set by the eigenvectors

GF1Sy FNRY GKS FAf{S aSA3ISYyolEGE
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_(xy) =x # helper forno  -temp swap of var iables: a=_(b,b=a)
dist(i,j) = X[iI*x[ i1+ ylitryll + z[i1*z[j] # cos_distance = dot product  (for console use)
edge(i,j) = i!=j && NH[i] && NHJj] && dist(i,j) > d -le-5

if (ARGC > 0) {N = ARG1+0}
if (ARGC > 1) {Alg = ARG2}

set term wxt size 1024,1024 pos ition 10,10 font "Arial,14"
set title "Stereographic projection of ".N." Tammes Points on the Sphere"
set view equal xy; unset border; unset grid; unset tics

dta=Alg." \CircPack'. -N..txt' # EDIT for path and file name
txt = system('type '.dta)
p = txt[strstri(txt,"@")+12:*] # get coordinates
array x[N]; array y[N]; array z[N]
do for [i=1:N] { # numerical coordinates of the vertices
X[i] = word(p,3*i - 2)+0; y[i] = word(p,3*i - 1)+0; z[i] = word(p,3*)+0 }
d=2[2] # length of the e dges on the sphere
array S[N]; array T[N] # coordinates of projected spherical points
array SO[N]; array TO[N] # backup
array Sp[N]; array Tp[N] # temporary, used in PLOT.gp for hiding vertic es
array NBs[N]; array NH[N] # nmb of Neighbors = degree; is Node of High degree?
do for [i=1:N] {NH[i]=1; NBs[i]=0} # Nodes of High degree
cnt = 1; while (cnt) { # mark degree <3  vertices , REPEAT. remove paths to nowhere

do for [i=1:N] {NBsJi] = 0}
dofor [i=1:N - 1] for [j=i+1:N] {
if (NH[i] && NHI[j] && edge(i,j)) { NBs[i]=NBs][i]+1; NBs[j]=NBs[j]+1} }
cnt = 0; do for [i=1:N] {if (NBs[i] < 3 && NHI[i]) {NHJi] = O; cnt = cnt+1} }
}

es = 0; array E[300]; array F[30 0] #draw edges as arrows, save endpoints in E[],F[]
do for [i=1:N - 1] { do for [j=i+1:N] {
if (edge(i,j)) { es = es+1; E[es] = i; F[es] = j
set arrow es from SJi], T[i] to S[j],T[j] nohead Iw 2} } }

txt = system('type eigen.txt') # get eige nvalues/vectors for projection point
txt = txt[strstrt(txt,"N = ".N)+34:]
txt = txt[1:strstrt(txt,"N = ") -1]

The first part of the gnuplot script above sets a couple of helper functions and declares arrays, reads
parameters from the command line, reads tbe@ordinates of the Tammes points from files named
CircPackN>.txt, removesedges to low degre points(recursively) sets the endpoints of the remaining

SR3IS& FYR 2Lya (GKS FTAtS ylIYSR aSA3SyodliEdGsés O2yil
symmety transforms.

¢tKS ySEG aSdOiArzy 2F (GKS &AONA LI NBI
and sets the projection point of the stereographic projection accordingly:

P

a (NBlueSA3ISy oSO
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pos=1;nums=0
sl=s2=cl=c2=2.
while (t1=strstrt(tx tlpos:],"[") {

pos = pos +t1 + 28

sg = txt[pos - 33:pos - 32]+0

A = txt[pos -28:pos -21]+0; B = txt[pos -19:pos - 12]+0; C = txt[pos -10:pos - 3]+0
printsg, ": [", A, B, C,"]"

A0=B;B0O=(B==07?1: -A);C0=0
Al1=B*C0O - C*BO; B1=C*A0 - A*CO; C1=A*BO - B*AO

if (sg>0){xp=A;yp=B;zp= C}
else { xp = A0; yp =B0; zp=CO0 }
pm=pp=1;sel=del=0

call 'RROJ.gp'

call 'PLOT.gp'

pause -1" -- NEXT PROJECTIGN"

}

The code above takesa@bD] 2F f Ay Sa FTNRBY GKS FA{S aSAiBSYyPGEGE S
Ay (GKA& 0ft2012 GKFG O2yilAya awé (GKS SAIASYy Sl dzS A
SAISYy@SOiG2NI I NE MEBRGAFER FNB SRR ih theflifed  a

From these coordinates and the sign of thgezivalue the projection point is determined, the projection

is performed(call 'RROJ.gpand the image is plotte¢tall 'PLOT.gp'

I'd GKS a LI dZeSdipt WilkwéaiYTorayi Rntetkeypress or clicking on the OK buttonan
popupmessagdox, while the last displayed plot can be interactively edited, saved or copied to the

clipboard, to be included in documents.

¢CKS GFNRFOES aLl2aé¢ Aa as ioftheurierit SgerOdctorNgit@®dat SNJI L2 a A 4 A
increased, there was no symmet& tizy R F2NJ 4G KS OdzZNNByld b3X poiatRitiss S 2 dza (
done by finding the Tammes point P, which has the smallest sum of distances;femt B. These 3

pointsspan a triangle, which has no other Tammes point inside, thus its barydsrsigitable for

projection point It is not on any edge and nado close to any Tammes point.

if (pos==1) { # No eigenvectors
pm=pp=1;sel=del=0;A=B=.1; CcC=1
xd= -2.0;id=3 # P: smallest distance sum from P1=(0,0,1) and P2=(sqrt(1 - d**2),0,d)
do for [i=3:N] { # avoid projection point P1 or P2 (happens at N = 5)
if (abs(x[i]+x[2])<1le -5 && abs(y[i)<le -5&&abs(z[i] -d)<le-5){cont inue}
if (abs(x[i] -X[2]*d)<le -5 && abs(y[i)<le -5 &&abs (z[i] -2*d**2+1.0)<le -5) {continue}

xt = z[i] + x[2]*X[i] + d*z[i]
if (xt>xd){xd=xt;id=i}

}

xp = x[2]+x[id]; yp = y[id]; zp = 1.0+d+z]id] # bari - center project ion point, noton edges
A0 =yp; BO=(yp==021: -xp); CO =0

Al =yp*CO - zp*BO; Bl =zp*A0 - xp*CO; C1=xp*B0O - yp*A0

call 'RROJ.gp'

del=0;pm=0

call 'PLOT.gp'
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The actual stereographic projection is perforntgdhe subrodi A yS a2 NBR Ay GKS

s01 =s1; c01 =cl; s02 =s2; c02 =c2 # save old rotation matrix

W = sqri(xp**2+yp**2+zp**2)
if(w<le -5){xp=0;yp=1;zp=0}

else {xp = xp/w; yp = yp/w; zp = zp/w} # angles for th e3Drotati on ->
m = sqrt(yp**2+zp**2); m = (m==0) ? 1. : m
sl =yp/m; cl =zp/m # sin(ay), cos(ay)
| = sgrt(xp**2+m**2); | = (I==0) ? 1. : |
s2 = xpll; c2 =mll #Xq=Xp,zq=m - > sin(az), cos(az)
dofor [i=  1:N]{ # Project all the rotated spherical points
z1=1 - s2*%[i] - c2*sl*yJi] - cl*c2*z]i]
if (zZ1 ==0.0) {z1 = 1.0}
SO[i] = S[iJ; S[i]= (c2*x[i] - s1*s2*yli] - c1*s2*z[i]) / z1
TO[] =T I T[i]= (c1*y[i] - s1*z[i))/z1 # S[i], T[i] < - coordinates on the plane
}

Wefirst find the rotation matrix that movep; to the given projection point (X,p, zp), thenrotate and
projectall the Tammes points

If the angle between theew projection pont and the yaxis ad zaxis is-+H#bo(respectively then the
rotation matrix is:
Al OEIOBRd AT-®BG
n Al OE#
o ATUDEL Al-A 1%
We will also need its inverse when setting a spherical pastite new projection point, byselecting its
projected image on the plandt is simply the transpose of the rotation matrix
AT% T O Béb
OEIOBEd AT-O ATWDET
Al-®Bdb OB+ AT-A 1%

The actual plot of the stereographic projeatigs performed by the subroutine stored in the file named
at[ hed3ILEY

do for [i=1:20] {unset label i}; sel =0

do for [i=1:es] {set arrow i from S[E[i]], T[E[i]] to S[F[i]], T[F[i]]}

if (nums) {set for [i=1:N] label 20+i at SJi], T[i]} # reposition node numbe rs
else {set for [i=1:N] label 20+i "}

do for [i=1:N] {Spl[i] = S[i]; Tp[i] = T[i}}
do for [i=1:del] {Sp[dPJi]] = NaN; Tp[dPIi]] = NaN}
plot sample [i=1:N:1] '+' using (Sp[i]):(Tp[i]) notitle with p oints pt 7 ps 1.5

It first clears up the marks of any seted points (see in Secti®¥.2about Interactions with the Plot),
then draws the edges as headless arrows. If the indices of the Tammes points aresshihverast plot
the PLOT subroutineepositions them The projected @ordinates of the Tammes points are then copied
to temporary arays, from which the deleted points are marked hidden (by setting their coordinates to
NaN = Not a Number values). In the end the points are plotted as samples.
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9.4.2. Interactions with the Plot

The2-dimensional plot of the stereographic projection of a Tammetsfor a given N and an
eigenvalue/eigenvector pair, aescribed in the previous sectiotan be controlleds follows

T

T

=

T
T

MOUSE buttonl: mark and select vertices (closest to the cursor)

0 click agin: cancels the last point selection; can erase npmi@ts going backwards
CtriButtonl: sets the point under the cursor the new projection pdperforming the inverse
projection)

ENTERn(ile the window of the plotis active:

o if 1 isolated Tammes point is seledteemove it from the plot; no effect if the point is

not isolated

o if 2 points are selected: rotate the plot, to make the line of the selected points vertical

o if 3 or more points are selected: set projection point to the direction of the sum of the

vectorsof the selected Tammes points
'n": toggle the vertexaumbering on the plot
"' toggle between the lasind current plots
'F1": toggle the projection point between + @of the eigenvector\{Qls thedefault for
eigenvalue = 1)
'F4'": cycle through 8 projection pus (at 45°increment) orthogonal to the eigenvectéirst
direction is thedefault for eigenvalue 1)
'a": fine rotation of the plotcounter-clockwise Add ™ /500 to the angleof the axe$
'd": fine rotation of the plot clockwise Decrease the plotting angle by500)

Belowis the plotcontrolling code section to bappendedto the gnuplot script:
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array sl[20]; array dP[20] # selected points; deleted (isolated) points

bind "ctrl - Button1" "u=MOUSE_X; v=MOUSE_Y; w=2./(u**2+v**2+1.); x0=u*w; yO=v*w; z0=1. -w;
Xp =c2*x0 + s2*z0;yp=  -s1*s2*x0 + c1*y0 + c2*s1*z0; zp = -c1*s2* x0 - s1*y0 + cl*c2*z0; \
call 'RROJ.gp; call 'PLOT.gp™

bind "Button1" "sel = sel+1; ml = 0; mD = 1e308; \
do for [i=1:N] {sD = (S[i] -MOUSE_X)**2 + (T[] - MOUSE_Y)**2; if (SD < mD) {ml = i; mD =sD}};
sl[sel] = ml; \
if (sel>1 && sl[sel -1]==ml) {sel=sel - 2; unset label sel+1}; \
else {set label sel " at S[mI],T[ml] point pt 6 ps 2.5}; \
re plot"

bind "Return” "if (sel > 1 || (sel == 1 && NH[mI])) { \
if (sel == 1) {del = del+1; dP[del] = ml}; \
else if (sel == 2) {x1 = S[sl[1]]; x2 = S[sl[2]]; y1 = T[sI[1]]; y2 = T[sI[2]]; \
s01 =s01>1.17?0.:s01; r=sqrt((x2 - XL)*¥*2+( y2-y1)**2); c = (y2 -yL)ir; s = (x2 -xL)/r; N\
do for [i=1:N] {SO[i]=S[i]; S[i]=SIi] *c - T[i]*s; TO[i]=T[i]; T[i]=SO[i]*s+T[il*c} }; \
else {xp=sumli=1:sel] x[sl[i]]; yp=sumli=1:sel] y[sl[i]]; zp=suml[i=1:sel] z[sl[i]]; call'RROJ.gp"}; \
cal'P LOT.gp}"

bind "n" "if (nums = 1 - nums) {set for [i=1:N] label 20+i ' ".i at S[i], T[i]} \
else {set for [i=1:N] label 20+i "} \
replot"

bind " "if (s01<1.1) {do for [i=1:N] {S[i]=_(SO0[i],SO[i]=S]i]); T[i]=_(TO[i], TO[[I=T[i))}; \
s01=_(s1, s1=s01); cO1=_(c1,c1=c01); s02=_(s2,s2=s02); c02=_(c2,c2=c02); call 'PLOT.gp'}"

bind "F1 ""if(pp=1 - pp) {xp=A; yp=B; zp=C} else {xp= - A; yp= - B; zp= - C}; call'RROJ.gp’; call 'PLOT.gp"

bind "F4" "pm=pm+1;if (om==1) {xp = AO; yp = BO; zp = CO}; \

else if (pm==2) {xp = AO+A1l,; yp = BO+B1, zp = CO+C1}, \

else if (pm== 3) {xp = Al; yp = B1; zp = C1}; \

else if (pm==4) {xp = -AO+Al; yp = -BO+B1; zp = - CO+C1}; \

else if (pom==5) {xp = -AO;yp= -BO;zp= -0} \

else if (pm==6) {xp = -A0-Al;yp= -B0O-B1;zp= -COC1}; \

elseif (pm==7){xp= -Al;yp= -Bl;zp= -C1}; \

else if (pm==8) {xp = A0 -Al;yp=B0 -B1;zp=CO -Cl;pm=0} \

call'RROJ.gp'; call 'PLOT.gp™

sr = sin(pi/500); cr = cos(pi/500)
bind a "do for [i=1:N] {SO[i]=S[i]; S[i]=S[i]*cr - T[i]*sr; TO[i]= T[];T[i]=SO[il*sr+T[i]*cr}; call 'PLOT.gp™
bind d "do for [i=1:N] {SO[i]=S[i];S[i]=S[il*cr+T[i]*sr; TO[i]=T[i]; T[il= - SO[i]*sr+T[i]*cr};call 'PLOT.gp™

9.4.3. Usage

Before runningthe stereographic projectioscript in the gnuplot console, we have to set tglobal
configuration variablesor provide them as command line parameters

N = The number of points in the Tammes set, which is also used in the file name.

Alg = The name of the directory containing the result files of the numerical optimizations,
correspondhng to the problem encodinglgorithm

¢KS aONRLI +Ff&az dzasSa | FTAtS aSA3aSyoiEGE Ay (KS

the currert Tammes set, and the corresponding real eigenvalues, eigenvector pairs.

10. Results of thé&umericalOptimizations

In this sectiorthe results of the numerical optimizations are presented, witimerical data
(coordinates of the points, sorted by decreasmg, yvalues so B and B appear on the top
|sorts|ices(Q, dims=1, It=(x,y) ->x[[3,1,2]>y[[3,1,2] D |) andgraphigs, to help visualizing the
spatial structure of thenumericalsolutions for theTammes problem, with theaumber ofspherical
pointsb ' o0 Xcn
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Simple Juliprogramscanprint out the numerical optimathe minimax distances in the Tammes set
where the cosines of the optimum distances have been put into the array: opt[]

fori=3:60
a = acos(opt]i])
f,d = modf(rad2deg(a)) # fractional degrees, whole degrees
f,m = modf(60f) # fractional minutes, minutes; 60f = seconds
printin("N = "i)
ZzDOET O&s YAl 05 3% "1 sl sdz& 3 \%0526Y"\y@",O0AA "1 twA. 1 dfA
optfil,a,  round(Int,d),round(Int,m),60f)
end

Another short Julia program is usedreadthe coordinates of the points of the Tammes sitsn the
reault files, and put thenon the clipboard, tde pasted into adocument:

using InteractiveUtils

Iss(x::String,y::String) = parse(Int,split(x,[' -DI2) < parse(Int,split(y,[' EN )1 74))]
dir="D: \\ Documents\\ Tammes\ MA\ " # directory of th e files

fls = filter!(t - > startswith(t,"CircPack - "), readdir(dir, sort=false))

sort!(fls, lt=Iss )

for flname in fls

printin( "N =", parse(Int,split(flname,[' -2DizD)

fl = open(dirtflname,"r")

txt = read(fl,String) # read in the whole file

close(fl)

i0 = findfirst("@", txt)[1] + 12 # the beginning of the coordinates section
cds=" X y z \ n" * SubString(txt, i0)

clipboard(cds) # put the coordinates on the Clipboard
pri nt(cds)

readavailable(stdin) # wait for ENTER

end

As discussed in the introductory Sect2, we camot determinethe true contact graphgrom
numerical dataln the graphis belowthosevertices are connected, which agelose, within 10*° of the
cosines of the minimax angular distancksneansconnectd points can balightly farther from each
other than the minimal distance in the corresponding spherieahfies point set.

With smallertolerances occasionallytrue edgesn the Tammes point satould not appear in the
drawings, making the spatial structures of the psiharder to interpretNeverthelessthe edge
tolerancecan be seto any valudn the listed programsand one canre-plot the graphs to suispecific
requirements
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10.1. UsefulEquations for Calculatinige Exact Optima

In the few cases, when the exact solutions for the firea®s problem are knowrin the subsequent
sectionswe present simpléormulae orprograms tocompute the minimax distances at arbitrary
precision Below ®me useful equationare listed,with the followingnotations:

A the minimax Euclideadistance between Tammgmints on the sphere

T | the minimax angular distance between Tammes points orsfiteere, seen from the origin
1 %o the spherical angle of the regular triangle of side
1 h the twoadjacentspherical angles of a spherical rhomb of $ide
1 9 the spherical angle of the square of side
A g cATIO 10.1
K90 AT O A6 AT % 102
o Ao ANO T RTw |
Ol A'l‘TEcBA 'rrzcm  CAARD do/ig 103
p Al .  AlIOp .. .
~ s T — 10.4
AllO o AI’|6] Al10 AT0 p CAIl% p
0i BWPEADBEAAICT T | E | g€ ¢ 105

From general spherical trigonometrye take thecosineandsinerules, with the (angular) edge lenggh
denoted bydfudto

ATdO ATcAT® OETOBIRAT OB 10.6
OEd® OEDM® OEID 107
ORd )4 Omd '

Fromthree edgeof a sphericatjuadrilateral and the two angle$yingon the middle onef the edges
the lengthof the fourth edge can be compute@Apply the cosine and sine rules to the trianglesao

AT AT®ATEOATD
OEJOEIATCAT O ATGOERA T G 10.8
OEIOENOEDD OED® AidAT O® Al O®

A useful special casevihien 3 edges of aquadrilateral areequalto| 8Denoting thetwo angleson the
middle one of the 3equaledges by aftay from equation10.8 we get:

AT®D AT O p AicdOp AT

AT OORIORT 109
ATIOAT®O ATuO A DA T ® :
O B0 B

L. Hars: Numeric&8olutions of th&ammes Problem 65/180



10.2. GraphicPlots

We used4 scripts(interpreted programg for gnuplot to plot the diagrams, aliscussedn Sectiorf,
above.

Theplotted diagrams for each N value are arrange@x@tabularform. In the left column 3D images
are shown. From the top:

1. straight edge wireframe
2. circular arc wireframe and
3. semkiransparent polygonalace solids.

In the right columnat positionm X,@tereographic projectiosiof the connection structue of the
circular arc wireframe drawing are shownr(N > 3. The projection points are chos@orresponding to
the eigenvectorsof symmetriesif any, oras the barycenters ahanuallyselected polygons.

Note thatdifferent problem encodings for the mmerical optimizations give different Tammes point
sets,but the shortest distances are equal (within the given tolerancksihe sequelve used the
numerical optima of either the 3D or the Marsaglia encoding, wdiehappearto be more symmetric.
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103. N=3

CzadmdpAnnnnnnnns
-is exact(The contact graph is @gular triangle on a great cird28].)

h  120°00'0006n o pp MmnH NI R T

AllO

X y z
0.000000000 0.000000000 1.000000 000
- 0.500000000

0.866025404 0.000000000
-0.866025404 0.000000 000 -0.500000000

3D Wireframe of the 3 point Tammes Set on the Sphere

3D Wireframe of ARCs of the 3 point Tammes Set on the Sphere
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104. N=4
h ' mMmdpmAd ®ordsexabll R ' MandcHy Umc

Oz2zadhdodooooooo00X
The contact graph is @qular tetrahedror{28]. Applyequation10.2with % p ¢ AJ % .

X y z
0.000000000 0.000000000 1.000000000

0.942809042 0.000000000 -0.333333333
-0.471404521 0.816496581 -0.333333333
-0.471404521 -0.816496581  -0.333333333

Stereographic projection of 4 Tammes Points on the Sphers

3D Wireframe of the 4 point Tammes Set on the Sphere

3D Wireframe of ARCs of the 4 point Tammes Set on the Sphere

Polygon Faces of 4 Tammes Points on the Sphere

68/180
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105. N=5
O2ao6h0 I ndannnnnnnnBMDOO00'T mMPpTnAnThcoHT NIR T
AT| O mis exact(5 of the 6vertices of aegular octahedrori29]. Eq.10.2 with %o w1 J

X y z
0.000000000 0.000000000 1.000000000
1.000000000 0.000000000 0.000000000
-1.000000000 0.000000000 0.000000000
0.000000000 1.000000000 0.000000000
0.000000000 0.000000000 -1.00000 0000

3D Wireframe of the 5 point Tammes Set on the Sphere Sterecgraphic projection of 5 Tammes Points on the Sphere

3D Wireframe of ARC of the 5 point Tammes Set on the Sphere Stereagraphic projection of § Tammes Points on the Sphere

Folygon Faces of 5 Tammas Points on the Sphers

TheTammes set isumerically ildefined

Slightlymoving avertexfrom the equator toward
the south polgon the surface of the sphére
causes very littlgiolation of the constraintéstill
remaining within the tolerancésbut cuts edges
the contact graphgradient = Q
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10.6. N=6

02ao06h0 T
The contact graph is regular octahedron28]. Apply &. 10.2 with %o

X
0.000000 000
1.000000000
0.000000000

-1.000000000
0.000000000
0.000000000

y z
0.000000000 1.0000 00000
0.000000000 0.000000000
1.000000000 0.000000000
0.000000000 0.000000000
-1.000000000 0.000000000
0.000000000 -1.000000000

3D Wireframe of the 8 point Tammes Set on the Sphere

ndnnnnnnnn AIAD'00N00A 1| @ drisexaat. pc 0 H T

wTJ

Stersographic projection of 6 Tammes Points on the Sphere

NI R T
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10.7. N=7

OzaaohdHMnMoyoMHTI h [ mdopdpnTtdhydy NIR I' TTcpHUMADO
See the exact solution {29], showing mirror symmetry over a plane

It is easy taalculatethe angle of aregut NJ ( NA |y AdsHdwn thedfigure $elow.raund
vertex® we getc%. f o ¢ Tahd the angles at the opposite verticggindo of the outside rhomb
are equalg 0% Eliminating gives:

TA . AT%

%0 % wdAIllO p* nN®HMN MOY OMH TONn CnNno MYy

AT%
X y z y"‘ P
0.000000000 0.000000000 1.000000000
0.977671668 0.000000000 0.210138313
0.169770903 0.962818638 0.210138313
-0.918710852 -0.334383404 0.210138313 \
0.169770903 -0.962818638 0.210138313
-0.555883600 0.466441724 -0.68805 9257
0.398502623 -0.334383404 -0.854039460 \
FL®
$lo
A’ "% i
; , | S
¢l 9
4 C ¢
Yy /®
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3D Wireframe of the 7 point Tammes Set on the Sphere ‘Stereographic projection of 7 Tammes Points on the Sphere.

3D Wireframe of ARCs of the 7 paint Tammes Set on the Sphere Shr'mwicwiecﬁmof":mn- Points on the Sphere

Polygon Faces of 7 Tammes Points on the Sphere
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10.8. N=8

02a0h0 I nduHcmMHNnoyTndE h [ mdoncpHTMcH NIR T
See the exact solution {29], showing mirror symmetry over a plane and 90° rotational symm&emug
to the 90° rotational symmetry the two rhombs of the contacan ae squares and sg%. ot
Taking the cosinesnd applying equatiot0.4, we get
A0 cAT% p AloB TAT B oAl%

CAT% p TAT % oAl %s a cubic equation fok | %It has a root = 1lsowe getthe positive
G p NG p clic p

C

AT% NATI O — n®HcM HANo yTn dgco
o W X

X y z
0.000000000 0.000000000 1.000000000
0.965283656 0.000000000 0.261203875
0.199916791 0.944354707 0.261203875

-0.882475409 0.391164527 0.261203875
0.199916791 -0.944354707 0.261203875

-0.682558619 -0.553190180 -0.477592250

-0.282725037 0.553190180 -0.783611625
0.482641828 -0.391164527 -0.783611625
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3D Wireframe of the 8 point Tammes Set on the Sphere Stereographic projection of 8 Tammes Points on the Sphere.

3D Wireframe of ARCs of the 8 paint Tammes Set on the Sphere ‘Sterscgraphic projection of 8 Tammes Points on the Sphers:

Polygon Faces of 8 Tammes Points on the Sphere
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10.9. N=9

cosf 0 I' N®000000000O0 70°B1'4%61"MPHO Npp pnmMT NI R T

AT| O - is exactSee the exact solution [29], showingmirror symmetry over a plane, and 180°
rotational symmetry around a line.

The contactgraphhas 3 rhombicaflaces, each witlanangle o ¢ 1 b%. Therefore their other
angles are also equal, p Y 1T Jo

A T| Gan be expressed in two ways, usthg identities10.2 and10.3. It resultsin an equation for
[ %dC after applying some basic trigonometric reductions

A6 Al AT O p Ai %OM .|.°_A6 ATO o
| p A% C C ¢ p OAT O
The 3 and 8" terms providea quadratic equation il T [O: , havingthe root

AT © ufo. Fromthatwe gef 1% -whenmt %o w T divingthe exact valud 1| O -

X y z
0.000000000 0.000000000 1.000000000
0.942809042 0.0000 00000 0.333333333
0.235702260 0.912870929 0.333333333

-0.824957911 0.456435465 0.333333333
0.235702260 -0.912870929 0.333333333

-0.785674201 -0.608580619 -0.111111111
0.589255651 0.456435465 -0.666666667

-0.549971941 0.30 4290310 -0.777777778
0.157134840 -0.608580619 -0.777777778
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3D Wireframe of the 9 point Tammes Set on the Sphere ‘Stersographic projection of 8 Tammes Points on the Sphere

‘Stersagraphic projection of @ Tammes Points on the Sphere

3D Wireframe of ARCs of the § point Tammes Set on the Sphere

Polygon Faces of 8 Tammes Points on the Sphere
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10.10.N =10

O02a6h0 I nodnnnodnoHpPEIEB48SE"T mMdmpnnThPyoo NI R T
Theexaca 2 f dzi A2y 2 7F ( KSisprésaned &.d i shawhd anly e mirror
symmetry over a plane. The mimiax distance can be calated following tre steps in that paper,
where acubic equation islerivedfor @ A T %for theangles ofideh regular triangls:
w ow uvw p T
¢tKA& Sljdz2 GA2Yy KI & o 18690244130.2829492732rd LAOBORSEAD3MNIthe St &Y b
interval [0,031]w n®HY T ¢dpndp HTO MYy cCcHC on
The cubic equationan besolvedexactly even thoughresultingin a complicatedexpression

L Tth /Ip ¢ BT 60 ot © Bl
BAO (pwﬁ(b Vip ¢ ot o)
o TXX T
Convertingo our standard measure for edge lemgt
SO )
A”Op—c}o ndénnan oMnNn OHP HMC HpPA Tn

X y z
0.000000000 0.000000000 1.000000000
0.914584731 0.000000000 0.404394325
0.101026934 0.908987782 0.404394325

-0.841397575 0.358490376 0.4 04394325
0.263354009 -0.87 5848101 0.404394325
-0.744490792 -0.666330505 0.041678755

0.654028153 0.585365077 -0.479160623
-0.426378376 0.729938829 -0.534219792
0.678373208 -0.504399648 -0.534219792
-0.329471593 -0.294882053 -0.896935363
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3D Wireframe of the 10 point Tammes Set on the Sphere Stereographic projection of 10 Tammes Paints on the Sphere

3D Wireframe of ARCs of the 10 point Tammes Set on the Sphere Stereographic projection of 10 Tammes Pints on the Sphere

Polygen Faces of 10 Tammes Points on the Sphere Stereographic projection of 10 Tammes Peints on the Sphere

e
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10.11.N=11

O02a6h0 I nonnTtHMoppppE N ' mdmantmMnyTtmy NIR I cocH
Al O Wisexact.

The Tammes set consistsidf of the 12vertices of a egular icosahedrofB], showing mirror symmetry
to various planes, and 72° rotationginsmetry around a line going through the place of the dropped
vertex

Five regular triangles meet alhe topmostvertex V% o @ TAJ % 2—, resulting inA 1| O =

X y z
0.000000000 0.000000000 1.00 0000000
0.894427191 0.000000000 0.447213595
0.276393202 0.850650808 0.447213595
-0.723606798 -0.525731112 0.447213595
0.276393202 -0.850650808 0.447213595

-0.276393202 0.850650808 -0.447213595
0.723606798 0.525731112 -0. 447213595
-0.894427191 0.000000000 -0.447213595

0.723606798 -0.525731112 -0.447213596
-0.276393202 -0.850650808 -0.447213596
0.000000000 0.000000000 -1.000000000
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3D Wireframe of the 11 point Tammes Set on the Sphere Stereographic projection of 11 Tammes Paints on the Sphere

Stereographic projection of 11 Tammes Paints on the Sphere

Polygon Faces of 11 Tammes Points on the Sphere
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10.12.N =12

O02a6h0 I nonnTHMOpP pppI582'T mdmanTtmMnyTtmy NIR I cocH
Al O Wis exact.
The Tammes set consists of thertices of ahighly symmetricregular icosahedrof28].

Five regular triangles meet at every vertestée 0 @ TAJ % 2—, resulting in& 1| O =

X
0.000000000
0.894427191
0.276393202

-0.723606798
-0.723606798
0.276393202

Z
0.000000000 1.000000000
0.000000000 0.447213595
0.850650808 0.447213596
0.525731112 0.4 47213596
-0.525731112 0.447213595
-0.850650808 0.447213595

-0.276393202 0.850650808 -0.447213595
0.723606798 0.525731112 -0.447213595
-0.894427191 0.000000000 -0.447213596

0.723606798
-0.276393202
0.000000000

-0.525731112 -0.447213596
- 0.850650808 -0.447213596
0.000000000 - 1.000000000
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3D Wireframe of the 12 point Tammes Set on the Sphere

3D Wireframe of ARCs of the 12 point Tammes Set on the Sphere

Polygon Faces of 12 Tammes Points on the Sphere

Stereographic projection of 12 Tammes Peints on the Sphere

Stereographic projection of 12

Tammes Paints on the Sphere

Stereographic projection of 12

Tammes Paints on the Sphere
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10.13.N =13

02a0h0 I ndpnHcocnycy> h I noddpprHHOphPH NIR ' prtcn
The contact graph shows mirror symmetry to a plane, and also 90° rotational symmetry around a line.
An equation fothe exact value is derived if83], based ora similr reasoning as in Sectibd.9
. .0 % p CAT%
T Y
This equationcan be turned ta polynomial equatiorof the variableca O A, but it is oftoo high
degree (deg #8), so general exactgynomialsolvingii S OK y' A |j dzS &Newreghglesgnungegchl)
root finding methodyyield %oat anydesiredaccuracy With 64bit floating point numbers we get
% M®PHMM onc cWitmtheeguationdQ2mwe geth:
_
p AT%
matching the result of the numerical optimizations.

ATl O N®pnNH CcCOC Nyc YHOM coy vy

The Julia programming languagigpportsarbitrary precision floating point numberghesimple loop
below (bisection search) firgk.g.the 256-hit approxmate solution for%.in less than a second

setprecision(256)
f( x::BigFloat) = 2tan(3pi/8 - Xl4)*cos( x)"2 - 1+2cos( x)

X,y = BigFloat.((1.0,1.5))
while x < prevfloat(y)
global x, y, z
Z = (x+y)/2
f(z)>0?x=2z:y=z2
end
printin(*  cos(3) =",co s(z)/((1 -cos(z)))

cos() =0.5426364868296384808038651497671948295976178527426098550749662427290855371307915

For findingarbitrary precisiorsolutionwith a symbolic mathematics system (e.g. Maple, Mathematica
or Sage) a single command sufficEg.for SORA IA & LINBOAAAZ2Y GKS O2YYlFyR A

|&ETA2'|‘ POy 4ATIGAYS: + @YfmE "7 56 L f #'l'Ouz*sY#'l'-:éaD]@*uqh D@t s

X
0.000000000
0.839967644
0.000000000

-0.839967644
0.000000000

0.000000000
0.676286561
-0.676286561
0.000000000

z

0.000000000 1.000000000

0.000000000

0.542636487

0.839967644 0.542636487
0.000000000 0.542636487

-0.839967644

0.676286561

0.000000000

0.000000000
-0.676286561

0.542636487

0.704230457 0.704230457 -0.090105092
-0.704230457 0.704230457 -0.09010509 2
0.704230457 -0.7042304 57  -0.090105092
-0.704230457 -0.704230457 -0.090105092

-0.736638641
-0.736638641
-0.736638641
-0.736638641
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3D Wireframe of the 13 point Tammes Set on the Sphere Stereographic: projection of 13 Tammes Paints on the Sphere

3D Wireframe of ARCs of the 13 point Tammes Set on the Sphere Stereographic projection of 13 Tammes Pints on the Sphere

Polygen Faces of 13 Tammes Points on the Sphere Stereographic projection of 13 Tammes Peints on the Sphere
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10.14.N=14
02aoho T NI R T
The exact solution for the Tammes problem for N = 14 can be foud&Jinwhich shows mirror

symmetry to a plangn that paperthe I LILINR E A Y | (if%5.6005F 0297183478 radianss
given whichmatchesour numerical optimum.

nddprmMconTtno

ndpcodpnonnosx h T ppcn

Again, a simplealways convergerdne-variable bisection loop can find arbitrary precision solutions.
Below he Julia functior( x) returns the difference of the values tife spherical aglew computedin

two ways, according tdrigure5. The input i< (= ), the angle of a regular sphericaktt y3f S 2F &ARS

g(c::Float64,x::Float64) = 2acot(c*tan(x/2))
function f(x::Float64)
c=cos(xX)/(1  -cos(x))
xl= pi - X
x2 = g(c,x1)
x3=2pi - 2x - x2
x4 = g(c,x3)
x5=2pi - x - 2x4
return 2pi - 2x - x3 - g(c,x5)
end
x=1.2 018;y=1.2019
while x < prevfloat(y)
globalx,y ,z
Z = (x+y)/2
fz)>0?x=z:y=z
end
printn* E =", Ut vy Al Os 3% xds@E)) Os Ut Y5 15

The function g(c,x) computéise anglel from the otherangle x(=1 ) of a rhomb, according to the
identity 10.3, using the parameted A i| Otheangular length of theside of the rhomb.

The Julia progranabovecomputes the optimum arlg, written verboselyfor easy comprehension.

The optimum § 1.2018922110657944 computedwith 64-bit floating pointhumbers, resulting in
AT|O —— 0.5639503003605056 accordingto the identity 10.2.

Here again one can use BigFloat variables for arbitrary precision results (see 8@di8pn

X y z

0.000000000
0.82 5808730
0.297781254
- 0.813208532
0.297781254
-0.602317030
- 0.489941075
0. 602317030
- 0.938184685
0.924324277
0.335867655
-0.297781254
- 0.408896999
0.266449375

0.000000000 1.000000000
0.000000000 0.563950300
0.770250858 0.563950300
-0.143707834 0.563950300
-0.770250858 0.563950300
0.732164456 0.318039941
-0.868766405 0.072129582

0.732164456 -0.318039941
0.136601949 -0.318039941
-0.143707834 -0.353514764
-0.868766405 -0.363920117
0.770250858 -0.563950300
-0.482835190 -0.774385837
0.136601949 -0.954119824

#

Figure5. Arglesin the Tammegraphfor N = 14
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3D Wireframe of the 14 point Tammes Set on the Sphere Stereographic projection of 14 Tammes Paints on the Sphere

3D Wireframe of ARCs of the 14 point Tammes Set on the Sphere Stereographic projection of 14 Tammes Paints on the Sphere

Polygon Faces of 14 Tammes Points on the Sphere
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10.15.N =15
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The numerical optimunfor N = 15s aninteresting Tammes set. It shows a 1206tational symmetry
(maynot be true in theexactsolution). 5 AN

X y

0.805492547
0.299722384
- 0.795297713
- 0.290971865
- 0.577372394
0.582440186
0.822497130
- 0.825402647
0.029659335
- 0.035504338
- 0.707328549
0.831336355
0.334449510
- 0.349712136

0.000000000 O.
0.000000000 0.592605903
0.747652818
-0.127748939 0.592605903
-0.857303406 0.424695472
0.722221963 0.380836652

-0.785725200 0.208325084

z \ N

000000000 1.000000000

0.592605903

0.556400642
-0.519992338
0.970472075
-0.897229791
0.512044232
-0.267175667
0.388640579
- 0.197388402

-0.117969472
-0.219814557
-0.239383113
-0.440134234
-0.487336668
-0.48733666 8
- 0.858546461
-0.915827080

Assuming the contact graph is

Figure6. Angles in the Tammegaphfor N = b

what Figure6 shows we can
compute| at arbitrary precision
with a bisection roofinding loop
seek%d(and the corresponding)
that states theequalty of the
values of thearcBCcomputed in
two ways

One computation is based on u=(c*1 -cx)*(1 -cy) - sxisy)*c+
equation10.9 in the quadrangle z=2pi - 3p

with verticesB, Cand the vertices v=cr2H(1 - ch2)cos(z)

at anglescandy, the other uses | _ rewrmnu - v #p <p0:f(p) <0

equation10.6 in the ABCriangle.
The optimumwe found is

r(c::Float64,b::Float64) = 2acot(c*tan(b/2))

£01T AOET 1
c =cos(p)/(1
b=2pi - Mb
C " OsAt A
Xx=2pi - 2p-g
y=2pi -p-g
SX,CX = Sincos(x)
sy,cy = sincos(y)

AT Os by s

x=1.189;y=1.19
while x < prevfloat(y)

global x, y, z
F1.189 527 730 614 0863 z = (x+y)/2
. . . . fz)>0?y=z:x=z
It iscomputed with 64bit floating end

point numbers, resulting in

printin("  E="z"c 1 O35 3%

s Dkk &i T AOkMmS ¢

¢ Al O35 3%
¢ I
¢ Dz

CX+Cy - CX*Cy)*C + Sx*sy

vi Ato€@Ws Y3 s

ATlO —— 0.5926059029250

¢KAE& @I fdzS YI GOK

733 accordirg to the identity10.2.
Sa

0KS ydzZYSNR O} §

poco

2 LIGAYdzY F2dzy R T2

L. Hars: Numeric&8olutions of th&ammes Problem

87/180



Stereographic projection of 15 Tammes Peints on the Sphere

3D Wireframe of ARCs of the 15 point Tammes Set on the Sphere Stereographic projection of 15 Tammes Paints on the Sphere
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10.16.N =16
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[ ndcMHHBNCMCpXZ

np
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The contact graph shows mirror symmetry, aislorotational symmetry at 90°.

X
0.000000000
0.790629687
0.300254244

-0.403937 548
-0.782137956
0.448622671
-0.481883712
-0.772120503
0.917252682
0.2588 05369
-0.935761866

y z

0.000000000 1.000000000
0.000000000 0.612294616

-0.731397766

0.612294617

0.679654147 0.612294616

-0.115566085

0.612294616

0.788503897 0.420712852

-0.846963851
0.608130974
-0.353045139
-0.934739982
-0.255085834

0.224589233
-0.18440891 3
-0.184408913
-0.243476790
-0.243476791

NI R T

0.028630044 0.940658245 -0.338145511
0.793996909 0.505199488 -0.338145511 ®
- 0.303490492 -0.533418063 -0.789530678
-0.312113197 0.341764363 -0.886443722 — X
0.45 3253668 - 0.093694395 -0.886443722 o 6

Figure7. Angles in theontact graphfor N = B

Thefound numericaly optimal contactgraphis 90° rotational symmetric, which makes the inner and
outer rhombsto squares, as seen in theaten stereographic projectiohis allowsisto express the
anglewin two different ways, and the corresponding equatiaambe solved foféeat any preaion by
bisection search, as beforal\th sometrigonometric reductions, the equations can be turned to a high
degree polynomial equation, but we could not findimgle closed form expression for tiselution.)

® ¢ %o T
(I (GO (§

Equation10.4 statesthat:] A AT¢@ 1% p , whilethe equatiors10.2 and10.3 give:

s AR i6 8
w —]
S p Al% ¢
r(c::Float64,b::Float64) = 2acot(c*tan(b/2))
AOT AGET 1T Asbkk&i T Adkzms ¢ E Edzk AEsES . o
c=cos(p)(1 -AT Os D& ¢ Al O35 3%

d = acos(2cos(p) -1)

Xx=2pi -2p-d

return r(c,x) Z pi + (p+x)/2
end

X =1.0;,y=15
while x < prevfloat(y)
global x, y, z
z = (x+y)/2
fz)>0?y=z:x=2
end
DOET Ol T sYE

vyt Ut v vyt AT OsUs Ys 5

Ri Casgl)

The results are 1.181253034639236, andcos() f 0.6122946164826965, matching the
numerical optimum.
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3D Wireframe of the 16 point Tammes Set on the Sphere Stereographic: projection of 16 Tammes Paints on the Sphere

Stereographic projection of 16 Tammes Paints on the Sphere

Polygen Faces of 16 Tammes Points on the Sphere Stereographic projection of 16 Tammes Peints on the Sphere
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10.17.N =17
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The contact graph shows mirrpiand 180° rotationasymmetry.

I ndcHyndnnmpnz

X
0.000000000
0.778137138
0.217618215

- 0.684650038
-0.546516726
0.300193641
-0.385521583
0.799862662
-0.988962120
0.832007694
- 0.190055506
0.200362132
-0.701906121
0.759927265
-0.564726599
0.281480333
-0.028488819

y z

0.000000000 1.000000000
0. 000000000 0.628094415
0.747087490 0.628094415
0.369799582 0.628094415

-0.553910529
-0.717900539

0.628094415
0.628094415

0.921958743 0.036948410

0.600114663
-0.147891217
-0.553910529
-0.981291283

0.788354692
0.411066785

0.043548150
-0.510362379
-0.673148445

0.068129820

0.009061651

0.009061651
-0.030762367
-0.030762367
-0.581680234
-0.581680235
-0.648547693
-0.648547693
-0.683842082
-0.997269630

h

I.I

noydpmconnng NIR T
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Stereographic projection of 17 Tammes Peints on the Sphere

g

3D Wireframe of ARCs of the 17 point Tammes Set on the Sphere Stereographic projection of 17 Tammes Pints on the Sphere

Polygon Faces of 17 Tammes Points on the Sphere
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10.18.N =18
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The contact grapks symmetricto a line, which goes through the midpointofanedgei A a dal f Y2a (¢
symmetric to a diagonal line of a couple of rhomibices, but the symmetricity error is too large to be
the consequence of rounding issues, or due to tolerances in the ricat®ptimizations

dist(12, 5) = 0.6486958
dist(13,17) = 0.6364533

6LY GKS

aRA A&

ié¢ TdzyOlArzy

0 KSise@)NR IAY I =

X
0.000000000
0.761047776
0.299441844

-0.761032025
0.299441844
-0.503459794
-0.500576460
0.834520453
0.842602910
0.131289794
0.144373347
-0.987376784
-0.587178010
-0.592214914
0.785456581
0.165381539
0.179785111
-0.473311610

z

0.000000000 1.000000000

0.000000000 O

.648695832

0.699662990 0.648695832
0.004896306 0.648695832

-0.699662990
-0.757787115

0.648695832
0.415074600

0.764066942 0.406970411

0.550578775
-0.538413392
0.983840204
-0.981555674
-0.004297648
-0.694073336
0.686090105
0.011217909
0.534738404
-0.528514738
-0.005589653

0.020943401
0.011461091

-0.121743351
-0.125318774
-0.158330721
-0.416514332
-0.422565810
-0.618815091
-0.828675 923
-0.829668299
-0.880877333

dzy a2 NI SR @85

L. Hars: Numeric&8olutions of th&ammes Problem

93/180



3D Wireframe of the 18 point Tammes Set on the Sphere

3D Wireframe of ARCs of the 18 point Tammes Set on the Sphere

Polygon Faces of 18 Tammes Points on the Sphere

Stereographic projection of 18 Tammes Paints on the Sphere

Stereographic projection of 18 Tammes Paints on the Sphere
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10.19.N =19
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The contact graph shows mirror symmetand19is the smallest N, where one of the Tammes points
can beisolated

X

z

0.000000000 0.000000000 1.000000000
0.739536108 0.000000000 0.673116888
-0.680084047 0.670249891
0.685048113 0.659127446
-0.013493182 0.656182640
0.728329187 0.489811664
-0.739239422 0.468576622
0.484509414 0.039895215
-0.608780963 0.03528628 5

-0.297 070317
0.310258107
-0.754481463
-0.479187990
0.483695179
0.873875849
-0.7 92553227
0.947670864
-0.086782492
0.238851255
-0.981162762
- 0.520006542
0.454996400
0.700994851
-0.335611574
0.096153421
- 0.579894605

-0.316581775
-0.995253263
0.966343631
0.165931778
0.793939162
-0.691153348
0.064577584
-0.615506463
0.593805332
0.150272024

-0.041181459
-0.044042501
-0.095551372
-0.098925629
-0.315045716
-0.561502 739
-0.710236548
-0.713103545
-0.798842755
-0.800712536
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3D Wireframe of the 19 point Tammes Set on the Sphere Stereographic projection of 18 Tammes Paints on the Sphere

3D Wireframe of ARCs of the 19 point Tammes Set on the Sphere Stereographic projection of 19 Tammes Pints on the Sphere

Polygen Faces of 19 Tammes Peints on the Sphere Stereographic projection of 19 Tammes Pints on the Sphere
.

LA

L. Hars: Numeric&8olutions of th@ammes Problem 96/180



10.20.N =20
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The contact graph shows mirror symmetandcontains Aantipodal)points, which can be isolated@he
graph also exhibits 120° rotational symmetry, around the line going through the isolated points.

X
0.00 0000000
0.736463632
0.297171252
- 0.496639833
-0.613631780
0.297171252
-0. 975075593
-0.276173862
0.834166303
0.176550896
0.970361981
-0.604627337
0.481044256
-0.810317513
-0.778215509
-0.131836295
0.617658410
- 0.140909290
0.557992441
-0.137126784

z

y
0.000000000 1.000000000
0.000000000 0.676477138
0.673845627 0.676477138
0.543808383 0.676477138
-0.407228093 0.676477138

-0.673 845627

0.676477138

0.128178363 0.181101893
-0.943890938 0.181101893
0.543808383 0.091864143

0.982673824
-0.234980186

0.7 92391376
-0.872957464
-0.528260917

0.199111837
-0.792391376

0.409852301

0 .671986746
- 0.400082554
-0.089395477

-0.056408663
-0.056408663
-0.080880715
-0.080880716
-0.253625574
-0.595596423
- 0.595596423
-0.671207256
-0.727033964
-0.727033964
-0.986511375
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3D Wireframe of the 20 point Tammes Set on the Sphere Stereographic projection of 20 Tammes Paints on the Sphere

3D Wireframe of ARCs of the 20 point Tammes Set on the Sphere Stereographic projecticn of 20 Tammes Paints on the Sphere
Stereographic projecticn of 20 Tammes Peints an the Spher

52

Polygon Faces of 20 Tammes Points on the Sphere
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10.21.N =21
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This is the smallest Tammes problem, whepesgmmetryis presentin the numericalsolution.

' ndchpdnpynomms

X
0.000000000
0.714634134
0.214200767

-0.594556119
-0.606063295
0.095655601
0.727755168
- 0.325999096
0.791194769
- 0.436415360
-0.947001002
-0.891766478
0.977831034
0.229103010
0.279980311
- 0.402520985
-0.411233624
-0.747629979
0.589841903
0.539237546
- 0.048392925

y z
0.000000000 1.000000000
0.000000 000 0.699498431
0.681777072 0.699498431
0.396490815 0.699498431
-0.378667700 0.699498431
-0.708203326 0.699498431
-0.636067087 0.256497712
0.9241 73550 0.199067423
0.580747400 0.191685409
-0.888658540 0.14081063 O
-0.321181347 0.005625289
0.450786724 -0.039292221
-0.061639058 -0.200117706
-0.939816865 -0.253487813
0.916912468 -0.284398577
0.704494077 -0.584521 130
-0.681164041 -0.605724735
0.014860771 -0.663949224
0.358315481 -0.723668809
-0. 415222638 -0.732675255
0.014794099 -0.998718809

h

I.I

noeT decmnndHC

NI R T
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3D Wireframe of the 21 point Tammes Set on the Sphere Stereographic: projection of 21 Tammes Paints on the Sphere

3D Wireframe of ARCs of the 21 point Tammes Set on the Sphere Stereographic projection of 21 Tammes Pints on the Sphere

Polygon Faces of 21 Tammes Points on the Sphere
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10.22.N = 22

Ozaaohdr MnoncHpycx h
The contact graph looks higrdgymmetrigirregular, but not by much. Some deformations could make
it look symmetric.

X
0.000000000
0.703892761
0.259534424

-0.487415581
-0.561831550
0.205061594
0.783122356
-0.302611997
-0.189282371
- 0.949395181
0.618751330
- 0.881396564
0.992431926
0.279829039
-0.621028570
0.110480574
0.770915991
-0.421628210
-0.794439429
0.681547559
0.125582257
-0.202404348

Z
0.000000000
0.000000000
0.654298787 0.710306259
0.507829766 0.710306259
-0.424040480 0.710306259
-0.673360796 0.710306259
-0.580143425 0.223948 612
-0.930814903 0.204962425
0.965285813 0.179987452
0.274840474 0.152024680
0.783873767 0.051852751
-0.471904599 0.021122168
0.121678537 0.0165 28941
-0.916806626 -0.284888257
0.666929336 -0.411738724

1.00000000 0
0.710306259

0.852714150 -0.510561084
- 0.380809552 -0.510561084
-0.741084697 -0.522516147

-0.0484791 87
0.364904335

- 0.385353445
0.301306601

-0.60 5405453
-0.634300994
-0.914183690
-0.931797624

I_I

NdTYynNnycomHn

NI R T

nncnnUundp
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3D Wireframe of the 22 point Tammes Set on the Sphere Stereographic: projection of 22 Tammes Paints on the Sphere

3D Wireframe of ARCs of the 22 point Tammes Set on the Sphere Stereographic projection of 22 Tammes Paints on the Sphere

Polygon Faces of 22 Tammes Points on the Sphere
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10.23.N =23
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The contact graph looks highagymmetricjrregular.(The outside quadrilaterabn the 29 and 3¢

stereographic images below anet squaresgven though theiangles are close to be equal!)

X
0.000000000
0.691008131
0.288771880

-0.666029031
-0.112318818
0. 579009486
-0.740823908
-0.181834644
0.822543385
-0.652681088
0.024523684
-0.99 4584431
0.980826958
0.396340323
0.618762090
- 0.323691026
-0.716300224
0. 819407260
-0.782974923
- 0.039208580
0.462446173
0.197627858
-0.263503523

z

0.000000000 1.000000000
0.000000000 0.722846985
0.627776264 0.722846985

-0.184112918
-0.681818685
-0.682195918

0.722846985
0.722846985
0.446493835

0.502739964 0.445457592
0.952128221 0.245739725
0.527029749 0.213686744

-0.727165454
-0.997730404
-0.083093161
-0.184628921
0.870854365
-0.727859235
0.819450968
-0.494990441
0.292550571
0.242077699
-0.765799497
-0.255179770
0.449219166
-0.129133711

0.212691795
0.062710677
0.062428642
0.062375003
-0.290735316
-0.295557796
-0.472994957
-0.491831731
-0.492936006
-0.573017153
-0.641883024
-0.849132983
-0.871289487
-0.955976139
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Stereographic projection of 23 Tammes Paints on the Sphere

oon the Sphere

Polygon Faces of 23 Tammes Points

104/180
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10.24.N = 24
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The exact solution igresentedin [30]. The points are the vertices of one of thérchimedean solisl of
24 verticesthe soecalledSnub CubeAt each vertex 4 regular triangles and a square face ni{ébge
are 13 Archimedean dils, whichare convex polyhedra that havke samearrangement of regular
polygonfaces of two or more different types about each veriaxth all sides the same lengih

The edge length of the Snub Cublih vertices on the unit spheriswell known(and can also be

computed by solving the equatiapA T @ WAT @ p AlTt@ AT1O cAlT% p):

O ¢ —

T TCMQOP QU TR

It isexpressed withhe Tribonacci Constanthe sole reakoot of the equaionw ® ® p T

0 -p

pwoloo pw olloo

These give the exact formula

We can see both 90° and 120° rotational symmetry (around different axes).

~. . 0
AllO _p
o 0

PR oCQYRPLOPP QP

X CUXYOP R oP

X
0.000000000
0.690765900
0.289875335

-0.447477370
-0.447477370
0.289875335
-0.894954741
-0.132273300
0.823039201
-0.132273301
0.579750671
-0.776452395
0.980641235
-0.776452395
-0.955312501
0.400890565
0.085686495
0.823039200
- 0.315204070
0.690765900
- 0.558492599
-0.494064176
0.204188841
0.071915540

Z
0.000000000 1.000000000
0. 000000000 0.723078468
0.627000653 0.723078468
0.526233343 0.723078468
-0.526233343 0.723078468
-0.627000653 0.723078468
0.000000000 0.446156937
0.967894019 0.213740363
-0.526233343 0.213740363
-0.967894019 0.213740363
0.812340630 0.063181169
0.627000653 0.063181169
0.185339977 0.063181169
-0.627000653 0.063181169

0.000000000
-0.867126709

-0.295597742
-0.295597742

0.867126709 -0.490661895
-0.286107287 -0.490661895
-0.812340630 -0.490661895

0.441660675 -0.572519274

0.526233343 -0.641221089
-0.185339977 - 0.849440806
-0.4416606 75 -0.873637662

0.286107287 - 0.955495042
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10.25.N = 25

02ao6h

' ndT n T668H31 cad y 41°38'04.06!"

Nd®THC

We see 120° rotational symmetry, which make projection from the centers of quadrilaterals and

pentagons look irregular. The picture is nicest projected ftoencenter ofatriangle.

X
0.000000000
0.664375865
0.258077807

-0.595986827
0.260335536
- 0.445370356
- 0.413903350
-0.922415862
0.797011048
-0.039221622
0.634520368
0.255256248
0.982414320
-0.667620525
-0.857823964
- 0.287558970
-0.916082025
0.642075279
-0.137429111
0.537622129
0.831757166
-0.575721257
0.104530267
-0.418326434
0.261098608

0.000000000
0.000000000
0.612201875
0.293589836

Z
1.000000000
0.747398629
0.747398629
0.747398629

-0.611245203 0.747398629

-0.601490014 0.663215658
0.845282694 0.337907065

-0.186996772

0.337907065

0.528949770 0.291522778

-0.975664102
-0.756018021
0.958534129
-0.137133265
-0.744163595
0.504124325
0.887416744
-0.150002914
0.660253543
-0.866590371
-0.651217949
-0.004451688
0.357025498
0.535981600
-0.327028621
-0.147522174

0.21573415 0
0.160688065
0.126714529
0.126714529
-0.022436119
-0.099983560
-0.360279 559
-0.371877466
-0.389621091
-0.479723220
- 0.535609586
-0.555121788
-0.735579926
-0.837733339
-0.847381423
-0.953973126
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3D Wireframe of the 25 point Tammes Set on the Sphere Stereographic: projection of 26 Tammes Paints on the Sphere

3D Wireframe of ARCs of the 25 point Tammes Set on the Sphere

Polygon Faces of 25 Tammes Points on the Sphere
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10.26.N = 26

O2aahdr plNHTY MTTMXI

h

I_I

NPT MCHNHOMH

NI R T

nMcnHUmp dp

The contact graph irror symmetricto the plane of the common edge of the two hexagonal faces,
containing an isolated point, each.

X
0.000000000
0.656554972
0.282295644

-0.583244227
0.102812782
-0.551787053
- 0.286796565
0.700026021
-0.960696788
-0.518665833
0.344205044
- 0.854383958
0.990369030
0.166824506
0.800794630
-0.410361921
0.64261795 4
-0.765809404
-0.166269380
-0.858726608
0.225809599
0.836303166
-0.321423 440
0.269923473
-0.384310261
0.328140715

Z
0.000000000
0.000000000
0.592767746
0.301480684

- 0.648455059
-0.398508402

0.852196661
-0.597780736
-0.189345013
-0.834753619

0.928126758

1.00
0.754278177
0.754278177
0.754278177

0000000

0.754278177
0.732613201
0.437616935
0.390668352
0.203002825
0.184857105
0.141787194

0.500637906 0.139247045

-0.011884963
-0.976289738
0.551422591
0.876408980
-0.705135293
-0.513332467
-0.867301354
0.175089442
0.811321400
-0.076798521
0.474506124
-0.465424513
-0.219407570
0.229312625

0.137941769

0.137941769
-0.233797107
-0.252012685
-0.299710500
-0.387331557
-0.469193835
-0.481593502
-0.539228719
-0.542861863
- 0.819469896
-0.842924280
-0.896752999
-0.916372954
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